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Series 10: characteristic functions

Exercise 1

Let X be a random variable with values in R¢, and ¢ be its characteristic function.
(i.) Show that ¢ is the characteristic function of —X.

(ii.) Show that V& € R, ©(€) € Rif and only if X and —X have the same distribution.
(iii.) Let X1, Xp,..., X, and 6 be independent random variables. Assume that

K
Pl6=jl=4; forj=12,..k where » 1;=1.
j=1

Show that the characteristic function ¢z of Z = Xy is

Yz = /1190X1 + /12(,0)(2 + ... + ﬂ.,((pxk.

Exercise 2
Show that if ¢ is the characteristic function of a real random variable, then Re(y) and |g0|2 are also
characteristic functions.

Exercise 3
Let X be a real random variable, and ¢ its characteristic function. Show that for every a € R,

| A
P(X =a) = Tlirn 3T f e " (1) dt.
—00 -T

Exercise 4

(i.) Let ¢ be the characteristic function of the real random variable X. Show that if there exists 4 # 0
such that ¢(1) = 1, then a.s., X takes values in the set ZT”Z.

(ii.) Show that if there exists 6 > 0 such that ¢(f) = 1 for every ¢t € (-4, 0), then actually ¢(¢) = 1 for
every t € R. What is the law of X?

Exercise 5
Let (X;)ier be a family of real random variables. (i.) Show that (X;) is tight if and only if

Ye>0,40>0 st. [s—t|<d = Viel, lpx,(s) —ox,(?)| < €.

(ii.) We now assume I = N, and write y,, for the law of X,,. Show that if u, — u weakly, then the set of
distributions {u} U {w, : n € N} is tight.

(@ii.) If I = N and there exists u such that X,, — u in distribution, show that ¢x, — ¢ uniformly over
every compact of R.

Exercise 6

(i.) Show that if X;, - X, Y, — Yo in distribution, and, for all n € IN U {o0}, X}, is independent of Y,
then X, + ¥, = X + Yo in distribution (all random variables taking real values).

(ii.) Show that if X, X5, ... are independent and Y% X; = S almost surely, then g5 = []>, ¢x,.



