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Variance Reduction Techniques (cont.)

Exercise 1
Consider the discrete time random walk {Xn ∈ Z : X0 = 0, n ∈ N} with transition probabili-
ties:

pi,i+1 ≡ P(Xn+1 = i+ 1|Xn = i) = a,

pi,i−1 ≡ P(Xn+1 = i− 1|Xn = i) = 1− a, n ≥ 0, i ∈ Z, a ∈ (0, 1),

and define the stopping time τN := inf{n : Xn = K} for a given constant K ∈ N. We aim at
estimating P(τK < T ), for some given T ∈ N.

1. Set K = 4, a = 1/3, T = 10. Compute a Monte Carlo estimate of P(τK < T ).

2. For the same values as in the previous point, estimate P(τK < T ) using the antithetic
variate variance reduction technique and compare your results to those in point 1.

Solution
Recall that one way of simulating such random walk is to sample U ∼ U(0, 1) and setting
Xn+1 = Xn + 1 if U < a and Xn+1 = Xn − 1 otherwise. Since E[U ] = 1/2, the random
variable Ũ = 2E[U ] − U = 1 − U can be used to generate the antithetic path. A possible
implementation is attached. We implement both the crude Monte Carlo and the AV method
with N = 105 samples. In this case, however, the variance reduction is quite poor, as shown
in the table below.

Method µ̂ 95% CI
Monte Carlo 0.01272 ± 0.00069
AV 0.01182 ± 0.00067
SEMC/SEAV 1.04315

This is due to Z = P(τK < T ) and its antithetic variable Z̃ not having a strong negative
correlation. This can be seen by examining the sample covariance matrix, which is given by

Cov(Z, Z̃) =

(
0.01276 −0.00016
−0.00016 0.01275

)
.

We remark that in Lab 07, we use a more effective variance reduction technique (importance
sampling) for the same problem.
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Python code
### Exercise 3
import numpy as np
import scipy.stats as st

N=100000 #Number of samples
N2=int(N/2) #Number of samples for AV

X0=0 #initial step
K=5 #stopping time
T=10 #maximum stopping time
alpha = 0.05
Z_mc=np.zeros(N)
Z_mc2=np.zeros(N2)
Z_av=np.zeros(N2)
C_alpha=st.norm.ppf(1-alpha/2)
a=1/3

# we define the random walker for the CMC and the AV
#----------------------------------------------------
def rw(a,T,K,X0=0):

finished_mc=0
finished_av=0
x_mc=X0
x_av=X0
for i in range(T):

u=np.random.random(1)
# moves crude MC
if u<a:

x_mc=x_mc+1
else:

x_mc=x_mc-1
if x_mc>=K:

finished_mc=1
# moves AV with the same random realization

if 1-u<a:
x_av=x_av+1

else:
x_av=x_av-1

if x_av>=K:
finished_av=1

return finished_mc,finished_av
#----------------------------------------------------
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for i in range(int(N)):
Z_mc[i],_=rw(a,T,K,X0)

#computes statistics
mean_cmc=np.mean(Z_mc)
var_cmc=np.var(Z_mc)
ci_cmc=C_alpha*np.sqrt(var_cmc)/np.sqrt(N)

# We now compute the AV estimator
# We begin by doing a crude MC estimator
for i in range(int(N2)):

Z_mc2[i],Z_av[i]=rw(a,T,K,X0)

Y_av=0.5*(Z_mc2+Z_av)
mean_av=np.mean(Y_av)
C=np.cov(Z_mc2,Z_av)
ci_av=C_alpha*np.sqrt( (np.sum(C))/(2*N) )

#Print results
print('--------------------------------------------------')
print('Reduction for a='+str(a))
print('mean MC '+str(mean_cmc)+' +- '+str(round(ci_cmc,5)))
print('mean AV '+str(mean_av)+' +- '+str(round(ci_av,5)))
print('Reduction '+str(round(ci_cmc/ci_av,5)))

Exercise 2
Suppose that we want to compute p = P(X ∈ A), where X is a d-dimensional Gaussian
random vector with mean µ = 0 and covariance matrix Σ. If the (Borel) set A ⊆ Rd contains
the mean µ, then the event X ∈ A is typically not rare, and the use of importance sampling
is generally unnecessary. If, on the other hand, µ ̸∈ A and p is small, then one may wish
to consider the use of importance sampling. Let P∗ denote the optimal (yet impractical)
sampling measure with density g∗, that is

dP∗ = g∗ dx =
1

P(X ∈ A)
IAϕΣ dx ,

where ϕΣ is the density of the N (0,Σ) distribution. Given the rapid decay of ϕΣ(x) as
∥x∥2 → ∞, most of the mass of P∗ is typically located at the maximizer x∗ of ϕΣ over A
(which we assume to exist uniquely). This suggests using an importance sampling distribution
P̃ with density g that concentrates most of its mass near x∗, that makes g easily computable,
and from which realizations can efficiently be generated.

1. One such importance sampling distribution is the Gaussian distribution centered in x∗

with covariance matrix Σ. Describe the importance sampling algorithm to estimate p.
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2. Implement your algorithm for d = 2; take A =
{
x = (x1, x2) ∈ R2 : xi ≥ a, i = 1, 2

}
,

and
Σ =

(
4 −1
−1 4

)
.

Then carry out the following points for a = 1, 3, 10:

(a) First, try to provide simulation estimates of p = P(X ∈ A) and the associated 95%
confidence interval using the (naive) crude Monte Carlo method.

(b) Next, find the point x∗ that maximizes the N (0,Σ) density over A and repeat
point (a), with the crude Monte Carlo method replaced by importance sampling,
where the importance distribution is N (x∗,Σ).

(c) In point (b), experiment with importance distributions of the form N (x∗, δΣ) for
different δ > 0.

Solution
1. Using x∗ ∈ argmaxx∈A ϕΣ(x) (possibly making the maximizer unique) one can use the

importance algorithm as described in the lecture notes. As a consequence of using a
Gaussian importance distribution g with mean x∗ and the same covariance as ϕΣ, the
weight w := ϕΣ/g can be written as

w(x) = exp

(
−x∗TΣ−1x+

1

2
x∗TΣ−1x∗

)
,

which is easily implemented.

Figure 1: A scatter plot of n = 105 samples from N (0,Σ) and the region A in blue. As we
can see, for this value of N , no samples land on the blue region.
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2. The highly accurate approximations of the true values for p are given in the Python
implementation below. Notice that the implementation of the confidence intervals be-
low uses the quantiles of the student-t distribution instead of the ones of the normal
distribution. For large N (often N > 30 is suggested) the approximation error of using
the quantiles of a normal distribution is of course negligible.
In part (a), we find that the crude MC method fails to provide estimates of p for a ≥ 5
already when using N = 100000. Part (b) with x∗ = (a, a)T significantly improves the
situation, as the following simulation output shows, where also the relative root mean
squared error is shown:

a = 1 , N= 100000.0
MC confidence interval (alpha= 0.05 N= 100000.0 ) P 0.06356 +- 0.00151
relative RMSE(MC) = 0.01186326455351289

IS confidence interval (alpha= 0.05 N= 100000.0 ) P 0.06439 +- 0.00086
relative RMSE(IS) = 0.00682477695561355

-------------------------------------------------------------------------------------------------
a = 3 , N= 100000.0
MC confidence interval (alpha= 0.05 N= 100000.0 ) P 0.00139 +- 0.00023
relative RMSE(MC) = 0.08536540387328603

IS confidence interval (alpha= 0.05 N= 100000.0 ) P 0.00137 +- 2.8e-05
relative RMSE(IS) = 0.01035273903674636

-------------------------------------------------------------------------------------------------
a = 5 , N= 100000.0
MC confidence interval (alpha= 0.05 N= 100000.0 ) P 0.0 +- 0.0
relative RMSE(MC) = 0.0

IS confidence interval (alpha= 0.05 N= 100000.0 ) P 2.9e-06 +- 8.6e-08
relative RMSE(IS) = 0.014

-------------------------------------------------------------------------------------------------
a = 8 , N= 100000.0
MC confidence interval (alpha= 0.05 N= 100000.0 ) P 0.0 +- 0.0
relative RMSE(MC) = 0.0

IS confidence interval (alpha= 0.05 N= 100000.0 ) P 2.8e-12 +- 1.2e-13
relative RMSE(IS) = 0.021

-------------------------------------------------------------------------------------------------
a = 10 , N= 100000.0
MC confidence interval (alpha= 0.05 N= 100000.0 ) P 0.0 +- 0.0
relative RMSE(MC) = 0.0

IS confidence interval (alpha= 0.05 N= 100000.0 ) P 1.14e-17 +- 6.15-19
relative RMSE(IS) = 0.025

-------------------------------------------------------------------------------------------------

In part (c) we observe that δ = 1 is actually optimal. We also observe that the variance
explodes as δ gets too small, as can be seen if Figure 2 for a = 3.
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Figure 2: Plots for Exercise 1.2.(c) for a = 3.

Python code
#Exercise 1
import numpy as np
from numpy import matlib
from scipy.stats import t as ts
import matplotlib.pyplot as plt
from matplotlib import rc
from aux_plot import density_scatter #auxiliary library to plot scatterdensitites
#
# imports graphical paramters
#
plt.style.use('ggplot')
rc('font',**{'family':'serif','serif':['Computer Modern Roman'],

'size' : '12'})
rc('text', usetex=True)
rc('lines', linewidth=2)
plt.rcParams['axes.facecolor']='w'
import matplotlib
matplotlib.rcParams['text.latex.preamble'] = [

r'\usepackage{amsmath}',
r'\usepackage{amssymb}']

digits=6 #how many digits of accuracy to display
mu = np.array([0,0])
Sigma = np.array([[4,-1],[-1,4]]);
A = np.linalg.cholesky(Sigma);
alpha = 0.05; # 0.95 = 1-alpha
N = int(1E5);
cval = ts.ppf(1-alpha/2,N-1);
alist = np.array([1,3,5,8,10])
y_normal=A@np.random.standard_normal((2,N))
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fig,ax= plt.subplots(nrows = 1, ncols = 1, figsize = (6,4))
aa=7
ab=12
ax=density_scatter(y_normal[0,:],y_normal[1,:],sort=True,

bins=20,cmap='Spectral')

xy=np.linspace(aa,ab)
ax.fill_between(xy, xy, np.max(xy), color='#539ecd')
ax.fill_between(xy, xy, aa,color='#539ecd')
plt.legend([r'Samples $\mathcal{N}(0,\Sigma)$',r'$A$'],fancybox=True,

framealpha=0.0,loc='upper center', bbox_to_anchor=(0.5, -0.05),
shadow=False, ncol=2)

plt.savefig('../figures/exo_1_density.png',format='png',
bbox_inches='tight',transparent=True)

#these values can acutally be computed.
truep = np.array([0.06503208932, 0.001380140995, 0.000002979188004,\

2.905959243*10**(-12), 1.217860285*10**(-17)])
na = np.size(alist);

def psi(x,a):
return ((x[1,:]>a)*(x[0,:]>a))

def w(xstar,Sigma,x):
return np.exp(-xstar.T@(np.linalg.solve(Sigma,x)) +

0.5*xstar.T@np.linalg.solve(Sigma,xstar))
#for 2c
def wd(xstar,Sigma,x,d):

return np.exp(-xstar.T@(np.linalg.solve(Sigma,x)) +
0.5*xstar.T@np.linalg.solve(Sigma,xstar)/d)

for i in range(na):
a = alist[i]
print('a = ',a,', N= ',N);
# set-up importance distribution and weight function
xstar = np.array([a,a])

# perform sampling
xi = np.random.standard_normal((2,int(N)))
X = matlib.repmat(mu,2,int(N/2)) + A@xi;
Y = matlib.repmat(xstar,2,int(N/2)) + A@xi;
# compute mean and standard dev.
Z = psi(X,a);
mean_mc = np.mean(Z);
std_mc = np.std(Z);
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print('MC confidence interval (alpha=',alpha,' N= ',N,') P ',
mean_mc, ' +- ',cval*std_mc/np.sqrt(N));

print('relative RMSE(MC) = ',round(std_mc/np.sqrt(N)/truep[i],digits));
print(" ")
ZZ = psi(Y,a)*w(xstar,Sigma,Y);
mean_is = np.mean(ZZ);
std_is = np.std(ZZ);
print('IS confidence interval (alpha=',alpha,' N= ',N,') P ', mean_is,

' +- ',cval*std_is/np.sqrt(N));
print('relative RMSE(IS) = ',round(std_is/np.sqrt(N)/truep[i],digits));
print(" ")
print("-------------------------------------------------------------\

------------------------------------")

############ Plays with \delta
deltalist = np.linspace(0.5,5,100)
ndelta = np.size(deltalist);
for i in range(na):

a = alist[i]
# set-up importance distribution and weight function
xstar = np.array([a,a]);
#perform sampling
xi = np.random.standard_normal([2,int(N)])
errorlist = np.zeros(ndelta)
stdlist = np.zeros(ndelta)
for j in range(ndelta):

delta = deltalist[j];
Y = np.matlib.repmat(xstar,2,int(N/2)) + A@xi;
ZZ = psi(Y,a)*wd(xstar,Sigma,Y,delta);
mean_is = np.mean(ZZ);
std_is = np.std(ZZ);
errorlist[j] = mean_is - truep[i];
stdlist[j] = std_is;

############# Plots
print('a= ',a)
plt.subplot(131)

plt.plot(deltalist,abs(errorlist));
plt.title(r'$\left|\text{Emp. er}\right|$');
plt.xlabel('$\delta$')

plt.subplot(132)

plt.plot(deltalist,stdlist);
plt.title('Emp. st. dev.');
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plt.xlabel('$\delta$')

plt.subplot(133)

plt.plot(deltalist,np.sqrt( (errorlist)**2 + stdlist**2/N )/truep[i]);
plt.title('Emp. rel. rmse');
plt.xlabel('$\delta$')
plt.tight_layout()
#edit this line or coment out to not save pictures
saveas='../figures/2c_a_'+np.str(a)+'.png'
plt.savefig(saveas)
#plt.show()
plt.clf()

Exercise 3
Suppose that we wish to compute µ = E

[
Ψτ (X0, . . . , Xτ )I{τ<∞}

]
, where τ is a stopping time

adapted to the discrete time, discrete state Markov chain {Xn ∈ Zd : n ∈ N0} with initial
probability distribution p0 (i.e. X0 ∼ p0) and with Markov transition probabilities pi,j ∈ [0, 1]
such that

pi,j = P(Xn+1 = j|Xn = i) , ∀ i, j ∈ Zd .

Instead of relying on the evolution of this Markov chain, it is natural to try to use impor-
tance measures that preserve the Markov property (so as to guarantee that the paths can
be simulated efficiently under the importance measure). That is, one replaces the transition
probabilities pi,j by other Markov transition probabilities qi,j ∈ [0, 1], which dominate pi,j
(i.e. qi,j = 0 ⇒ pi,j = 0); analogously for the initial distribution. Moreover, we require that
the stopping time τ is almost surely finite for the Markov process with transition probabilities
qi,j , which appears natural from a practical point of view.

1. Prove that µ = E
[
Ψτ (X0, . . . , Xτ )Iτ<∞

]
can be written as:

µ = Eq

[
Ψτ (X0, . . . , Xτ )w(X0, . . . , Xτ )

]
, with w(X0, . . . , Xm) =

p0(X0)

q0(X0)

m∏
j=1

pXj−1,Xj

qXj−1,Xj

.

2. Implement the importance sampling algorithm for discrete time Markov processes to
the random walk {Xn ∈ Z : X0 = 0, n ∈ N} with transition probabilities:

pi,i+1 ≡ P(Xn+1 = i+1|Xn = i) =
1

2
= P(Xn+1 = i−1|Xn = i) ≡ pi,i−1 , n ≥ 0, i ∈ Z .

Consider the stopping time τN := inf{n : Xn = N} for a given constant N = 4 and
apply the algorithm to estimate P

(
τN < T

)
with T = 10. For the the importance

sampling, consider the random walk with transition probabilities

qi,i+1 ≡ P(Xn+1 = i+ 1|Xn = i) = α > 1− α = P(Xn+1 = i− 1|Xn = i) ≡ qi,i−1 .

Experiment with different values for α.
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Solution
1. The claim follows from the Markov property and properties of conditional expectations

Indeed, let Ep denote the expectation with respect to the transition probabilities pi,j
and Ep,X0:k

the expectation with respect to the density corresponding to the first k steps
of the process. Then

µ = Ep

[
Ψτ (X0, . . . , Xτ )Iτ<∞

]
=

∞∑
m=0

Ep

[
Ψm(X0, . . . , Xm)Iτ=m

]
=

∞∑
m=0

Ep,X0:m−1

[
Ep

[
Ψm(X0, . . . , Xm)Iτ=m

∣∣X0, . . . , Xm−1

]]
=

∞∑
m=0

Ep,X0:m−1

[
Eq

[
Ψm(X0, . . . , Xm)Iτ=m

pXm−1,Xm

qXm−1,Xm

∣∣X0, . . . , Xm−1

]]
= · · · =

∞∑
m=0

Eq

[
Ψm(X0, . . . , Xm)Iτ=m

m∏
j=1

pXj−1,Xj

qXj−1,Xj

p(X0)

q(X0)

]
= Eq

[
Ψτ (X0, . . . , Xτ )

τ∏
j=1

pXj−1,Xj

qXj−1,Xj

p(X0)

q(X0)

]
,

where the last equality is due to the assumption that τ is almost surely finite under the
importance sampling distribution (denoted by q).

2. For this example the weight function simplifies to

w(X0, . . . , Xm) =
1

(2α)nup

1(
2(1− α)

)ndown , m = nup + ndown ,

where nup =
∑m

j=1 I(Xj −Xj−1 = 1) is the number of increments in the process.
When applying the importance sampling method, we observe a variance reduction (i.e.
efficiency improvement) compared to the crude MC method, which results in narrower
confidence intervals. When repeating the experiment for different values of the transition
probability α, Figure 3 indicates an optimal value of around 0.82.

1 a= 0.33
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.178 +/- 0.02373670813780539
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.164 +/- 0.05922504873324486
----------------------------------------------------------------
1 a= 0.37133333333333335
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.194 +/- 0.024538214909660284
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.189 +/- 0.04926379667839818
----------------------------------------------------------------
1 a= 0.4126666666666667
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.192 +/- 0.02444166991406872
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.176 +/- 0.037244995090970484
----------------------------------------------------------------
1 a= 0.45399999999999996
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MC confidence interval (aa= 0.05 , NM= 1000 ): 0.195 +/- 0.02458611030608207
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.203 +/- 0.03162647732518781
----------------------------------------------------------------
1 a= 0.4953333333333333
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.203 +/- 0.024960412572219166
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.179 +/- 0.024371213033845263
----------------------------------------------------------------
1 a= 0.5366666666666666
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.194 +/- 0.024538214909660284
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.180 +/- 0.02001541526242464
----------------------------------------------------------------
1 a= 0.578
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.185 +/- 0.02409568341260148
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.179 +/- 0.0165194134797471
----------------------------------------------------------------
1 a= 0.6193333333333333
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.193 +/- 0.024490068606569746
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.185 +/- 0.013784290730779187
----------------------------------------------------------------
1 a= 0.6606666666666666
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.169 +/- 0.023255112461394306
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.174 +/- 0.011268232761453507
----------------------------------------------------------------
1 a= 0.702
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.211 +/- 0.02531945242722811
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.180 +/- 0.009428617009774355
----------------------------------------------------------------
1 a= 0.7433333333333333
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.17 +/- 0.02330977528469037
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.17 +/- 0.007805872006385148
----------------------------------------------------------------
1 a= 0.7846666666666666
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.186 +/- 0.024145892037004162
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.179 +/- 0.00706073295328771
----------------------------------------------------------------
1 a= 0.8259999999999998
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.198 +/- 0.024728305596324166
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.176 +/- 0.006912162364181594
----------------------------------------------------------------
1 a= 0.8673333333333333
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.19 +/- 0.024344109331660275
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.17 +/- 0.008443142690814642
----------------------------------------------------------------
1 a= 0.9086666666666665
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.162 +/- 0.022864099240356626
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.177 +/- 0.011492800359982708
----------------------------------------------------------------
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1 a= 0.95
MC confidence interval (aa= 0.05 , NM= 1000 ): 0.178 +/- 0.02373670813780539
IS confidence interval (aa= 0.05 , NM= 1000 ): 0.168 +/- 0.019563536776024393
----------------------------------------------------------------

Figure 3: Variance ratio between the crude Monte Carlo and the importance sampling esti-
mators as a function of α.

Python code
import numpy as np
import matplotlib.pyplot as plt
import scipy.stats as st
from matplotlib import rc
#
# imports graphical paramters
#
plt.style.use('ggplot')
rc('font',**{'family':'serif','serif':['Computer Modern Roman'],

'size' : '12'})
rc('text', usetex=True)
rc('lines', linewidth=2)
plt.rcParams['axes.facecolor']='w'
import matplotlib
matplotlib.rcParams['text.latex.preamble'] = [

r'\usepackage{amsmath}',
r'\usepackage{amssymb}']

# functions
def genWalk(prob,X0,Nstop,T):

X=X0;
n=0;
while((X[n]<Nstop)*(n<=T)):

12



X=np.append(X, X[n]-1+2*np.random.binomial(1,prob))
n=n+1

t=np.arange(0,n+1)
return X,t

def weightfun(prob,Y):
dY=np.diff(Y)
# rvec is a vector where only one of the two terms in
# the sum below appears in each component of the vector
rvec=1/(2*prob)*(dY==1) + 1/(2*(1-prob))*(dY==-1)
rval=np.prod(rvec)
return rval

# problem set-up
alist = np.linspace(0.33,0.95,16)
na = np.size(alist);
Nstop = 4;
T = 10;
NMC = int(1e3);
X0 = np.zeros(1);
# for confidence intervals
aa = 1-0.95;
cval = st.norm.ppf(1-aa/2);
# let's get started
varis = np.zeros(na);
varmc = np.zeros(na);

for j in range(na):
alpha = alist[j];
print(1,'a= ',alpha);
Y = np.zeros(int(NMC),);
tauNaive = np.zeros(int(NMC),);
for i in range(NMC):

# CMC estimator
Xnaive,tnaive, = genWalk(0.5,X0,Nstop,T);
tauNaive[i] = tnaive[-1]<T;
# IS estimator
X,t = genWalk(alpha,X0,Nstop,T);
Y[i] = (t[-1]<T)*weightfun(alpha,X);

varmc[j]=np.var(tauNaive)
varis[j] = np.var(Y);
print('MC confidence interval (aa=',0.05,', NM=',NMC,'): ',

round(np.mean(tauNaive),4),' +/- ',round(cval*np.std(tauNaive)/np.sqrt(NMC),4));
print('IS confidence interval (aa=',0.05,', NM=',NMC,'): ',

round(np.mean(Y),4),' +/- ',round(cval*np.std(Y)/np.sqrt(NMC),4));
print("----------------------------------------------------------------")

np.var(tauNaive)

plt.plot(alist,varmc/varis);
plt.xlabel(r'$a$')
plt.ylabel(r'$V_{MC}[Z]/V_{IS}[Z]$')
plt.title(r'Relative gain vs $a$')
saveas='../figures/ex1.png'
plt.savefig(saveas)
plt.show()
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