Regression Methods: Problems MATH-408
Anthony Davison

Problem 1 Suppose that we observe a binary response and want to use a probit link to relate
it to the observed value z of a scalar covariate X, ie., P(Y = 1| X = z) = ®(fy + fix).
However, X is measured with error, and we can only observe the surrogate W, which satisfies
W | X =x ~ N(z,7%); put another way, W = X + ~§, where § ~ N(0,1). For example,
W might be stated weekly consumption of dairy products in a food questionnaire, while X is
the unobserved true consumption; notice that this model assumes no systematic under- or over-
estimation, as E(W) = E(X). Suppose below that Y is independent of the measurement error
W —X.

(a) Show that P(Y =1 | W = w) = ®(8) + fjw), where 8y = Bo/+/(1 + 8i7*) and 8] =
Bi/V(1+ B{y?).

(b) What does this imply about probit regression of Y on the observed value of W7 What is
the effect on the estimated coefficients? What can be said if v is unknown?

(c) What if there is a systematic bias in W? For example, true alcohol consumption X might
be systematically underestimated by the reported value W.

Hint: Write P(Y =1 | X =) = P(e < 5y + 1) for some underlying ¢ ~ N (0, 1).

Problem 2

(a) If Y3,...,Yp are independent Poisson variables with means pq,...,up, show that their
joint distribution conditional on S = ZdD:1 Y; = m is multinomial with probabilities m; =
ta/ Zfl),:l tte and denominator m, i.e.,
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(b) When m independent individuals are put into categories 1, ..., D with respective probabil-
ities 7y, ..., mp, let I;4 denote the indicator variable that the jth individual is placed into
category d; note that I;; + ---+ I;p = 1, as each individual can only be placed into one
category. Find the joint density of Ry, ..., Rp, where Ry = >_7"; Lja.

(c¢) Given that (Ry,...,Rp) ~ Mult(m;my,...,7p), for some D > 5, find the joint distribution
of (R + R, R3+ Ry, Rs, ..., Rp) and the joint distribution of (Ry, Ry, R3 + R4) conditional
on Rs + -+ Rp = n. Give the general version of this result.



