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Question 1

Given a N ×N symmetric positive de�nite matrix A, given X⃗0 , V⃗0 ∈ RN we consider the di�erential system :
X⃗ ′(t) = V⃗ (t),

V⃗ ′(t) = −AX⃗(t), 0 < t ⩽ T,

X⃗(0) = X⃗0, V⃗ (0) = V⃗0.

(1)

1. Check that :

||V⃗ (T )||2 + X⃗(T )TAX⃗(T ) = ||V⃗0||2 + X⃗T
0 AX⃗0

2. Let N be a positive integer, let h = T
N be the time step and tn = nh where n = 0, 1, ..., N . Consider the Crank-

Nicolson scheme for solving (1) :
X⃗n+1 − X⃗n

h
=

V⃗n+1 + V⃗n

2
,

V⃗n+1 − V⃗n

h
= −A

X⃗n+1 + X⃗n

2
, n = 0, 1, ..., N − 1.

(2)

Check that :

||V⃗N ||2 + (X⃗N )TAX⃗N = ||V⃗0||2 + X⃗T
0 AX⃗0.

3. Check that (1) can be rewritten as : {
X⃗ ′′(t) +AX⃗(t) = 0,

X⃗(0) = X⃗0 X⃗ ′(0) = V⃗0,
(3)

and that (2) can be rewritten as the Newmark scheme :

X⃗n+1 − 2X⃗n + X⃗n−1

h2
+A

X⃗n+1 + 2X⃗n + X⃗n−1

4
= 0.

for n = 1, ..., N − 1. How can X⃗1 be computed ?


