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Question 1

Let z,b € R", A € R"*" symmetric definite positive, B € RP*" ¢ € RP, Ker(BT) = 0.

We consider the following linear system :

(a)

(b)

(c)

Az + BT =b

Bzx* =c

We solve the problem with the following algorithm (Uzawa) :
Given p°, p >0
For k=0,1,2,...
Find z* such that Aaz* + BTk =b
phHt = pk + p(Ba* — )
End
- Prove that
pt = pftt = (I - pBAT'BT) (" — p¥).

- Let 0 < A1 < A2 < ... < A, be the eigenvalues of BA-1BT. Prove that
" =il < mae (1= pAs |l = )

and that the method converges if p < 2/x,.
Prove that Vu € RP,

T T, \2

T —-1pT (z" B™ )

BA™'B = -—
H H a:elﬂgv?;{#o T Ax

Assume that there exist Cy,Cy > 0 such that Vp,Vu € RP, we have

T RT
' B
< - 2P < .
Cillpl < Lmax, T A2 S Col|pll

Prove that the method converges if p < 2/C3.

> Initialization

> Compute solution
> Update Lagrange multiplier

(1)

Remark : For those who know the Stokes problem, the upper bound in (1) is easy to prove with Co = 1 since

Vq € Lg(Q),Vv € H&(Q)Q, /quiv(v) < |lgll L2l Vol e-

The lower bound is proved as soon as there exists C such that Vh > 0,Vq;, € Qp, there exists v, € V}, such that

Jo an div(vy)

C <
llanllre < 1)h€H‘}hvh¢0 Volls

where V},, @} are suitable Finite Element subspaces for the discrete velocity v, and the discrete pressure py,.



Question 2

Consider the time dependent, incompressible Navier-Stokes equations. Given p, p, T > 0, Q C R?, 1 : Q — R3. We are

looking for @ : Q x (0,7) — R3 and p: Q x (0,7) — R such that

ouy 0 dp . .
o +§::1uj£jui —HAui+Z= =0, i=123, in Q x (0,7),
8’11,1 aUQ 8u3 .
il Tt A Tl ) Qx(0,T
al’l + 8%2 + (91173 ’ m % ( ’ ),
u; = 0, 1=1,2,3, on 90 x (0,7T),
uz(f, 0) = wz(f), VT € Q.

Here « has components uq, us, us.

Check that
1 2 = 7 2 1 2
[ gela@ni az+ 3" [ [ wlvu@ol? aza= [ Sola@) o
Q2 = Jo Ja 0?2



