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Question 1

1. Note that the inequality is trivial if f = 0 or g = 0. Thus, we assume f, g ̸= 0. We have

p(t) = t2
∫

f2 + 2t

∫
fg +

∫
g2 ⩾ 0 ∀t ∈ R.

Therefore

0 ⩾ ∆ = 4

(∫
fg

)2

− 4

∫
f2

∫
g2.

2. We assume v(0) = 0 The proof in the case v(1) = 0 is similar. Note that ∀x ∈ [0, 1],

v(x) = v(0) +

∫ x

0

v′(s)ds =

∫ x

0

v′(s)ds.

Thus

(v(x))2 =

(∫ x

0

v′(s)ds

)2

⩽
∫ x

0

(v′(s))2ds

∫ x

0

12ds ⩽
∫ 1

0

(v′(s))2ds.

Question 2

(a) The di�erence scheme reads
un+1
i − un

i

τ
− ϵ

un+1
i−1 − 2un+1

i + un+1
i+1

h2
−

un+1
i+1 − un+1

i−1

2h
= 1, n = 1, . . . ,M − 1, i = 1, . . . , N ;

un
0 = 0, n = 1, . . . ,M − 1;

un
N+1 = 0, n = 1, . . . ,M − 1;
u0
i = 0, i = 0, . . . , N + 1.

(1)

(b) Let k be such that |un+1
k | ⩾ |un+1

i | for every i = 1, . . . , N . Then,(
1 +

2τϵ

h2

)
un+1
k = un

k +
(
− τ

2h
+

τϵ

h2

)
un+1
k−1 +

( τ

2h
+

τϵ

h2

)
un+1
k+1 + τ.

Since h ⩽ 2ϵ, this implies(
1 +

2τϵ

h2

)
|un+1

k | ⩽ |un
k |+

(
− τ

2h
+

τϵ

h2

)
|un+1

k |+
( τ

2h
+

τϵ

h2

)
|un+1

k |+ τ

and therefore
||un+1||∞ = |un+1

k | ⩽ |un
k |+ τ ⩽ ||un||∞ + τ.

(c) Let k such that un+1
k ⩽ un+1

i , for every i = 1, . . . , N . It su�ces to show that un+1
k ⩾ 0. Then(

1 +
2τϵ

h2

)
un+1
k = un

k +
(
− τ

2h
+

τϵ

h2

)
un+1
k−1 +

( τ

2h
+

τϵ

h2

)
un+1
k+1 + τ

⩾ un
k +

(
− τ

2h
+

τϵ

h2

)
un+1
k +

( τ

2h
+

τϵ

h2

)
un+1
k + τ

and thus
un+1
k ⩾ un

k + τ ⩾ 0.



(d) Assume that u(x, t) is C4 in space and C2 in time. Then

Un+1
i − un

i

τ
− ϵ

Un+1
i−1 − 2Un+1

i + Un+1
i+1

h2
−

Un+1
i+1 − Un+1

i−1

2h
= 1 + rn+1

i ,

with

rn+1
i ⩽

h2

12
max

(x,t)∈[0,1]×[0,T ]
|∂

4u

∂x4
(x, t)|+ τ

2
max

(x,t)∈[0,1]×[0,T ]
|∂

2u

∂t2
(x, t)|+ h2

6
max

(x,t)∈[0,1]×[0,T ]
|∂

3u

∂x3
(x, t)|.

(e) Setting e⃗n = U⃗n − u⃗n, we have
(I + τA)e⃗n+1 = e⃗n + τ r⃗n+1

and thus
||e⃗n+1||∞ ⩽ ||e⃗n||∞ + τ ||r⃗n+1||∞ ⩽ ||e⃗n||∞ + τC(h2 + τ),

which implies
||e⃗M ||∞ ⩽ ||e⃗0||∞ + C τM︸︷︷︸

T

(h2 + τ).

Question 3

� Concerning the matlab �le the A matrix is de�ned as :
A = (kron(T,I)+kron(I,T))*eps*(L+1)^2+kron(I,E'-E)*(L+1)/2.

� The results for ϵ = 0.01 :

L iteration_number

10 46

20 47

40 69

80 129

160 255

Figure 1 � Reasult for ϵ = 0.01 and L = 10.

Figure 2 � Reasult for ϵ = 0.01 and L = 20.



Figure 3 � Reasult for ϵ = 0.01 and L = 40.

Figure 4 � Reasult for ϵ = 0.01 and L = 80.

Figure 5 � Reasult for ϵ = 0.01 and L = 160.

Figure 6 � Order of the number of iterations.


