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Question 1

Proof. (2) can be written in compact form as Km+1 = F (Km) with Km = (k
(m)
1 , ..., k

(m)
s )T and Fi(K) = f(t0 +

cih, y0 + h
∑s

j=1 aijkj) ∀K = (k1, ..., ks)
T ∈ Rds (remember ki ∈ Rd).

Then, ∀K = (z1, ..., zs)
T , K̃ = (z̃1, ..., z̃s)

T ∈ Rds,

||Fi(K)− Fi(K̃)|| ⩽ Lh||
s∑

j=1

aij(zj − z̃j)|| ⩽ Lh

s∑
j=1

|aij |||zj − z̃j ||

De�ne ||K|| = max
1⩽i⩽s

||zi|| and then summing over the indices i = 1, ..., s,

||F (K)− F (K̃)|| = max
1⩽i⩽s

s∑
i

||Fi(K)− Fi(K̃)|| ⩽ max
1⩽i⩽s

s∑
i

Lh

s∑
j=1

|aij |||zj − z̃j ||

⩽ max
1⩽i⩽s

s∑
i

Lh

s∑
j=1

|aij |||K − K̃||

From the Banach �xed point theorem, the seuqnce Km+1 = F (Km) converge if hL max
1⩽i⩽s

∑s
j=1 |aij | < 1.

Question 2

For T = 7 and y0 = 0.15, we have plotted the approximated solution to the given ODE using the Runge (RK2) method
with a constant time step (dt = 0.035)and the adaptive algorithm with a tolerance = 0.01. We tend to compare the
two methods by plotting the approximated solution using RK4 method with a high number of steps (1000) which is
considered as very close to the exact solution.

Whe can observe that the adaptive algorithm with 189 steps is much more precise than Runge with 200 steps.



Question 3

We recall that Φ(t, z, h) =

s∑
i=1

biki(t, z, h) and ki(t, z, h) = f(t+ cih, z + h(ai1k1(t, z, h) + ...+ aii−1ki−1(t, z, h))).

We have

∥k1(t, z1, h)− k1(t, z2, h)∥ = ∥f(t+ c1h, z1)− f(t+ c1h, z2)∥ ⩽ L∥z1 − z2∥,

∥k2(t, z1, h)− k2(t, z2, h)∥ = ∥f(t+ c2h, z1 + ha21k1(t, z1, h))− f(t+ c2h, z2 + ha21k1(t, z2, h))∥
⩽ L∥z1 − z2 + ha21(k1(t, z1, h)− k1(t, z2, h))∥ ⩽ L(1 + h|a21L|)∥z1 − z2∥

and so on. So we can conclude that

∥Φ(t, z1, h)− Φ(t, z2, h)∥ ⩽
s∑

i=1

|bi|∥ki(t, z1, h)− ki(t, z2, h)∥

⩽ L

 s∑
i=1

|bi|+ hL

s∑
i,j=1

|biaij |+ h2L2
s∑

i,j,l=1

|biaijajl|+ ...

 ∥z1 − z2∥

⩽ L

 s∑
i=1

|bi|+ hmaxL

s∑
i,j=1

|biaij |+ h2
maxL

2
s∑

i,j,l=1

|biaijajl|+ ...

 ∥z1 − z2∥.

Thus the result is proved with

Λ = L

 s∑
i=1

|bi|+ hmaxL

s∑
i,j=1

|biaij |+ h2
maxL

2
s∑

i,j,l=1

|biaijajl|+ ...

 .


	
	
	
	
	
	

