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Question 1

Proof. can be written in compact form as K™+ = F(K™) with K™ = (k™. k{™)T and F;(K) = f(to +
cih, yo + th:] aijkj) VK = (]{21, ...,kjs)T € R% (remember k; € Rd).

Then, VK = (21,...,25)7, K = (31,..., Z5)T € R%,
|Fi(K) = Fy(K)|| < LRI Y aij(z — )| < LR a2 — 5l
j=1 j=1

Define ||K|| = max ||z|| and then summing over the indices i = 1, ..., s,
1<i<s

IF(K) - F(K IflrglggSZIIF \1rgg<xSZLhZ\awlllza 5|
\fgggsthZ\amlllK K|

From the Banach fixed point theorem, the seuqnce K™*! = F(K™) converge if hL max > lag| < 1.

Question 2

For T'= 7 and yo = 0.15, we have plotted the approximated solution to the given ODE using the Runge (RK2) method
with a constant time step (dt = 0.035)and the adaptive algorithm with a tolerance = 0.01. We tend to compare the
two methods by plotting the approximated solution using RK4 method with a high number of steps (1000) which is
considered as very close to the exact solution.
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Whe can observe that the adaptive algorithm with 189 steps is much more precise than Runge with 200 steps.
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Question 3

We recall that (¢, z,h) = Z biki(t,z, h) and k;(t,z, h) = f(t + c;h, z + h(ai k1 (t, 2, h) + ... + aii—1ki—1(t, 2, h))).
i=1

We have

Hkl(t7zl7h) - kl(t7327h)H = Hf(t+clh7zl> - f(t+ clh722)H < L”Zl - ZQH?

[k2(t, 21, h) — ka(t, 22, R)|| = | f(t + c2h, 21 + haziki(t, 21, h)) — f(t + c2h, 22 + hazi ki (¢, 22, b)) ||
< LH21 — 22 + hagl(kl(t, Z1, h) - kl(t, Z92, h))” < L(l + h\aglL\)Hzl — Zz”

and so on. So we can conclude that

S

H(I)(t’zlah) - (I)(tszv h)” < Z |bi|Hki(t7Z1vh) - ki(t7227 h)”

i=1

s s s
<L Z|bl|—|—hL Z |bia1‘j|—|—h2L2 Z |biaijajl\+... ||21—2’2H
=1

ij=1 i3,01=1

S

S S
<L Z |b1| + hma L Z |biaij| + h?naILQ Z |biaijajl\ + ... ||21 — ZQH
i=1 ij=1 i,5,0=1
Thus the result is proved with

A=1L Z ‘b1| + hmazL Z |b1a”| + h%namL2 Z |bia1-jajl| + ...

i=1 i,j=1 i,7,l=1



	
	
	
	
	
	

