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Question 1

) = a@(t)T f(t). We have @7 (t)Ai(t) >
Amin [|@(t)||?. Using Cauchy-Schwarz and Young inequality (ab < 3a? + 55b%) we find
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We take the scalar product with (¢) and obtain §&||ﬁ(t)||2 + ()T Ad(t

)\min JEN 1 rY
|| (01> + Amin[[T(0)]1? < =52 @) + FOIP,

2 dt 2 2Amin

which yields the result integrating from ¢ =0 to ¢t =T
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e From Taylor expansion we find (t,) = @(tp1) — bt (tne1) + ?ﬁ”(sn), with ¢, < s, < t,11. This yields

U(tpy1) — Uty . > h
W) Z0) | Ai(t11) = Fltnsn) — 250,
hence 7! = —hﬁ”(sn) and [|7 | < h max ||@”(t)]| .
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e Subtracting (2) and (3) and taking the scalar product with é"*!we find 7 (entt — é’”)T et (ethT aent!t =
—n, —n, —n, m —n, Amin —n, 2 1 -n 2
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which yields the result
e Summing from n = 0 to N — 1 and since &° = 0 we find
Ljevie Z e < Z e < N
i )\mln = )\min )
From h = % we obtain our result.
Question 2
(a) We have @(t,41) = @(tn) + hil' (tn) + 20%@ (sn),  tn < S < tpt1. Thus
u(t —au(t =
W) Z00) 4 ir,) = fie) + 7
with 7™ = 2hi”(s,) and |7 < $hmaxoci<r [|@”(t)|. Defining e = a(t,,) — @", we have
-n+l _ =n
A =
Multiplying the result by e it yields
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y @ —g et (arrhiAer = (et

which yields the result, using a = (a — b) + b and (a — b)a = 3(a? — b* + (a — b)?).

—

(b) Defining the scalar product < @,7 >a= i’ A¥, we use the Cauchy-Schwarz and Young inequality to find
1

m+1_m

1
<, U > U 4 ||V]] 4 < 3 ||ﬁ||A B ||11||A This yields the result choosing @ = é"*! and v = en.



(¢) From (a) and (b), we have

% (||€n+1||2 — &P+ et - gn||2) F (@ THT gt g (@t Tim (@l _ )T A(en+!l — ).
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The result is obtained since Ay [|7]|> < 77 AT < Amax ||7]°, V& € R? (from decomposition into orthonormal
basis of eigenvectors of A).

(d) We have
1 Amin —n+1|2 1 Amax —n+1 —n||2 1 —n |2 —n+1 -n
(g7 + 252 ) eI+ (5 - 252 ) e = P < gl + e i)
1 —n (|2 >\min —n+1112 —n |12
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If%— 5 > 0, this yields ||e**!||” < ||| +)\—' (1701 < Jle™)1” + S Summing fromn =0ton =N -1
and using T' = Nh yields the result. - -
Question 3
We have from (4) :
Ld | o2 T —z)Ty 4 1
S 1@ =2"(1)"2'(t) = ===
2 dt lz@)® At Z@)|
Now let #'(t) = 9(t), (1) is equivalent to @' (¢t) = f(u(t)), with @(¢t) = (ggg) and f(Z,70) = < _vgz ) Let N be a
Z°
positive integer, h = %,tn =nh,n=0,1,...,N. We compute @"*t! € R" n =0,1,..., N — 1, with the Euler explicit
scheme : il
% = F@).
Let € be the error at final time, the following results are obtained :
h | ll€]| explicit |
0.0002 0.330
0.0001 0.169

0.00005 0.085
0.000025 0.042

which shows that the error is O(h).

FIGURE 1 — Numerical solution with the Forward Euler method for the different hs.



FIGURE 2 — Zoom of the left side of the previous plot.



