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Question 1

(a) First, observe that, by eliminating the x variable, we can set that

BAT'BTp* =BA b —c.
Then we have, using that 2* = A= — A=1BT;/*,

pt =t = — b — p(Ba* - ¢)
=pu — ¥ — p(BA o — BATIBTF —¢)
= p* =¥ — pBAT BT (" — )
= (I - pBA™'BY)(u" — u*).

- Let ¢;,7 = 1,...,p be a orthonormal basis of eigenvectors of BA~'BT. Let us expand p* — p° in the basis :

P
pr= 0 =Y ajp;.
P

Then, we have

Then, since the ¢; form a orthonormal basis, we have

p
" = H1P = D001 = pAg) e < maxc 1= pag [t — 1%
s

Then it follows that ||u* — u*|| — 0 as k — oo if

1—pN|<LVji=1,..,p
which is satisfied if p < 2/x,.
(b) Let u € R? and choose y € R™ such that Ay = BT . Let 2 € R, we have

(2"BTp)?  (2TAy)* _ (a7 Az)(y" Ay)

— < <ylA
T Az zT Az zT Az vy

where we used the Cauchy-Schwarz inequality for the inner product 37 Az. We have proved that for all z € R™

(z" BT p)? T

— 1 Ly Ay.

TAr Y
with equality if = y. Thus,
T BT )2
max u =yTAy =" BA BT .

zER"x#£0 T Ax



(¢) Using (1) and point (ii), we have
CEllul® < w' BA™ BT 1 < C3 ||l
Choosing i = ¢; yields
CI <\ <C3,
and therefore we get
1—pC3 <1—pA;j <1—pCF.

Then |1 — pA;j| < 1if p < 2/C3 and p < 2/C%. Since Cy > CY, it is sufficient to require that p < 2/Cb.

Question 2

Multiply (2) by u;, sum over the indices ¢ = 1,2, 3 and integrate over (2 :

2 duy; 2 0 dp
i . . . e 7o %
/Q izgl P 5 + jil u; oz, u; | ug — pAug u; + or, u; | d¥=0. (*)

The first term of (*) is equal to

3 3
du; B 1.0 ,, d L,

For f,g: Q — R, the following formula holds :

0 0 0
dz = i ds = — dz,
/Qami(fg) z /mfgn s /anmierfaxig G
where 7(Z) = (n1,n2,n3)(Z) denotes the unitary vector normal to the boundary # € 99Q. Hence using (3), we have :
/ uiu +uiu +uiu uy d¥
o g, it et st )t

B d , 5 o) 0 -
= /Q <83:1(u1) + a—m(ulug) + (9553,(“1”3)> uy d7 +

0 0 0 -
(8331(1”;’) + T@(U%W) + aﬁ(“?“?:)) dz

u%(ulnl “+ Usng + Ugng) ds
Q

S 5—

- 9 . 0 9 .
= —\/Q <83j1(u1) —+ 87332(“17‘@) —+ 6353(U1U3)> U1 dzr +

=0 since u;=0 on 9N

—/’LL u %_’_%J’_% + uiu +uiu _A'_uiu dx
o 0 ! ! 8331 33?2 (9$3 18.731 ! 28332 ! 331‘3 ! '

=0

Thus,
0 0 0 S
2/9 <U18$1U1 + uza—xzul + U3ax3ul) up dZ = 0.

The third term of (*) equals

3 3 3
Z/MAW u; df:Z/,uHVui(:E',t)Hz df+2/ py (Vg - @) ds .
=178 =179 i1 J 00

=0 since u;=0 on 9N

The last two terms of (*) cancel since

/ 9 (pu;) dz = / uiip dz + / piui df:/ pu;n; ds since u; = 0 on 9f.
o Ox; o Oz o Oz a9

=0




