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Question 1

(a) First, observe that, by eliminating the x variable, we can set that

BA−1BTµ∗ = BA−1b− c.

Then we have, using that xk = A−1b−A−1BTµk,

µ∗ − µk+1 = µ∗ − µk − ρ(Bxk − c)

= µ∗ − µk − ρ(BA−1b−BA−1BTµk − c)

= µ∗ − µk − ρBA−1BT (µ∗ − µk)

= (I − ρBA−1BT )(µ∗ − µk).

- Let φj , j = 1, ..., p be a orthonormal basis of eigenvectors of BA−1BT . Let us expand µ∗ − µ0 in the basis :

µ∗ − µ0 =

p∑
j=1

αjφj .

Then, we have

(I − ρBA−1BT )(µ∗ − µ0) =

p∑
j=1

(1− ρλj)αjφj ,

and by induction, using what we proved before :

µ∗ − µk =

p∑
j=1

(1− ρλj)
kαjφj .

Then, since the φj form a orthonormal basis, we have

∥µ∗ − µk∥2 =

p∑
j=1

(1− ρλj)
2kα2

j ⩽ max
j=1,..,p

|1− ρλj |2k∥µ∗ − µ0∥2.

Then it follows that ∥µ∗ − µk∥ → 0 as k → ∞ if

|1− ρλj | < 1,∀ j = 1, ..., p

which is satis�ed if ρ < 2/λp.

(b) Let µ ∈ Rp and choose y ∈ Rn such that Ay = BTµ. Let x ∈ Rn, we have

(xTBTµ)2

xTAx
=

(xTAy)2

xTAx
⩽

(xTAx)(yTAy)

xTAx
⩽ yTAy,

where we used the Cauchy-Schwarz inequality for the inner product yTAx. We have proved that for all x ∈ Rn

(xTBTµ)2

xTAx
⩽ yTAy.

with equality if x = y. Thus,

max
x∈Rnx ̸=0

(xTBTµ)2

xTAx
= yTAy = µTBA−1BTµ.



(c) Using (1) and point (ii), we have

C2
1∥µ∥2 ⩽ µTBA−1BTµ ⩽ C2

2∥µ∥2.

Choosing µ = φj yields

C2
1 ⩽ λj ⩽ C2

2 ,

and therefore we get

1− ρC2
2 ⩽ 1− ρλj ⩽ 1− ρC2

1 .

Then |1− ρλj | < 1 if ρ < 2/C2
2 and ρ < 2/C2

1 . Since C2 ⩾ C1, it is su�cient to require that ρ < 2/C2.

Question 2

Multiply (2) by ui, sum over the indices i = 1, 2, 3 and integrate over Ω :

∫
Ω

3∑
i=1

ρ

∂ui

∂t
+

3∑
j=1

uj
∂

∂xj
ui

ui − µ∆ui ui +
∂p

∂xi
ui

 dx⃗ = 0. (*)

The �rst term of (*) is equal to∫
Ω

3∑
i=1

ρ
∂ui

∂t
ui dx =

∫
Ω

3∑
i=1

1

2
ρ
∂

∂t

(
u2
i

)
dx =

d

dt

∫
Ω

1

2
ρ ∥u⃗(x⃗, t)∥2 dx⃗.

For f, g : Ω → R, the following formula holds :∫
Ω

∂

∂xi
(fg) dx⃗ =

∫
∂Ω

fgni ds =

∫
Ω

g
∂

∂xi
f + f

∂

∂xi
g dx⃗,

where n⃗(x⃗) = (n1, n2, n3)(x⃗) denotes the unitary vector normal to the boundary x⃗ ∈ ∂Ω. Hence using (3), we have :∫
Ω

(
u1

∂

∂x1
u1 + u2

∂

∂x2
u1 + u3

∂

∂x3
u1

)
u1 dx⃗

= −
∫
Ω

(
∂

∂x1
(u2

1) +
∂

∂x2
(u1u2) +

∂

∂x3
(u1u3)

)
u1 dx⃗+

∫
Ω

(
∂

∂x1
(u3

1) +
∂

∂x2
(u2

1u2) +
∂

∂x3
(u2

1u3)

)
dx⃗

= −
∫
Ω

(
∂

∂x1
(u2

1) +
∂

∂x2
(u1u2) +

∂

∂x3
(u1u3)

)
u1 dx⃗+

∫
∂Ω

u2
1(u1n1 + u2n2 + u3n3) ds︸ ︷︷ ︸
=0 since ui=0 on ∂Ω

=

∫
Ω

u1

u1

(
∂u1

∂x1
+

∂u2

∂x2
+

∂u3

∂x3

)
︸ ︷︷ ︸

=0

+

(
u1

∂

∂x1
u1 + u2

∂

∂x2
u1 + u3

∂

∂x3
u1

) dx⃗.

Thus,

2

∫
Ω

(
u1

∂

∂x1
u1 + u2

∂

∂x2
u1 + u3

∂

∂x3
u1

)
u1 dx⃗ = 0.

The third term of (*) equals

3∑
i=1

∫
Ω

µ∆ui ui dx⃗ =

3∑
i=1

∫
Ω

µ ∥∇ui(x⃗, t)∥2 dx⃗+

3∑
i=1

∫
∂Ω

µui(∇ui · n⃗) ds︸ ︷︷ ︸
=0 since ui=0 on ∂Ω

.

The last two terms of (*) cancel since∫
Ω

∂

∂xi
(pui) dx⃗ =

∫
Ω

ui
∂

∂xi
p dx⃗+

∫
Ω

p
∂

∂xi
ui dx⃗ =

∫
∂Ω

puini ds︸ ︷︷ ︸
=0

since ui = 0 on ∂Ω.


