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Question 1

(a) Do the scalar product of the schema with u⃗n+1 − u⃗n−1, then :∥∥∥∥ u⃗n+1 − u⃗n
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Set yn+1 =
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we get,

(yn+1)2 − (yn)2 ⩽ Cnτ(yn+1 + yn)

with Cn = ||f⃗n||. Then, since a2 − b2 = (a− b)(a+ b), we get,

(yn+1 − yn) ⩽ Cnτ

and �nally iterating in time,

yM ⩽ y0 + τ

M−1∑
n=0

Cn

(b) Starting from the wave equation ∂2u
∂t2 (xi, tn)− c2 ∂2u

∂x2 (xi, tn) = f(xi, tn) we have to retrieve the implicit discreti-
zation of the wave equation. To do this, since u ∈ C4([0, 1]× [0, T ]), we can rewrite the equation has :
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where αn
i ⩽ Cτ2 and comes from the following steps :

u(tn−1) = v(tn)− τv′(tn) +
τ2

2
v′′(βn),

u(tn+1) = v(tn) + τv′(tn) +
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2
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then,
u(tn−1) + 2u(tn) + u(tn+1)

4
= v(tn) +

τ2

2
(v′′(βn) + v′′(γn)).

Then, you use a centered di�erences schema to discretize in space and in time as usual and get to the conclusion
that |rni | ⩽ C(h2 + τ2). The �nal schema is written as,

U⃗n−1 − 2U⃗n + U⃗n+1

τ2
+A

U⃗n−1 + 2U⃗n + U⃗n+1

4
= f⃗n + r⃗n.

(c) Finally, by writing E⃗n = U⃗n − u⃗n, you get,

E⃗n−1 − 2E⃗n + E⃗n+1
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proceding as in point one : multiply everithing by E⃗n+1−E⃗n−1, set zn+1 =

(∥∥∥ E⃗n+1−E⃗n

τ

∥∥∥2 + (
E⃗n+1+E⃗n

2

)T

A
(

E⃗n+1+E⃗n

2

)) 1
2

and iterate in time,

zM ⩽ z1 + τ

M−1∑
n=0

||rn|| ⩽ z0 +
MτC√

h
(h2 + τ2).



Question 2

(a) See wave.m

(b) As seen in the lecture, einf := max
1⩽i⩽N

|uM
i − u(xi, tM )| = O(h2) when h = τ :

N + 1 M einf
50 50 1.97 · 10−3

100 100 4.93 · 10−4

200 200 1.23 · 10−4

400 400 3.08 · 10−5

800 800 7.71 · 10−6

(c) When N = 199 and M = 199, the scheme becomes unstable, as shown in the �gure below.

Figure 1 � u0 (blue) and uM (orange) for various values of N and M . Left : N = 99, M = 100. Center : N = 199,
M = 200. Right : N = 199, M = 199.


