Principal Component Analysis

@ Let Y be a random vector in R?® with covariance matrix €.
e Find direction v; € S 1 such that the projection of Y onto v; has maximal

variance.
@ Fory =2,3,...,d, find direction v; L v;_; such that projection of ¥ onto
v; has maximal variance.
Solution: maximise Var(v, Y') = v,/ Qu; over [|v;|| = 1
Q'u1 =v, UNU v, = ||A1/2 U'v|]? = ZA u,' v1)? [change of basis]
- <V, %7 U B 7y e, =0y,
Now Zi:l(ui v1)? = ||v1]|? = 1 so we have a convex combination of the {\; }J y

d
Zpi)\i, Zpi:l’ piZO, izl,...,d.
ge=] )

But A1 > A; > 0 so clearly this sum is maximised when p; =1 and p; =0
V] ;é 1, l.e. U1 = iul.

lteratively, v; = £u;, i.e. principal components are eigenvectors of 2.
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