Weeks #9 & 10

Algebra V - Galois theory
Nov 15 and Nov 22, 2024

Problem 1. Let K be a field containing i, for some n prime to char(K). Choose a,b € K
and let a, B € K be such that a = o" and b= 8". Assuming that [K () : K] = [K(B) : K] =
n, prove that K(«) = K(fB) if and only if there exist some r € (Z/nZ)* and some ¢ € K*
such that a = b"c".

Problem 2. Let K = C(z,y, 2) be the field of rational functions in three variables, and let
L = K(Y/zyz, \/y*z, Vxz?). Prove that the extension L/K is 4-Kummer of degree 32.

Problem 3. Let py,...,p, be distinct primes. Prove that [Q(\/p1,...,+/Pn), Q] =2".

Problem 4. Use the Artin-Schreier theorem to prove that any nontrivial torsion element of

Aut(Q) has order two.

Problem 5. Let G be a group of order n and M be a G-module. Prove that nH*(G, M) = {0}
by proving that given a 2-cocycle f: G x G — M, nf is cohomologous to the coboundary g

given by
g(0.7) = flo.9)+ > o-f(r.9) =) floT.9).
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Problem 6. Let G = (o) be a cyclic group of order n and M a G-module. Define

MC:={meM; o-m=m}

n—1
and the corresponding trace map T : M — MY given by m — Zg m = Z o' m.
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o 0 ifiti<
(i) Givenm € M, let f,, - GXG — M be the cochain given by fo,(c',07) == { Zfl +‘], "
m ifi+j>n
Prove that f,, is a 2-cocycle.

(i1) Prove that the map m — f, induces an isomorphism (of groups) MC/im(T) =~
H*(G, M).



Problem 7. Let G and M be as in the previous exercise. Consider the map D : M — M
given by m+— o -m — m.
(i) Given m € MY with T(m) = 0, let g, : G — M be the cochain given by gn(c') =
i1
Zaj -m. Prove that g,, is a 1-cocycle.
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(i) Prove that the map m w g, induces an isomorphism (of groups) ker(T)/im(D) ~
HY(G,M).

Problem 8. Let L/K be a finite Galois extension with Galois group G.
Fiz f € Hom(G x G — L*) and define a K-algebra as follows.

o Consider a |G|-dimensional vector space Vi over L with basis {e,}g4ec. That is,

Vi~ @ Le,.
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e Define a product x : Vi x Vi — Vi, using f, by
aey *x be, = ao(b)f(o,T)eqr Vo,7 € G and Va,b € L.
(1) Prove that the product = defined above makes Vy into an associative algebra if and only
if fis a 2-cocycle.

(i1) Prove that if further f(o,7) = 1 for all o,7 € G, then this algebra is isomorphic to
M, (K) ~ Endg (L), where n = |G]|.

(1it) Prove that if g is another 2-cocycle that differs from f by a 2-coboundary, then V, ~ V;
(as K-algebras).

(iv) Let now K = R and L = C. Find [f] € H*(Z/2Z,C*) such that V; ~ H (as R-
algebras).



