Lectore # 9 (43/44]2024)

@) G- modules
Definfion  Let G be a group. A G-module
s an belion group M (= Z-mabile) that
15 o lefl module ower the group ring
Z[(G] (= abelion grp- of Formal Piite sums

of clemerts of G ) .
This means thed we hae a left G- adion

on M- A mop CGx M — M
(gred = g

Sm'\'lépams &G. m=m
(O'T:)‘m = g- ('CW“)

. (man)= T-my4 T-n

Or} o.l-,'crna'l'\ilcfj ) o rina homomor}:'m'svn :
263 — Ewd (M) O
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Foits B The cdlection of all G- modules

form an obdion cdegory Modg
(B) The mop

i M= e gmem viec
is o left exadt funcor from Modg to
the calegory of cbelian groups  Ab
(O We will define Functors
HP(G, =) Modg — A

which are  right derved funclors of
the Loncdor in &

The idea (onsider G a %rOU‘P ; M o G- maduke

8 N a SuJowuoclu.le,.

L T
Then 0O N> M—>» M/N— 0
is exact . 9o,

G
0> NG‘ — MG —> <M/N> s exacT
i 1\ W\

H'(&,n) H°(G M) R (G, M)



ond. e wart o les.

0 H(GgN) — H(GM) > H°(G,w
q@,w) = H! (G’M) - H'(G'M/N> =L

S\oaom % Hl (G,NX S\h()u\CL meosure ‘H\& '['\a'llu_rc,
of ex-\-e,hd\'n& Qixed. Pdm'{'s m M/N to QixexL
Fo'm'{'s in M

T we chase 21 € (MAWY*, ga-a €N VY ge G
onch 3a—m=0 V3€G = ae MG

NOW) 0\05&'\/0 ’“l\o'.‘ the maP £ G — N Sojl'.‘:plés
3 = ga-a,

#(33) = (951 a-0 = g (Fa)-oz g (45 re) -
£(3) + 9qa-c
@ GrOu.P Co\nnmolo(c_m 5 j 3 ._4‘(8}

Given o Group G and a G-module M
defire the W= Cochains Lg
o C°(G,M):=M
0 C(GM) = Hom (Gx - #G, ""> 24

\a



and  +he ‘)ouvd.ara maps 3 Ba
e &, C°(GM M — C'(G,M)

m = (g0 gmom)

e bn: C(GM) — C™(G M)
F > &F!1Gx--xG —M

Nnai

e 8 (g 0o
t 2 (—l)b 'r( 31) S DLDLHI - 3n+4>

\ <_l>mi -F(SJ,“.}s“)

T‘ne..n %mf &n 1S ‘er Z2éro mop & we con 'ln’\'roduce
+he Corre,s\’:ondn'ns Coh.omo\oacs arou.Ps...

Dekinifion MRapesition Given G and M as before,
the dlements of 2" (G,M):= Ker (64)
are clled.  n-cxcgeles . Since im (8n) € Ker (§n)
the clements 0f the subset B (GM): im ($0a1)

are cdled. n=loboundaries, where ’_Pf(ql(v\\_—a{o&_



We can ‘H'\»_S de,r me ‘Hr\c_ n-th (‘Dl\cmo‘oaa 8r0u1>
H" (G,M) of G with coefficedts m M as
'Hne. QLUD+\Cn‘l

4 (qm):= (6 m)/B(am)

Tn Parjri m\ar y

HOCG)M> = KCY‘($°> = MG = HomG(Z/f"O

&ch-h'on'. How 15 'H\\'s Y‘c\oje':cl ‘l‘fo Go.lo'ls 'H)cnfo?

e ward fo looK et G= Gal (L/K) and
M=" or L and e achon
Gal (LK) x M — M

(o) = cro:i= o)



@ Hl‘Lcr‘} (5 ‘Hﬁcorcm QO

Peopositiond Let L/K be o Galois exlnsion
wdh Galois group G . Then H' (G, L7) =40t
ownd. H‘(G,L> = {of.
Tn other words, le,HmS M= % or Ll | we
hove +hat every i-cncdc\c f'G - M
s m\novm\oaous to a i- U)'oou.hdo.ra g’ G — M.
*Fis o dmaydle & S (F)=0
= £(ot)s - f()+4(0) if M=L or
(o) = (50 ()8 12 T et
. 3i5 o i- cpbomdarJ = FaeM st
8(0'>= o a-a YoeG W MsL
R  a(6)= (a)/ec if M=1X
This, an equivalent stidement is:
Given a Ooc,aclc fLEG—>M  F aeM st

p(o'>: Tra-aa Y oe G,  (Gf M=L)

(bR T-a/a if M=UL*)



Theorem ( Hilbet 40) Let L/K be o o clic
gxiension  and. let Ga\(L/K) 2{ad> . PiK

L el . Then

('\> NL/K(0(3 =1 <= «- 0_:’(?:) Por some ae L

(¢ O

(i) Try, ($) =042 o= 0(@) -

‘Procvp for both () & (il') , +he imP\{c_&hév\
(<=X 1S /,Cas&“.

(1) Assume 4hat o€l is sk N(O=14
TL\&“ p" GQ — L is o - Coc.aclc

id = 4

T & .

O—b*_a 0(0'(0()"'(76-4(0()
But Hd(G, L*) =40%. So, J ac el s+

4‘<o-i)= Giga) Vi Thus, w= £ ()= a(a)
oo cA



(i) Pk o€ L w/ Te(«) =0. Then the map
9; G — L
d+— O
g“: o(o: () + -+ GV (o)
s o d-coumele and since H'(G,L) =40t
dae L si. a(aé)= g'(a) -a Vi
Tlhws | o= 3(03-0(&%& as  claimed.
2
Apolicdions  ( recall from Lecture # 6)
A> Let K be a Tield , assume dhd U, =K
(n prime fo Char K )
™ L/K is CbChC of c)earec n, +hen
L=¥(«) | where "z 0 €K

\_{’_\;\37 Write G= <o and taKe § € M,
Pv‘iw'n"'l\'/c.—‘—‘/\c\n \\I(%)=ﬂ T\'\u..s) Jxe L st

O-(O(): ZX _ Then me (-Por '|=.il...ln> are



n d‘\s‘h'nc‘\ Cpn()uaad'c.s of & = L’—'—K(Dq
Moreover} o (™) = o («)" = (%d)“-‘ x"

D A"z o Lor some a € K .

2) K o Pied of char=p , L/K cplic of
de%reeP :

Then L=|<(o<)) where o«P- ¢ - o= 0
for Some o€ K,

Why? Tr ()= p-di=0 3 4= o(x)-«
for some x € L ond such « does the

()D‘o-
%OLC:K ‘I‘o /Propoét‘tlén i
o L/K Geois, G = Gal( LiK) .

/))ic.K -? € Zi (G) Lﬁ) . We wont 'l'o sho w
et fe B (G, 1*).



Let n= (Gl and wide G=403 ..., Tuf

n
Then X L= z 'F(G',;\ g;: 15 o non-Terial
L=

craredec L — L gince £(00)£E0 Vi
(D&Aek{w&) .
This means "H/\a:\’ ‘H\crc exists some C €L

Such Fhot Z_«C(C'"a) g.(c) £o

(=t
LC’\ be l_x l)c Hnis hon- 2&efo e,\cme.n-l' ) Tb\cn,
c(jwcn om:} TeG we hoe that

=) T (F) T (e) 3

£(c) Tle) = Z&rmm

0 £(Ta) (Ta)(e) =b

L=t
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ot VY Te G , -P(tsz’g_(&}

Co

TMS, IcH’inj G = L_\ we hove Shown

S0, £ is o {- coboundary .

BocK Jo theorem (l—lilbem’r o, mw\Jr;Puce.hoc)
° For c -?inﬁo Oac\\'c arOU..F G ond a G-moch.gle.

Moo (aM) = Kee(V,) /1.0,
\;q\/\e,ro

Nu: M — MG ond IG(M) is the
m Z g-m Subomodile of M
SéG

obtaived La V‘csTrl'd\'vsg o
Yhe o.u.avncv&d{ow ideal of 2(G]

le. TGQVD:{%'""'M =(3-4}~m / meM &366{'.

° ‘?ro‘:osi‘l‘lém 1> LK cﬁclfc Golois, Gl (L/K>= <o)
tlen H’(G)Lﬁ) = 0. 60) Ker (N '-/K> = Im QO\\—? %)}

CA~

i-e- NL/ (o() =1 <=> X= () for some @ € L
K o =



Cov\se wence (ra-}im\o.\ Pdm‘\s on S‘>
let K=Q 1-Q@0) G- Gal(Lk) = %2

A Fo‘m\ x=otbi € | has nom A & a’4bi=A
[
olod

<H (CL‘L) € Sl W/ Tol'\'\ovso-l Q,oordino:\'cs>

Bu.'\’ +hen ) ba Hn\kﬁf‘} O]O) 3 ﬁ-‘-‘ c+di 6@(")

Such ot
N + 2cd ©

agtbi= ct+tdi = ¢
C-dti ci+d? ci+d?

So’ we oHo.'m a Fo.ramc"?fzdilbn o-c -Hsc m‘hc‘mod

")o'\n'i‘b n Sl.



