Lecture # 7 (06/14/2024)

Todma: Kummer extensions (I-\\oe\\dn casc)

Asmama thad the bose fidd has enough
rools of u.vi\JfS , Wwe want to characlerize

A‘Oﬂl\.o.vx Galois Bx_\'e,nSldhs .

Recall that the ‘exponent of a group G is 1he
smallest ne N such thad a": 1 V@ e G.
If G is finite  Abeliam & of exponent n, then
G < (Z//nzy for some. v

Delintions Let K be o fled corTfa'm'ms o Fr'm;{h\‘/&
n-1h roo‘l' o‘p U.Yil"a. A Galois Od'c,n.Sldn L/K
is called n-Kummer 1f Gal (L/K) is on

RAbeliom 8\:’00{3 Wl‘uf,e 6xFoncn+ divides w .

o L/K is Kummer £ i+ s n-Kuwmnrer -Po,- Some u



EXo.mP\c ( me lasl -l-'\mc)
- K [« ¥ Qio‘tL ‘H,\a.'" Conlains o Pﬁm\'\'\'&/c n-th Y‘oo+

0 um'\'\'\é

- L cach‘c ex‘l'oxsu;n of dearec m min

Then L/K is  n-Kummer (H- s alse M—kummu),
Exomple (L= @(47,4%), K- @)

- Let F(X)=(x%-2)(%X%-3) Then L = SFQ“-‘) ]
- L/K is Golois amd Ga\(L/@:Z/zZZxZZ/zZ
C;
- G )nas exFomn+ 72 owd sme -te K=G
L/K 15 2- Kuwmmer

Theorem  Let K be o Field wntainivg o
primithive n-th rodt of wity ard et L/K be
o Pinde exfension . Then L/K is n- Kummer
W L =l<(o(1”“ e o ) for some X e K

!



'PV'OO‘P

(<=> Write L=K(F‘34,---lﬁr> where

ﬁb-"=o<b e K. let S= %x“— - 1s{,sr§,
and. ld" w e K loc [ Pr'wn'l\'\'vc. rod‘ OP uv'nta.
Then L= SF, (5) ard L/K is _separable

herce Galois
sice B wph ., WA are all the
rosfs of X" - . and dhese all lie in L
Moreover , if € Gal (L/K), Then U'n(ﬁa)-ﬁa
Vizd.\r . Thus, the expenest of Gol (LK)=G
divides n .
Firally = G is abelian since (a{van any 0‘,8"€§,
ard ony 074, v, we Know that o(B)=w'B:
ond that F(Bi) = w B for some j €34, nat

Thes, @7 XB:) = (@) (c) . But Hhe B;
aemrod'e L ..



(z)) Assume thad L/K s Golois &
ok G= Gal(L/K) is obeliom wohase expovent
divides n.  (re. UKis Y\-Ku\mw\cr>
Then G ~ Cix - x Cr where each

Ci is oyche of order dividing "

Led H, be o Su.'oarOu.F & G st

G/W, =~ C, ord let Lyi= L.

Then Li /K is Galois widh c,ac\x’c Galois
g oup ~C, . let |Cil=m= Lo ¥ amd
let W be as in (<=> above .

Ther w™™ie K & ka Proposition 3
feom Lecture #C | L, = K (o )-K(p:),
where o, =, € K. Now, under the Golois
K(Bs,..., Br) corresponds 4o (Y H; = 4s .
Thus, L= K(le...lﬁr> ond Since



Question: What is the dearcc of the
exTension LcK(d;h‘,.-- /" /K ?

a.\wo.:ss < n” )

G'\vcn L/K on n- Kummem ex“’cn&cm)

Consider the -Po”ova'wﬁ finde ol iam 8V'OU.P
Kum(L/K>.'= } o€ Lx; o" e K t /Kx

then there exists o non- dcacne,ro&e. bilinear C
B =
Poi\r\’vxs Gal('—/K) * Kum (UKX —> ,U-«n(K)

(0', aK") —> (o)
a

Tn partiadar,  voriting G = Gal (L/K), we bave
that the group homomer phism
D Kum (LK) — Hom (G, un )
K (o g§>)

‘IS on \SOMQrP\mSm X HOM(G,/A“>.’.‘_’G .

'n&’.c‘s or €

noch ne_rd



Thcroporc) the onswer 1o the gouﬂs‘hi)vx is
bhe size of Kum (L/K).

Tn acneral )

?roPOS\Tld“'. If L/K is on n-Kummer
extension , then there exists an injective
opoup homomrphism Km (L/K) = K*/
gn‘/enloj oK B oK™,

proof (iijectivity)

ok e Kee(F) 2 ol e K

2> 3 bek st a=b"

> e pce K o ack
5 oK =kK* (-id)

Thin com e woed, o wonsbuct, Ko, srtimsionc
of @ g g



Propostton  Let K be o fild coaining o

T:r\'m'l"'n'/c n-th oot of uv(\'ho ond let G of

ex Pon cn't

be a finite abelion &L%rm.': of Kx/Km, % n
(owsider

L= F(1" «k™ e Gt s K.

T\ACM LG/K 15 on nN- Ku/mme,r CX.‘—CY\SI‘OY\
witfh Ga\(LG/K> ~G .

FrooF What is ‘cﬂ- 1S {'b show Fhad G=im(-p)
where  Kum (LG /K\) j“" K*/K“ is as before
oK' > KT

Ba dcpiv;lkc;v\ (Oc LG‘) )

2K"eG > M€ l_Gx
:?'F<O(v“ Kx) _ o(KX“
:? G < 'lm(-?)



NOw) consider the Pa'\rmj
Gal(La/k) x G — M

(o_} O(Kxn‘) NN __C_’__(°‘1,“>

i/n

Claim (exucisc)i This is Li'n%enw X non- deaehc.ra'l'c .
=> induces an isomorPhism G~ G«L\(LG/K)
> \G)-‘- [La'-K] = lKWm &LG/K)]

On the  other hand, ¥ahdah-m >

| Kum (La k)| = | im(9)]
ond Since Ge im(f) we deduce Thad
e%uali’(s holds .

uPs\er .

Punite o,loe\tbm % ] n- [Kummer
<&x\carau.’» of K"/Kxn ‘ \ﬂ exTensions L/K S



EXMV\P]G L6+ K/F 'oc cacl\'c of c’carcc 3 ard

assume thad  char (K) 2. _!a\o&\{om
y

let G X Kx/K*Z be a Sujoaraur of order 4

and. 0ssuwe  Hhat Ga‘(K/F) 2 G is Pree.

Then we obain L.GD KoF an Aﬁ Galois

s R

exTenS(om .

Bo.cK +o H«c Kummer Pa'm'vﬁ Consider
B

G\a‘(L/K) % Kum kL/K7 — fhn

(O‘, o.Kx> | m— _0__'_(_99
(with LK & s belorc)

Led's checK that the ‘Pcuowma lold..
@ # Te Gol(L/K) is swhthat B(o, ak") =1
v @K Kum (1K) Aben G = id.
@) if k" € Kum (LK) is such Yt
B0 oK) =1 V¥ oe Gal (LK), then aK*= KX



@ (Ba a.s:SumPTi'on} ogl@=a Yace By s 4.
o € K. And sinee +hese ac.ncroC\c, L (as
o Q‘\c\cL Cx—te,nsiov\ of K> ) g=id.

Gal(L/K)

@ Bka aSSumF'hdn) a. € L K .

Thue, a K¥= K.

’

Two more 5XamP\es

@ K=Q) =1

L= R4z *¥3)
* Then L/K 1S 4. Ku.mmer since ﬁqﬁ=4—ﬁ{
° [LIK:}: ? amnd @ 412: 16

@) K= Clzry3) = ieX

4 = 2
o= 7('2)5) b::g Z) c: = ’X}

l_: K (c«_'/“ b’k‘( cllﬁ) ~ L/K 1S [1—)‘(u.mme.r‘
! of dcarec 323 4°



