Lecture # & (16/10/2024)

TOdOUa - AV\ OVCFV{CW on Ca(‘.lo‘l'oml‘r_ and

c((,)oll'c exTe_nsfons .

Defiattion  Let K be o field. I we K

is o root of X"-4 then w is called an wik
root of umity . TF, moreover, 4he order of w
in K" is n,then wis called o primifive
n-th root of umily .
Definion A Czjc(o‘,'ow\ic, extension 1s am exlension

Op '['Luc '[Eorm K(W)/K wlnerc W an n-‘H'L roo“'
of uv‘s\‘l'-‘j ("‘or Some h) .

Propositiond Suppose thal (char K n)=1
and et L=SF (x™-1)  Then L/K is
Golois omd L s ﬁcv\orc:"ed, ba any Primi’mc n-th
ook of wrdty . Morcover | Gal (LK) < (@/n2).



T}ms) evcra Cz)clojfow\fc exlension I((/u“> /K
is Abelian and s dearec divides 525(‘") .

lk Euler "'o'h'c:n‘l
Lumchian

T fack | ove Com showfhat for each o Gal (L/K),
Hhere exists je (Z/n2)" such+hot
GW’(UJ V w ok, w"=4

T\«is dep\‘v\cs am .lh(')ec",*\'vc L\pmnvmrPLxl‘SM g = CJ]

/PFOPOSLtbﬂZ let K be o Piedd amd let ne 740 Le
Such dhad  (n, char K)= 4 . Let Kn:= K(pn)
and. L= K ( 061/“> . Then Ga\(L/K) 15 Solvable .

?n@l’ Since We hove o s:-€.5.

1 - Ga\(L/Kh) = C\o.\(’-/k) = Gl (h/K) —> 14
it suffices 4o shoo thad Gal (L/kn) omd

Gol (Kn/€) are sdvable .



Fir6+) y\o“’c Fad we have

Gal (L/Ka) < pn = Yo

& > a(«m)

1/n

X

SCOond.) B\j (PmPos'Thbn 4,
Gol (Ka /K) < (?/nz)x

2}
Note : Glos.lois c,r"\-"e.\"\'ovx = L/K) L/Kn and
Kn /K are sdvoble .

@ro‘:o'sftlbn 3 /—\na cbcl\'c Gislois exTension of K
of order d%v'\d{vxa n is of the 'porm L/gw .



,qzroo{:
Lc'\‘ F/Kv\ bc oL oacll'c Ga.\ois e)d'en5|6n
W hose c}eare.c civides v .

(rem\! . Kn=K (/inB and- (cNfK.“3=i>

Write  Gi= Gal (F/ka)= €05 and Ik

Z be o primitice neth oot of unily.

We widl show thal here exists B F™ st
TP =7 €pmy (P2

P
(NO‘I’& +Hhot O‘(fb"‘) =p" /B”hé kn)
ol

Since 1)4) 0‘) U'h-' i iSQ-L/Kn , 3 ‘FE F S-‘l‘.
\
'De,cie,KimUs L&mma,

P:: {4 Z G(’ﬂ-} %20_2(_‘,) bt Z""O’""({f) 0 ¥

/

(%.‘Vevx amy P(X)e K, (xI\4ok o-?desgn_\) P(G)$O>



Then using % we deduce that :
Gal (F/ta(p)={9e G, 9(p=B

= {a¢
> Ka(p)=F.

A\"'Crnaj'\'w.]j ) ndte Hhed SL\owfnj‘Hw:} /5 ex\s‘fs
19 e%wlva\cnjf Yo s\r\ow\'n&-ﬂxxl L =L

1S diaaonalltauc with eiacnvzduzs the rodts of
X"-4,

Le-\' P(X) 1= Ymr\k g . Siy\c,e, "P(G') =0
ond T -, = O, | %(p): n
ond. P(X) < )( " A



Lexnmo. 2 (Lec #'S)

Vs
(me)os'\'hbn ‘1 A“?) clic extension of o Qal&
K of char K=0 [KS So IVA.ble..

Lemmac  Given L/K) M/K < K/K -r'mi‘\'e) i
M/K amd. LM/M are solvable then L/K

15 solvable .

oroct
We applythe lemmato M=Kn = K( fin)
where n=[L:K]
Then M/K is cle:artj Solvable .

Now,
G- Ga\(LK“ /Kn) o~ GA(L/M\«)
N
Gl (L/K)

SO, G is Cac(\'o of order dln.
ProFoﬁ'\ Ton 3 = LKw = Ko (o(”“)

A



Inc;&FCV\dc nee O'P C‘Aaro.cTer‘S

Definilion A characler of o 9rp: G ina
Lield K) is BYP.MM- X: G — Kx .

'Dcdok'm&‘S Lemmea Ana set )\'Xi,-“,’xn((
O'c dis-tl'vsc_} Clharo.cj'e_r.s ,XZ.! G—K*
s livscav' ln 'mde,Penchn')[ M How\ (G) Kx> .
proc-P ToKe rX::Z a;, K, with

L=t
'X(S)=0V366 \)UC W&h‘] +o SL\ow
a.-czo \va G.
e cCoan WUse 'lhduc'\'\bn on Nn.
n=h v 0 oy Ka (S§=o VSE:G/'”\CV»

Ay =0  3Since ’KA(ZPQ K™

Now, for omy g, he G we have thot



0= Za;')((;(‘nj) - 'X“(M(ZQL'XL(SQ

v=t
e

-0

L=

where ‘9("'-': Q;('X;(’n\— Xn("))

By the induchive step, each bi is zero

hence @y ...,%, =0

and. repeating Step 1 we deduce hot an=o,
[2)

Coro\\o.rkj TP Land K are Pields  cund
Gs, -, 9w € Hom(L)K> ave dis’\ihcjr}

‘H’nn J!“I\C G.Ls ore ﬁ,b over K.



. Cac,\l'c extensions of chrcc P in char =p

Guwen a field F of Char=f>} Consider
‘Q?:F-——é{:? (.-:) Ku‘():lFf)
o a'-a
'Pro\;os'fh'on Let char (K) =p, ond let L/x
be cz)o\ic Galois extension of dc8= P
Then L= K("() , where = “PF-‘ (o)

Por Some a € |<

Froop Led G=Go.‘(l-/l<>=<0'> and,
T=qg-id, (TfL_-—>L hmr)

Then o Ker(T)= K
- TF= (o 'uLL>?= ol - id = O,
= im(‘ﬁ”) c Ker (T)
> im(IP) = Ker (T) 2K



Thws, 3 pe K st T (B) =4,
and. we can taKe o := TP'Z(FJ)

<T(o<>= TP ) =4 = o) - o= ¢K>

Then o is not fixed |93 o (<=> x & K)
and  Since [L"K]=P ; L= K(d>-

LaS-HS) we NCCL ‘l‘o C.«‘ACC,}( ‘Hﬁa.'l‘

G(M’—«x} = xP-
)
o = “PP"(o:) for some o € K.

I“de&&)

c7(o<"- o<> = g’ - a()
(A4e)P - (4+)

* 7 -

i



Convcr se'ld ,

@roPos\T\én Let char (K) =p and.
oe K\ (). Then fX:xP-x-a is
'lrv‘cclu,c'\lolc over K amdo SFK (‘P) /K

15 C‘chl\'c. Go.‘o'ls O'P dﬂas ]>

’Prooc Le'f’ X [oe, . roo+ of 4-‘ ) -H\e,n
+he P rosts of -P Can be written oo
o()o(+i) . X+ p-A

Se, L=sF (#)=K(x) w/ o¢ K.

Now, 137 -F = 3_\ gn w/ each aLirrch.)

then L = K ( (S) w here F is o rost of
Some 9. . les) [:L'- K} = dca 9. YL
ond. 5ca¥= n dca 9, = n=14 oand {

15 reecd.



F'lna.\lb, 3ince f is irred - and, ScPowch
L/K is cac—\\-c G&\OiS O‘C dcﬁ = dc:)-(’ = P
2

Tb\c nov"mal (oa.s‘s 'l'ke.ore,m

Definition  Let L/k be o Galois edfension

widh Gol (k) =40 . Tul . A norendl
basis for LK is a bass consisting of
X- (o\rbuaa'ic' demerts | o, COR o<“(o(>}

ExmelcS
® C/R and {2+, 4-1]
@ (M) /Q and 15,5 -, 50

@ CheoK ‘H‘\d @—wnauﬂd:ks of 12+3
do rot form o normdl basts for Q(TFVIE) /g



Thm Eve,r\a Pinde cUc\\'c exfension L /K has

o Y\orma\ Eas'ts.

]Q‘oo(}- Wri’\'& Ga\ U—/K) s :{1) O., S O—n-“( =<07.
View L as O kfx}—wm\c. wkerc X acls

OV\L as J.

Then

xot € Ann (L) =] pekpd; #0) =0 anl |

L
KGG(
K(x] is « PID + DedeKind = Amkm (L)= X"~ A
Then 3 Le l s4.

ev,: Kxl1 — L
£ +— £ ()

has kerwnel X" - i .
Thws) KCX:‘/(XH_A) ~ L



ande  Under 'Hr\'\s iSo;

14,% -, XM =40, 0, - 7™ (0]

This %\'vcs a normal Lmsfs.

2

\ Ssllo‘(\ [ 'p' . S Co ‘D .,

Tn dhe t{)roo-‘\, it suflices to show thed

L 1S CJ(4jcl(c. K[)(3' wwdule , wohid

Pollows ‘Prom the -(:\qc:\' ‘Hnoj' “\'n& C,‘r\o.Y‘O-C-—tcr\'ST!C

ond. the mimmal {:o\amm‘\o-(.ﬁ of G are "Hqc,

SOIWfJ{\) + 5'\V‘u.c"u.rc.. Hhm ‘Por ‘Pa W\ncb.dcs

over oo PID> N




