Lecture # 5 ( 09 /10/2024)
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Proof ( Golor's GorrcsFOhdcncc } Port I)

Let L/K be o (101%\‘\‘\{.) Galais eitension.
We Want o show oot

F — Cxo.\(L/F'> X

15 @ L:il)cc'hdv\, w‘\'H\, Inverse

H\——eLH

Tl'uks) achru KeFell we need to show Fhat
F-= Laa\(L/F) (l’-e. X is thec'l'n'vc> and. that
S‘i/em HeG | Gol (L/e) =H (i.c. K is Suﬂec‘kV&).

T\ne zncL Par+ 'Po”ows 'provn Ar‘h‘n‘s le:mmoL.
For H\e rl'rs" . Le -[-\irs‘l' OLServe “I‘Lm."}
4) L/K ScPar‘o.lolc (rcsP\ mrma\)—"—> L/F

Separo. ble (re,s?. nor mal) . hence, Galois.

2)  L/F Gelois = |Gl (L/F)|=Ti:F]



3) \1\/(, a\wouds ha.Vc, ‘H'\C ihClUS.lOY\.
E < LG:o.\(L/F)

Now) Ar"hnl S lc\mmo._ tells ws 'H\OC‘

(L L% D2 gl (LB ] = (1:F)
2)

and since [L:F)e (L0 L%GPY [P 6]
it must be he cose tha [LEGP i F -1

T'Ms} ke have e%uo.,\\'la in 3)_

)
RwKs T+ is clear Hhod
KcFe Fle L 2 Gal (L/F‘> ¢ Gal (L/F)
ond.  that
Hied = M !



Proo'p (Go.\o(s corrcsFovaenccj Port ]I>
Fix H2G and let F-= LH =) Gal(L/F>=H.

We want to show thd  F/K is Galois and.

Gal (F/) 2 G/H. aliways separable
Assfmo oot F/K f;ﬁmmj H,Zn

3 o€ Hom (F,L) st o (F) #F

let & € At (L)=G be an extension of o,
‘hen TH & = Gal(L/c(®m) + H
Thus, H{ G. = Gel (L/F)

Claim We have o shot exact Sequence

res|

1= H = Gal(lrk) = Gal (F/K)._,_/l
I
Gal (L/F)

Tha.'\' is) FBS\F is sur(}'cd'n\'/c and. l"la.s Kerne)

iSOmorPL\fc to Gal (L/F) =f.



KeFelel=XK
‘ rcle is Sur(')cc‘hvc be cause ry T € Gl (F/k)
exlenrds to Some T € HomK(L)E>
with. T € Aut, (L).
N\ because L/K is normal
o nofe that G

n
Ker rcle: %0’6 Gal (L/KX'/ Glg = id,—_((

Thue, Gal (L/F> < Ker res)F

J
0

H
Moreover,
Ker | 1= lGl = [L'-K} - [LZF]
l h Fl /Ga.\(F/K) [F:K]
=1 H = G\al(L/F>

2]
Coroutlw‘:fy 1f L/K s Golois  with, abeliom

Gualois arP ’ then ol| its sub exTensions

ore Golois



SO\VO.MC exTensions

Definition A {-\ie\i extension  L/K is called.
radical 1§ there exigts a radical Fower
KO:KC-ch---CKh:L
Such that Kdu: Kd (ﬂ) where °‘d‘
IS o r'oo+ o-p ><W\*i —/Bd -por Some md- 22

Gnd. PJ € KJX.

(DC'p'IYi\'-{lbn A pfelo(. CXTenStbn is Co.ned.,

Solvable iff it s contained in a radical one.

Delfinition Let K loc o Pie,ch ond.
Pe KIXINK . Then +he ec%up:h'on f(x)=0
18 Solvo.‘ole % ro.dl'cc..ls lP-P SFK(-P) /K

is sdvable.



T heorem ( Abel 4 quof5> let K be o

-cie,lo(. 0-‘\ CIna.r:O and. ,C+ L/K loe o (‘piri\fc)
Galois exlension . TFAE:

@ L/K is solvable

® G = Gal (L/I<> is solvable

(020, 0= 0)

o

RmK. Aosume L= SF () | PeKx] amd chukoo
Then, £=0 nmbbesmmUcLarMMﬁ5
even when £ i5 not separable. And
X=X = o =0 may not be sluable by
radicals even 'H\ou.ﬂk Such Polamw\'w.l

is Selbar‘o.uc amd. +he COrrCSPondin

Glalo‘ls 8rouP is abeliom <hcvscc So\voue>

(2 CF)



proof
®=20
10 L/K is sovable, 3 M/k radicol wilh LeM
Weite
K-K, c Kic --- <« Kn= M
as inthe defintion of o radical extension .

[_c;l m= ﬁmd and Consider sz M(Mm) .
d:l

Gl
Then 1‘:vm /K ) S'l'i” r(\dic.o.\ . Le,'l' F = 'Fm .
Then F/K 1S Galofs and  rodical .

Tn ‘Pad_’ w/e Can Wr'\{'c, ( we will prove 'Hz{s lolltr)

K:Fo C Fl: K(}LM)CFZCH. C'FL='F

cac.\o"‘o mic all <y chie

where F,, = FAX.;) with TTG Fe

'T\N;s) each F;M/F; has obelian Golas

%wu»? . Ba Golois eorrespondence, dhis
6’1\’@5 us 'Hr\o._" Ga.] (F/K> [BS So\Vo.L:le..



Bt hen
Gl (L/K> ~ Gal (F/k) /Gal (Fre)
15 also solvable |

2
Rm‘( S

e Recoll Hhat Kel eF
and.  F/K Gulois = F/L Garalois
e Fm i inle = laebraic e N

5e]>amblc
+ char K=0

) 6V6(‘(\j %UD-I'\C.Y\" 0.{3 o SO\Va.lolC. 3{‘]') s 50\V0.Ll€

Proo-(-‘ @7% @

we witll need,

Lemmad  Consider Ke Fel (fite).
L/K is sowabe &= L/F and FlKk are sdvable
Lewmaz Lt L/K be (Pwike) Gologs
with Gal (LK) 4l and chark=o.
Then LA i35 solvable .



Acsume that Gz Gal (L/K) is sdwble.
W rite

e, (2G 9G,, 9 3G, 94GsG
with G\j /G,j-n Cl‘-)c_',_(_l_g (dncck “‘L\o.‘l'ao& con
do this )
G-
l.?:l’ KJ= LJ 'gOr (j:O'---’V\.

Then codn  L/Lj is Gabis with
Gelois Bv‘F Gd ond.  €ach LJH /LJ is Gedlas
w‘\‘HA. Caclfc quois 8\(‘]:

Now, Consider Kel,cl .

Ba Lemma 2 this is selvable . Usw\s
induction on n gnd Lewmma 1 we
can Jeduce{lhd  L/K is solvable ,



‘CoronarS Le'\' '¥ € K[:Xl be o ae_?_y;a;\
‘Po\ahow\ial of dcarce, d25 . Assume thad
clhar K = O. Then £ is not solvable L(j radicals .

(T‘ne Cx'er.ns&m SFK("\\)/K (s not solvabl
as it has Golois 9coup = S )

F 'ma\lb) wie, prove :

(-Pr'oFosT\'l'cm Letd L/k be, o —inif\e extension .
1f L/K = r'ad»'wl/ +hen LCwl /K is also

radical .

Pv‘oa(3 Wete L= K (0(1) - ,°‘v\3 . Then

LCm\ = K (all rosls of the miner;‘)

- K ( 7 (ets) oo, 0 (otn) \/o'e,G)
where G= Gal ((L&/KY .



U‘P Yo f‘e\a.\ael\'ms)
Since L/K 1S mdical, e L\o,ve

K=K9CK|=K(°(-\> C K2=K(D(410(2) c---C KV\=L= K(dil"’,dh)

m:
\x/lncrc Oi») J e K‘“ -(-\or Some W\d22

Now, \et F,o= K(o6)); 1¢j¢i, req)

T hen

Gal
K=F;C FA_C--- - FY\: L

And 4o show “H\a‘\ 'Hn'\s 5 o radical '\'owex/

ba inducTion onw ) W sublices to Sho w “+had
Fi/Fo is radicol |
We have G=349,9.8, - | ond

¢ Fo ek a) e k(o 3:00)) K (%, 35 64, 9 64)
c - CFy

2]



