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December 2024
Important results in problem sets

Exercise 1. (PS 1). In class we discussed representations of associative algebras. There is a similar notion of a
representation of a group. Namely, if G is a group, then a representation p of G over a field K is a K-vector space V/
together with a group homomorphism

p:G— GL(V),
where GL(V) is the group of all invertible linear transformations of the vector space V.

Show that the non-isomorphic representations of a finite group G over a field K are in one-to-one correspondence
with the non-isomorphic representations of the algebra K[G].

Exercise 2. (PS 2). Consider the groups D,, given by generators and relations as follows:
D, = (51,50 : 57 =52 =1,(s150)" = 1).
(a) Classify the 1-dimensional representations of D,, up to isomorphism (the answer depends on the parity of n).

(b) For k € {0,...,n — 1}, consider the following maps:

nen=(1 o) mea=( 0 )

2mi/n Find for which values of k the map pj, defines an irreducible representation of C[D,,].

where w = e
(¢) Find the number of non-isomorphic irreducible representations pi. The answer depends on the parity of n.

Exercise 3. (PS 4). Let (V,p) be a representation of an associative algebra A over C. A vector v € V is cyclic if
p(A)v =V (the vector v generates V as an A-module). A representation admitting a cyclic vector is called cyclic.
Show that a representation V' is cyclic if and only if it is isomorphic to the representation A/I, where A acts by left
multiplication, for a proper left ideal I C A.

Exercise 4. (PS 4). Use the isomorphism S = A/I for a maximal left ideal I C A to show that a simple module S
over A = Mat,,(C) is isomorphic to C".

Exercise 5. (PS 5). Let A = Mat, (k) for a field k. Prove that the algebra A is semisimple, meaning that any finite
dimensional representation of A over k is isomorphic to a direct sum of irreducible representations.

Hint: Consider the basis of matrices with a single nonzero matrix element {E;;} in A. Show that for a representation
V of A, we have V = @7 | E;;V and that for v € Eq1V, the linear span of {E11v, E21v, ... E,1v} is a subrepresentation
of V isomorphic to k™. Conclude by choosing a basis in E11V.

Exercise 6. (PS 6). Suppose H C G is a normal subgroup of a finite group, and p : G/H — Aut(V) is a representation
of G/H. Let ¢ : G — G/H be the natural surjective homomorphism. Check that 5 = p o ¢ defines a representation
of G in V. If p is irreducible, show that p is irreducible as well. Show that inequivalent representations of G/H lift to
inequivalent representations of G.

Exercise 7. (PS 8). Let V be an n-dimensional complex vector space. Then GL(V) acts in the space A™ (V) by
g- (V1 AV2A. . AV = guiAGUaA. .. Uy, where m < n, and on the space S¥(V) by g- (uiuz . .. ux) = (gu1)(gua)...(gug)-

(a) Show that A™ (V) is an irreducible representation of GL(V'), m < n.

(b) Show that S?(V) is an irreducible representation of GL(V). In fact, a stronger statement holds: S™(V) is an
irreducible representation of GL(V') for any m > 1.

Exercise 8. (PS 11). Let D3 = (r,s | > = 1,s8* = 1,srs = r~!) be the dihedral group of order 6. Describe the
irreducible complex representations of D3 and compute its character table. Solution: the character table is given by

(1) | (r,72) | (5,87, 87%)
Vol 1 1 1

V. 1 1 -1

Vol 2 | —1 0




Exercise 9. (PS 13). Let V) denote the Specht module for S,,, where A is a partition of n.

(a) Show that

Resg" Vi ~ @ Vi,
HER(N)

where R()) is the set of Young diagrams obtained by removing one square from Y.

(b) Show that

Sn
mdd" V.~ @ V.
AEA(p)

where A(p) is the set of Young diagrams obtained by adding one square from Y.
Exercise 10. (PS 13). (Transitivity of the induction) Let K C H C G be subgroups of a finite group G and V a

complex representation of K. Show that
md% IndV ~ md% V.



