
Lecture 9. Final exam : January 14,
15: 15-18 : 15.
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Recall: Proposition If V is a finite dimensional representation ofG
over K

,
then the symmetricgroup Sn acts on

W**by permutation
of factors. This action commutes with the actionon ofGone
Each Sn-isotypical component in VOr is a G-subrepresentation.

"Today : algebraic integers in representation theory.

Consequences : (1) dim V,
Virreducible

,

divides (G)

(2) Agroup of orderpag is solvable (Burnside's theorem).
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Algebraic integers.
highest coefficient is 1

Def. z C is an algebraic integer if z is a root of a
monic

polynomial with integer coefficients (Ex : zF-1 =0
,

rook of 1).

Claim
z is an algebraic integer z is an eiguvalue of a matrix

with integer coefficients.

Proof: z is an eigenvale => roof of the characteristicpolynomial,
monic with integer coefficients.

If z is a roof p(x) = X* + An-X
* "

+... + a ,
X + Go

,

then it is a roof of
the characteristic polynomial of

(



By induction : det () =(a) +at= Nazao-
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Corollary
.

"The set of algebraic integers / is a ring.
Proof. Let's be eigemalues ofB with eigenvectors i

Ar = 2
,

Bu =sw
Phen (Ald + Id B) (wow) = ((vaw) +B(raw) = (y)(row)

A B(raw) = as(raw) ⑭

Def . Let I be an alginteger, and p(X) the minimalmonicineger
oft

s .

t. L is a roof of p(x) .

"Then other roof ofp(x) are called
the algebraic conjugates ofd.

Claim Algebraic conjugates of G + 22 +
-
+ hm

,
ditA

,
are



of the form Li + de +..+ Am
,
where a is analy conjugate to di -99-

Proof. 2 : is an eigenvalue of Ai = d
, +he is an eigenvalue of

A
,
PId + IdoAc

=> Aly conjugates to (2 ,
+ <2) are eigenvalues of A ,

DId + Ide He

Eigenaluce of APId are viy: V: eigenvalues ofA , y: any rector

Ide Az XiQU: Wi--Az
,
X : any

rector

=> eigenectors of A, Id +Ide As are view;

eigenvalues are of the form & + &2
,

where Doug toa
Proposition . A 1Q = X.

aie

I

Proof Letz be a roof of p(x) = X" + an-X
*

+... + a,
x +a

Suppose z = EEQ , god(p .q) :1 +Ani+
p,ge ph+ gam - ph"+ ...

+ qu
+
a,p +q0o =0

.19 : 9 ·g :g = onlypossible if 9 : #1.
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"Theorem
. Let G be a finite group anda complex irreducible

representation of G.Then dimt divides /GI.

Proof. LetC be a cory class in G,
and R =Ech ( *16)

Then R is central in KIG] .

=> Racks by a scalar in an ireducible T
. , Pr(R) = /Ide

This X is an algebraic integer: R satisfies a monicpolynomial
equation in /G] since it satisfies the characteristic

polynomial of matrix of action of R in XCG] => monic with

integer coefficients.

Ex
. G = Sy = Da = [1

,
r

,
r

,
S ,
rs

, rs) = (1 , (123)
,
(132)

,
(121

,
(23) ,

(13) ?

C = \w , 52 => R = N+ r2 : in the basis [1 .

r
,
02

,
5

,
rs

, 825]



(Y)di ( = (x) + (+ ) + x + 4 +x)3 =

-01-

11 -x
= (x3 + 3x + 2)2

(i + +2) = 3 (w++) + 2 : (123) + (12))3 = 3)(123) + (132)) + 2
.

EX/53]

=>> X Id acting int satisfies a monic polynomial equation
with integer coefficients.

So 1 is an algebraic integer
. Yaking the trace of R = Eh

heC

(PXv(g) = Xdim = x=(g)
Let C : conj classes , get Ci

Consider [X : Frigc) -> A because : (1) X: /A

(2) Frgc) are sums ofroot
(3) /A is a ring

of unity
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EX:gci) = EX(gcFi

= ()=
=> Ye A1Q = 2

. #

Burnside's theorem

Def . G is solvable ifI a series of rested subgroups
(e) = G , + G2 ...

# Gn = G such that

GiGit is normal
,

and Git/G
,

is abelian.
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Theorem
. Any group of order page ,

where
p, gave primes,

is solvable.

Proposition. In particular, if I Gl =p,

it is solvable.

Proof : Induction on a ; a = 0 = G = (e)
,

a = 1 = G = Cpabelian

If IGl =p" => carequation (G1 = 17(6)1 + [16 : G
:)

21 i-=P
> 1

ip
=> (E(0)) =

p
= (8/2(6)) = p9

,
6

G : <G centralizer subgroups

which is solvable by induction hypothesis #

Proposition . 1 Let W be an ireducible representation of a finite group G
and C a conjugacy class in G e

.
t

. gcd(1C,

dim) =

1

.

"Then

I
either Xv(g) = 0 FgEC
or Pr(g) = 1 : Id

, gaste an a scolar inV FgEC.



Proof. Consider again X-vIg)EA as before
- 104 -

gtL

If ged((C) ,
dimV) = 1 => 7 a

,
be eit

. alCl +6dimU= 1

=> multiplybyd
-
-

E/A E/A

=> htn = dim==En) = t where E are rootsof
If all E : are equal => Pr(g) = & Idy acts as a scalar.

If not ,
It < 1 ; consider the algebraic conjugates to :

they are sums t=Est+ En) where El is all conjugate to E
also roofs of unity

=> all It'l 1 = product ofall algconjugates has the
absolute value < 1 => this is the free term of the

polynomial equation satisfied by t = = 0 = t =0
.=)
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Proposition 2. LetG be a finitegroup and C a conjugacy class

of order p" ,
where

p
is a prime and h 0

.

Then G has a proper
nontrivial normal subgroup .

Proof. ht geC =

g + 1 ,
(C) =pk

2nd orthogonality relation => [F(1)· Xv (g) = 0 since
is not

VEIrry conjugate to 1 :

[dimt . Xi(g) = 0.
VEIrr

Fur G =

S:vanidendmirSchmiXr(g)
= ↓(g) + [dmUXn(g) +& dinVX= (g) = 0

.

VEIrr - VED -V =N
1 -

=

pa
,
where /A



If VED= dimTXv(g) E/A
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X
EX

=> 1 + pa + [dimXlg) = 0 => [dimTX(g) + O
=N -EN

Otherwise
,
1 + pa

= 0 => a = -JEQ ,

but at /A
,

contradiction

=> JgEC : and FeN : Xr(g) #O.
Proposition 1

we have : ged(1 cmV) = 1 = (X+ (g)
= 0

=p pu(g) acts by a scalar

Since Xr(g) + 0 => Pr(g) = XId in

F

.
9
,
beC

Let H = (ab"
,
a

.
beC > CG · It is normal : gagtgbig = ab" H

subgp gen . by
It is nontrivial : (Cl =p*, 600 ab"= 1 a = 6

His
proper

: Hacts trivially &(abi)ge(age(6) = X . X "Ide = Ider

SinceVEV = TKEG : kacts nontrivially int => H + G
. "I
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Burnside's theorem. Any group of order pag , p.g primes , is solvable.

Proof: Let G be the smallest counter-example.

Then G is simple : if not ,

it has a proper
normal subgroup

and the quotient has the order pagd , pigd pag6 ,

which is

solvable. G is solvable. SesN . . .

..
..G

If G is simple => it cannot have a conjugacy class oforderph
orgh ,

k
- 1 by Proposition 2. =>

Any cory class f eitherIdivisible by p9
(G) = 1z(f)) + [((i) => IZ(G) is divisible by Pq

= pq /
:
pq => G has a nontrivial center

=> G is not emple . #


