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Lecture S. Recall: Three orthogonality relations :

Thm1 IfV, W are irreducible representations ofG =

(v
,
Xw) = Egg)Xy) = It ,it-

Thm2
. fghEG and Eg = Ste G : tgt"=g} the centralizer =>

[Xr(g)th) = (lEg1 , if h = kgkt forsome

a
-IrrG O otherwise.

hm3
.
Let VEIrrG

,
Gr

,

ortkonormal basis wit a G-invariant

Hermitian from onV.

Let tig() = (4 , 5) Exe0 . =>

It ,
t=(g) (g) =if i

Today : tensor
powers of representations of G.



Example of a character table.
I 34 4
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Let G = Ay
. Conjugacy clance : (1

,
&(12)(34))

,
&(12313

,
5(132)) ?

Find a normal subgroup. k = 5 1
.

(12) (34)
,
(13) (24)

,
(14)(32)} the Kleingroup

k+ Ay = An = G

Suppose (M,p) is an irreducible representation of G/K = H
.

Then

Y : G -> H group homomorphism
Let 5 (g) = po4(g) is a representation of G; it is also

irreducible.

If I < 21 a intrepresentation of G => it is also a

intrepresentation in H.

Irreducible representations of Ge ? > To trivial pH = 1
2ii

(t : E = 1) E p(t) =3
,
3 =l 5

Vs2 P(t) = 32



3 4 4 - 84 -

#
-

(14) 1123) 11 real type FS(to) = 1

-11 3 32 complex type FS(z) = 0

#Complex.
(Ay) = 12=imt)" = 1 + 1 + 1 + (dimts)" => dimi =3

(3 + 3a + 48 + 4) = 0 => 46 + 4c = 0 = b= - C

(3 + 3a + 485 + 4c) = 0 => b(5 - 54) = 0 = b = c = 0

⑫(3 + 3a + 4852 + 4c5) = 0

3 +3a = 0 = a = - 1
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E Sy = isometics of

3 Ay = rotations of# E3
1

2 m = (t-1)
tr = =X

= (f) = I tw
2n

= X (1123) = 0
5

Similarly for X((12).

&V = Ezz ; Exte
(5*? vo)= (9 + 3) = 1

Borrets (P?(s) = +z(9 + 3) = 1

=>Ot=2 +otVit2
(2) = + (9 +3) = 1

(*?,V ) = 2(27 -3) = 2



"Tensor powers of representations.
- 86-

Recall :
V

, W are G-representations => VOW is a representation
via p(g) vew =

Pr(g)rug).
=> can consider [On = Vo ...T

Def . Let # be a fin dim vector space. The noth symmetric power
Shy = -Span (4-5() N = More...On

G() = Va) ... Vr(n)

Proposition Let Seil be a basis in V
,
dim= k

.

↑ hen SVT has a basis [Ciliz- Ein ,
Kit .. Link]

and dim Sh = (nik)
Proof: 5(4) = es... brijn) = &j, 0 ...

* ljn => you can



reorder the components in the order : /Ej . Ejz ...juk
- 57-

These elfs are in bijection with (n + -1) dots
n = 5

,
k = 4

Gi * * * o

e
, e) esles/ es - exce

= dimSh = (nth) = In
Ex

. dim = 3
,
n = 2 Ge

,
2

,
%3 basis in t

=> 5 has a basis life
,
222

,
223 ,

Calz
, Eals ,

Cala]

(2+3
-

1) = (4) = 1 = 6

dimV = 2, n = 3 [2 .. 22] basis in V

g3T has a basis 32 ,
2

,
2
,
Lilide

,
Lilala

,
balala

(2+34) = (j) = 4.



Def Let T be a rector space ,

dimt= k. The n-th exteriorpower of ESS-

AV = Von/Span(4 + s(it) , N= 40 .. Den

SESu a transposition

Proposition &W has a basis [Ci, 1 .. Nin
,
12.

.Link
where n=k

,

dim MV = (h)

Ex
. k = 3

, n = 2 =&V [2 , Ne2
,

2
, 113

, Canls]
-

V= Se , 22 ,
2) dimV =3 = (2)

Remark
. = S2VeX*V dimV = k =-2

g Slidin
,

1 z k]
↑ & linlin ,

12k]

=> var : like; Lilj]getentia



dim S +dim = (k) + (2)= = k2-dim
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"Tensor algebra.

Def .

T von Vo= k and the multiplication
n = u

is given by concatenation
a . 6 = a06 => van , rem , jolnem) graded

If (X . . . Xn] is a basis in => MV= k(X
. -xn > free algebra

Def . Symmetric algebra ST = PV/(wor-row
,
triwet)

SOV=K
,

SET

If (x ,
.

. . Xx] is a basis inT => SU= k[X ... xx] the polynomial
gh .gmt < ghemy algebra
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Def . Exterior algebra NV = TV/(Now
,
EER

equir .

(voi+New
,
FireV)

dim NV=dm= (h) = 2

Symmetric group action onVen

Def .

LetWhe a fu dim representation of G ,p
: G-GLIV)

ThenSu acte on
For by permutation of factors

Y(0) (n , 120 .. 2) = ur() * Ur() 0.. Qur(n)

Ex
. Let 52

, 2
,
1 . . . . 3 elements of a basis of

V

.

4((123)) (ei +ejejoe) = I (litjej



This define a representation of "on Von
-9/-

Y(er) (1 , 010..Un) = Hor & Hop(a .. Mum(n)
Il

Y(a) (Ma Muc .. Urin) = Y(e)Ym) (4 , 0120.. un)

Proposition. The action of G on
Ven commentes with the

action of S"

Proof : ge (g)4(2) (20·un) = p(g) (Mrsu..ur()
= (Vr() * Va()*.. Vr(n)

where p(g) use; Il

Y(0)p(g)(n ,
0m0

.. ann) = Y(8)(200 ... ) = (No ... errc)

#



Corollary . Every Sm-isotypical component in to
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is a subrepresentation of G in Van

Def. If W = Lin ,
where Shk] are inequivalent

irreducible repres of H
-

-Leuk is called an isotypical component ofW
with respect to the H-action.

Proof : By Schur's Comma
any

Su-intertwine
map
von-yon

preserves
the isotypical components. (no nonzero Su-invariant (

map Lok-
> hm kem

We have g(g) :en-Fon an Su-intertwine
=> L is a subrepresentation ofG. #

In particular, ShVcFon the trivial component (PS9]
NV < Fron the sign component



Frobenins-Schur indicator
.

- 93-

Def . Leto be a irreducible recempastation of a fail G.

(1) If **** is called of complex type FS(v)o

(2) If=F* VoCVOT = SVOX as G-representations.
def

If No < 82 def V is of real type FSC = 1

(3) =V *, and No < /dev is of quaternionic type . FS(V) -1.

Lemma Let T be a findim representation of G.
Then Xy(g) = Xg(g)-Xp+ (g) /PS8]
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Proposition. IGgeG : g2 = 13) = [FS(V)dimV =

VEIrrG

= [diviv-[dimT.
Vreal Vquat.

Proof. g2 . ((6) : gh =hg = 1 theG

O
, if g + 1 ((f]=

dimT:

tricks = SIG)
, if get as the left regular representation.

=>[trg) = IG . #involution in

19966 :g1p)= tr(g)=-
P-projector ondo

the trivial

-Edim(g)-Xg=dimg) compete

(see lecture 7)
.
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-

[dimXr(archi
-

[dmirVEIrr -Irr VEIur

by def (52V)
"

= 1 if F of real type
(NT)" = 1 if Nof quaternionic type

= [dimV - [dimit = # involutions in G.
F real Vquaternionic #


