
Lecture 7
. 'oday : three orthogonality relations.
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Written assignment:

Recall : First orthogonality relation :
19-26 november

Let (fi
.
(2) = To figh Flg) innerproduct in F(GC).

Theorem. For
any finite dimensional representations [. I ofG

we have
(Xv

.
Xw) =Xg = dimHom(

In particular, if and Ware irreducible =>

(X-
,
Xw) =Sh



Proof X
,
Xi) = id XyFig) =EXg Xwl,

- 7) -

= TolgXvo* (g) = Xraw (g) = Xrow + (P)

P=Egg . Properties of P :
( Pez(((27) : hP=gag = Ph=ogh = P

PV <V a subrepresentation : hPV = DV #heG

P : E -> PT is an intertwiner : hPT = Ph = PT

(2) PV = trivial isotypical component : hPe =Prwet

(3) 42 = P : P2=08:58 = Top 16
,
E =Tagg = P

=> P is a projector => eigenvalues 0. 1



(4) If reVoct ,

-Po =~Gr = e
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↑trivial

(X Xw)=rawp(P) = dim Hom (To
,

NEW
*) = dim (VoIP)=

Recall : Voir-repres
·

Hom (IN,)

Froth o = Home (Wir)

= dim Homa (TW,)

=> In particular, if bothV,Tare irreducible =>

(X-r
.
Xw) = 67,if

#



- 73-Example . G = Du
,

character

tablea(x2
,
Xs) = t (21 + 2 . (-1 -() + 1 - 1 + 2(1)-1 +

+ 2 . (p . (1)) = 0 11 1 - 1 - 1

(Xy
,
Xz) = +(1 . 2 + 1 . (2) = 0

(x4
,
Xu) = +(2 -2 + (2) . ( -2)) = 1 e

Corollary. Vis ireducible
as a representation ofG=

(X+
,
X+ ) = 1

Proof : V=Vo where [V] are inequivalent irreducible representation .

Xv = [niXn = (Xr
,
X) = [n ? /XiXri) = [n : = 1

(Xvi
, Xrj) = 0 "I

i =j
= 7 unique Ni

= 1 =Vivi. Ell



Second orthogonality relation.
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Theorem
.

Let
g .
heG and let Eg = SteG : tgt=g)

centralizer subgroup ofgeG .
Then [ X- (g)·(h) =

(g)ifgisconjugate
a

VEIrrG

inequivalentirreducibles
Proof. We have(h) = X-pp (h) =

2 X
+ (g)Xv + (h) =/vo (Puiggra(h)VEIrrG

VEIrG
-

* ForP= EndV = ((G]VEIrrG VEIrG

Let vow" -JVor*; rowt :-> Un
+() ; PrIgleCH(row) =



= grow" (ht) => u ->gra
+ (bn) - 75-

=> vertigrowh

↓ Prot) ↓
=>

gxh
=

[X-(g)Xv(h) = Nr/c,g)(x-gxh)VeIrrf

F : /G] -> K9G] given by a matrix in the basis ofgroup elfs

↑F
= #of nonzero Fii : Fi =1gxh
(= gx

= xh(=
g
= xhx =

=)

Tr/(x-gxh)
= O if g not conjugatetohe

If JxG :

g =
xhx

,
how

many different xs ?: x =gxh" = x



Suppose g
= yhy" = > xhx" = y hy => yx hxy = h = (x)h(y+x

=> y"x = t zn = y = xt, te z /Zul = /Zg)
=>r/cos (x-gxhi) = 1 Eg) , if gis conjugate toh .

T

Conclusion

1st:G goX(g) F(g) = ig[(g)Xv(g)g) =
Eg irreductles

= Xr(g)g)=
22[Xv(g)th)=G bigVEIrG

O
,
otherwise

.



Example. G =Dy
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1
2 2

-#
11 1 - 1 - 1

↓

- Fo E - E# =2
8

12g) 84844 -
or thonormal columns

and rows



Third orthogonality relation.
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Def. Lett be an irreducible representation of G ,

and

Gr.... Wn) an orthonormal basis inwith respect to a G-invariant
Hermitian inner product.
(Reall (2 .

07 = FogE Login ,Prigr) is G-invariant

for any Hormitian innerproduct < . 70) .
The matrix elements ofp inV are tig(x) = <P , 2) .

Theorem
. (1) Matrix elements of nonisomorphic irreducible representations
arethogonal in F(G

, C) under the form

(f-, fu) = To figg



(2) (t, tre) = Fire at
- 79-

Proof. Let 50: ] and Sw:] orthonormal bases inVand W
irreducible repres.

let* T
*

given by 2:* (2) = <U ,
W:)

Matrix elts of P(X) in W
*

are complex long to the matix elts
of p(x) in I : G- im

↓

if X Wi = G
,
W +< => X W

P

(H) = (xx
,
W: ) = (U, XW) =

= (u
,
4

,
W + (2) = <, (4 , 03 + E2 (4 ,

2) =J, W(n)+2W (n)·

(t, t)=ir; )Twe)= i (Xir; )(x * we)
= [P(row)

, (e)
,

where P:
↑ is the projector on to the trivial subrepresentation.
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=> P(VOTY) = 0 if VETW ,

since I,Ware irreducible.

=> (1) : (t, t = O if NEW.

P(or) = (iv) dim(Vor= dimHomy (tm) = 1.

Vot= Tod
,

where To = span([WOVE)
,

L =Span (aver
[akk =0

Home (V, 2) = Span (Id) -Vort

Id : -W is given by [Wor : [For ([biri) = [Grrr
Remem

Sikbk

=> P : Vi * -> Vo =

Span ([UOVEM) , P(vv;) = 0
iK

P2= P : P(rer") = G [For *

P (v.u =P) = P(x[ror") = x - chimU. c [For *

Plu:) = -[Nor
S=>



=> dimV =2==
-8/-

=> (2) : (ti , tre) =rWine #

Corollary. Stivers form an orthonormal basis in F(G, ().

Proofs StiveEre are linearly independent by outhonormality.

dim F(G, ) = dim K/G] = dimEndV = E (dmt)"= It real#WEIrrG VELIG

Example. G = Dy Py(s) = (10) P(r) = (10) Pls = (i)
P(rz) = (0-) &y(r)) = (10) &(sra) = (7) py(sr) = (09)

(tiz
, tiz) = +(02 + 1 + 1 + 02 + 02 + (1) +()+ 0) = t =a

Pg(s) = 1 , py(r) = -1 = (t , t( ) = j(0 . 1 + 1 - (1) + 0 1 + f 1) . () + 11 + 0 . 7).

+ (- 1 . 1 + 0 . (1)) = 0.


