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Recall : Characters of representations.

Def. LetV be a representation of an algebra A .

Then the character Xv : A-h is given by
X-(a) =ryP(a)

"Today : Characters offinitegroups. Orthogonality ofcharacters.
Theorem. (1) Characters of distinct irreducible finite dimensional
representations of A are linearly independent.
(2) If A is a finite dimensional semisimple algebra then

r

there characters EXviSi
= form a basis in (A/CA

,
AT) *

Proof: (1) last time



(2) [Mata(k)
,
Mata(k)] = sla(k) : = traceless mates ded.
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Clearly[Mata(k) , Mata(k)] < sld(k)
tr(Xy - yx) = 0

We have (Eij . Ejm] = Eim
im

(Exits
,
Exi) = Ex-Eist , &

form a basis in ele (k)

=> [Mata(k)
,
Mata(kl] = sld(k)

Since A is semisimple => A Matd
,
(k)0 ... Match (k)

When (A
, A) = Sek)...drk) = dimFAA = p

7 ! irreductle representation of A for each component Matdi (k),
up
to isomorphism. E exactlya irreducible representations ofA.

= We haver linearly independent characters=> they form a basis

in (A/(A
. A3) * #



Example. of the decomposition ofa group algebra into a directrum-59-
of matrix algebras.

let A = C(C2] C2 = 51
, 53

To trivial Po(k =Ro(s) = 1 ; E sign :Bs(1 = 1 ,ps(s) = -1.

A = Mate (C) * Mate (k) = (2
, + Rez

,

where e= e=

= e, = +(1 + 2s + 1)= = 2 , 2 = y(1- 2s + 1) == = 22; 2 , lz = +(-s) = 0,
e
,
+ l = t(+s) + z( - s) = 1

.

= El
, 22] are orthogonal idempotents in /C2]

left regular representation ofA in this basis :

s - l , = S &(1+s) = &(1+ s)· 32 = St(1- s) = E(s -1) =- (1-s)
=> De

,
= Vo => Cez=

s

=> A = VoPVs as the left regular representation.



Characters offinite groups.
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1

Jet.
. If G is a finite group , V a finite dimensional representation.

When Xv : G -> k is defined as Xv(y) = Try (g)

Clearly T is also a representation of k9G] and Xr(g) carries
the same information as Xr(a)

,

a = kIG]

Claim 1
. Xv : G-1 k is a class function : lit only depends on

the conjugacy class of thegroup element).

Xv (hgh) =r p(hght) =+- p(h)p(g)p)(h))"= Norgelg) = XvIg
cyclicity oftrace.
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Def . Let F(G ,
k) be the space of -valued functions on G

and F (G k) < F(G, k) the subspace of close functions
Theorem The characters of irreducible representations ofG over I
form a basis in the

space F. CG, C).

Proof. /G] is semisimple => the characters of irreducible representations
form a basis in (A//A

,
A3) "where A = /G].

(*/A -A))
"

= 34cHomy ((6) , C) : x y- yx Every Fx,ye C1G]]

(gh-hgekerY FgiheG

( (f(F(G, c) : f(gh) =f(hg) FgiheG)



# SfEF(G,
C) : flugh) = f(g) FgiheG]
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flugh) = f((g) = f(g) ; f(hgh) = f(g) = f(hk) = f(kh).
k =gh"= g = kh

= F(G,
()

. #

Corollary 1 The number of isomorphism classes of irreducible

representations of G over C is equal to the number of conjugacy
classes in G.

Corollary 2. Any representation of G over K is completely determined

by its character
: Xv =Xer Vein

Proof: -V=on T Nomi Exih
,

is a basis

X =:Xi Xi =Emi Xi "decomposition is unique



Conclusions
.
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(1) ((G] is serisimple and C/G] = Math
:
(C)

where SV
,

with dimi
= n : are

the irreducible representations ofG.

(2) /G)= h where ni = dimit.

Example. Recall the irreducible representations of Dy :

Vo Va V V Va : p(s) = (10)
P ↑ 8 (S)

= - 1p(s) = (p(r)
=1(s) = - 1

gi p(r) = -1 g(r) = (ib)g(r = 1

(Dyl = 8 = 1 + 1 + 2 + 2 + 22

=> these are all inequivalent irreducible representations ofDu.

Cory class : (1 , Gr , (r . +3) ,

95 . Sr23
, 55r,srs]

Dy : S1
,

r" = 1
,

srs =+ Dy = [1 ,
r

, r4r3, S ,
Sr

, Sr gra]



[Du . Dy] = 2 (sr-rs ,

r- r3
, srz-s) is 3-dimensional
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dim D4//Du
,
Du]

= 5 = /Conj classes in Dyl .

Character talk

~
11 1 - 1 - 1

-1-111 - 1

-1 - 11 -11

2-dim20-200



Dual representations .
- 65 -

Def Let W be a representation of a finitegroup G.
"Then * is also a representation byVP = Hom (r, ()

&* (g)(h) = Gog(gY)
,
Le Hom(V

,
()

Check that &P (giga) (h) = p
*

(g)
+

(gz) (L).

Remark
1

. The pairing
betweenand V * is G-invariant:

(g* (g)t , p(g)v] = <t , g(gegr) = <L , r).

Remark 2 Finite dimensional got is ireducible <=g is irreducible

Suppose WCV is a subrepresentation , let W** = SYE: Th =0
Keir]

Then I
*+ VP is a unbrepresentation :

&* (g)(4)(w) = Y(p(g)w) = 0 =>
**
CV is G - subrepresentation
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Proposition. Xp+ (g) = Eelg)
Proof : Since the matrix of

*

(g) is (p(g+)
4
= Xp + (g) = Xp(g)

X+ (g) = [1 : eigenvalues ofplg) int : ((g)(12) = 1 => 1 : are roofs of1.
=> Xp + (g) = Xp(g)) = [xi = [Ti = Tg) . #

Tensor products of representations.
Def V,

W two rector spaces =>VeW spanned by
New/(ro

= new + row

ro(w,
+w2) = Van +NoW

krow = roku = k(row)

Ex
. V = Sa

,
63 basis N= Su

, 23 basis

VoI = Saou
,
aw

,

bou
,

bow ] dim FDW =ChmU) . (dimIN)
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Def. If V, W are representations of G =>VQW is a representation
with

Prow (g) (New) = PuglaPw(g)
Then

Orow (gig2) = Prow (g) Prow (gz) ·

Claim 1
. X vow (g) = X+r (g) · Xw (g)

Matrix of Prip) = A ,
Matrix ofPw(g) = B

Matrix of Promig) = a
, Bar B ... an B

A2 B A2B( (
Y

=> Prprow (g) = [ai : Prpw(g) =rp(g)Tew(y) = X(g) · X-w(g) ·



Def. If V, W are representations of G, then Hom (r
,
TW)
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is a G-representation by
p(g) : Y -> PwgoYolgy)

Claim 2
. If V,W finite dimensional representations of G, then
Wor

*
= Hom (V, T) as a G-representation.

Proof. Ifil basis in t
, Ge basis in t

=> Sfixep) -> fil, (2) < Hom (N,) elementaryE
et

F : Wor
*

-> Hom(Fi F(we) = Y :r. ((r) EN
action onWor -C

F(Polgli, Lop(g) = Y : 2 -> PwIgwhPergy) 2)

PIgFWL) Pw(g)(2GYs El



Theorem. For any finite dimensional representations [. TofG-59-

we have (Xr
.
Xw) :=EXr(g) Tg) = dim Home (W,

T.

If [, W are both irreducibles

=> (X-, Xm) = 96


