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Lecture 5. Recall:

Corollary (Density theorem
Let V be an irreducible finite dimensional representation of A
over an algebraically closed field.
Then the

map
: A - > End I is surjective.

Matrix algebra : (1) V= k" is irreducible for Matalk) (it is cyclic
(2) Matu(k) = Fon the left regular representation.
(3) Left ideals in Matr(k)= subrepresentations in& =

isomorphic to Vor ,

ran
.

Maximal subrepresentation =ro-1)

=> Any irreducible = Matr(/fon=Yo == kn
[ct (PS4]) .

Today : Structure offinite dimensionalalgebras



Extend the abore to the case when is an irreducible representation
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of an algebra A .

Then EndY also has a structure ofan

A representation by left multiplication : 4 EndV =>

Y(EV
,

ve T = (a - b)(2) = aY(r). dimT= n.

Similarly to above
,
let Ir, ...

5
.
3 be the standard basis in

Then F : EndV-von
,

F(y) = (4)
,
Gr

... Y(rn)

defines an isomorphism of A-representations Endu=on

Direct sum of algebras .

Det. A = A, AzD ... An direct rum of vector spaces
in particular 1jA;j .

Then 1CA = 1 = 11 + 12t ... t An

adj = 0 Fifj ,

dieAi
, ajetj ; In particular 1 : 1j = bij

Ais are two-sided ideals in A.



- 47-

Proposition. Let A = A ,
0

...

0 An direct sm of algebras .

Any representation Vof A decomposes as a direct num

=V of subrepresentations ,

whereV: is a representation ofAi
and A; act by zero in Fi , iFj.

If V is irreductle over A => 1iV is irreducible over A: for exactly
one itSt.... n3

,

and 1jV = 0 Fj+i.

Proof: LetW be a representation of A .

Then 1 :V = I is a

representation of A: ·g(av = playe (t)V
=p(aifi-p(ai)v

Conversely , if I: is a representation of A:>Or.. In
is a representation of A by
glas ,

92
.. and /2. ... Unl =Ge, (a) ,Palac .. In (an))

block diagonal action .

Suppose ve = 1v =r=i =E ,

where view



1
;
v=j= v= decomposition of v is uniquely determ

=>=E : @n the sum is direct.ViV
If W is irreducible => 7!::V +=Liv=i = E

v irreducible overA I is irreducite over A:

Conversely , if V =Fo; more than one summand we have

anontrivial entrepresentation of A. #

Corollary
.

Irreducible representationsofMatn : (k)
are V =K, =k ...

Vr = khr·



Structure of finite dimensional algebras.
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Def.The radical of a finite dimensional algebra A
is the set of all elements of A that act by O in all irreducible

representations of A. Rad A is a two-sided nipotent ideal 1. PS5)

Theorem. A finite dimensional algetra A over an algebraically closed
fieldI has only finitely many inequivalent irreducible representations .

Each irreducible representation is finite dimensional , and

*/Rad(A) F End:
where GV is a complete list of inequivalent irreducible

representations ofA.

Proof: (1) If I a representation ofA ,

we'rnonzero rector =>



As CJ is a intrepresentation ,
dimA(0 =
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every
irreducible representation of A is finite dimensional.

(2) ST .... 3 inequivalent irreducible representations .

then Op :: A
->EndVi is surjective (by an extension of

density theorem) .
=> n dimEnddimA => there can be only finitely

many inequivalent irreducible representations .

(3) : A-EndV is enjective.

Alterlop) Im (i)= EndV

her (i) = [xApi(x) =0 i = . . . .nzdRadA

= A/RadA End Vi #
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Corollary dimA = Cdimt)" + dimRadA
. for a finite dimensional

algebra A over k.

Example. A = ((X)/(x) new fixed . (1
,

x
..
x

** Y basis in A

Irreducible representations : dimt = 1 =p(x) = XEC
,p(x) =x = 0= =0

=> unique
irreducible representationTo where p(x)=

dim A = 12 + dimRadA Rad A = (X) = dim RadA = n-1.

" + (n -1

Recall : An algebra A is semisimple if every fin dimensional representation
of A is completely reducible (decomposes as a directeum of irreducible

representations) .



Theorem
.

(Structure theorem of semisimple finite dimensional algetral .
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Let A be a finite dimensional algebra over an algebraically
closed field k .

"Then

A is semisimple = A Matni (k)

Proof· () Consider the left regular representation of A.
# is semisimple => A =Pon

for some irreducible VI's
.

Consider the intertwiners Y : A -> A endomorphisms of A-representation
EndyA = Endon)
Schur's Lemma : Homp[Vi ,(j) = 0

,

i +;
= k

,
i =j

Ex : Endy(vor)

=> Homron : Foni) = Math
:
(k) =



=> End A Matnick)
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EndyA w AP = A as a rector space
with opposite multiplicationa

N 99b = batA . FabeA .

(PS5]
y -> Y(1)

=> Ap= Matn(k)
,

Matu(k))= Matu(k)

M -> MT
,

then (ABIT= BTAT

=A Matni (k)

() Let A= Matri (k)
.

First
, Maty(k) is a semisimple algebra :

Any fin dim representation of Matu(k) decomposes into a direct

sum of irreducible representations (=
Pr

,r= k") .
[P55]

Hint : Take SEijijon a basis in Matu(k)
,

1=Eis
=> A = Matri (k) is semisimple as a direct sum ofsemisimple algebras.

/
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In particular, if A is semisimple fin dimensional, then
Rad A =0

A/RadA F Endi , Asemisimple = AEnd

Def . A is simple > it is semisimple and has exactly one

irreducible representation A= Matulk)=
A has only O and A as two-sided ideals.
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Characters of representations.

Def. LetV be a representation of an algebra A .

Then the character Xv : A-h is given by
X-(a) =ryP(a)

Remark Clearly (A
,
A) = Exy-yX

,
X YEA]cherXy :

M (p(xe(y)=i ((y(x) = X : #A
,
A k

-

as a rector space

Theorem. (1) Characters of distinct irreducible finite dimensional
representations of A are linearly independent.
(2) If A is a finite dimensional rmisimple algebra ,

then

there characters &XS
, form a basis in (A/A

.A)
*



Proof: (1) If V. ...

- are inequivalent irreducible representations of
then PrPPrB. #Pr : A - Endo ... Endor is surjective

(density theorem).
If :X(a) = 0 for all - A = trM:

= 0 for all Mic EndVi.

In particular JaeA :Pr(a) = Idr
, Prj(a) = 0

,

i +j =

get lin = 0 = all : = 0.

=> SXv? are linearly independent. #

(to be continued... )
.


