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Maschke's theorem Let G be a finite group and k a field
s . %

.

chark does not divide 161.

Then the algebra k/GT is semisimple : IfW is a finite dimensional

representation of G and IVCF a entrepresentation ,
then there exists

a subrepresentation IV'CV s . t . V = WOT'as representations.

Today : More on the structure of the algebra k/G] (Density theorem).

~

Theorem (Weg's unitary trick)
-

Finite dimensional unitary representation of any group is completely
reducible.

↑

Today : Weyl's unitary trick for a continuous compactgroup (Example U11).



Def. Let I be a complex rector space. A representation [Vip)
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ofa group
G is unitary if there exist a Hermitian innerproduct inI

such that < p(g) p(g)) = (v, 2) Frwer
, FgEG.

Let G be a compact smoothgroup (a compact Liegroup) .
Let [Vip) be a complex fin dim representation of G
Starting with any Hermitian innerproduct 2 . To int, we can

average
it over the action of G to get

(2, 2)

=/(p(gir
,elgrog ,

where dg is a G-invariantmeasure
on G.

(dg' = d(gx) =dg(xG)
Theorem A compact Lie group has an invariant measure

(the Haar measure) Chard ingenerall .
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Then (e(x0 ,p(x)w) =S(p(gx)v
,g(gx)w)dg =(p(g)v,p(g)w]dg)

=

= (v, w) .
Theorem. Any finite dimensional representation overI ofa

compact Lie group is completely reducible.

Proof: same as last time
.

(it can be turned into a unitary representation

Example :2(1)
. U(1) = S' is the group of rotations in aplane

u(1) = \eF
,

06/0
, 2n[3c &

la circlegroup
Theorem If p : H(1) - GL(n , 1) is a representation of(1) in

V

,

then V = Moro ..Dr
, p : (eif) = limit , mi int



Claim 1.
.

Irreducible unitary representations ofM(1) are
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one-dimensional
given by Go (eif) = einG) EZ

Proof : By Schur's Lemma
,
U(1) is Abelian > irreducibles over I

are 1-dimensional. ->&(e
: %) = x c +

Unitary = (x
, y) = &(e

:8) x
,p(e
:

(y) = (xx , xy) = XX(x, y)
= (x)= 1.

Let g(eif) = eitles = +(a = 0, t(G,
+ Q) = t(f) ++(02)

g(eitgita) = cit(G)git(fa) = fit(G,+ 02)
=> t(0) = 20 linear function ;

g(eite +2n)) =g(eif) = li20 = cix(f+2π) = 2:02i2π]
= deX

.

=> Seino) ne the list of inequivalent irreducible representations
of U(1) Ell
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Claim 2

.

Vadmits a U1)-invariant hermition inner product.

Proof : Letz o be any
Hermitian inner product in V=

Set (n .
r)=(eigleife)d U(1) - invariant measure

Y

↳ (e) u ,p(eir) = 24 (i(0
+3))u

,p(ei(0
+3))v)d(0 + 3) = (n

,2)

3 is fixed => d(f + 3) = dQ
T

Therefore , any complex fin dim representation [ of U(1)
is unitary
=> completely reducible by the Weyl trick

=> VFPE , where(e) = limit
,

me EX
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Algebras, modules , ideals.

Y k-algebra - K-rector space
Det. Left A-module structure on M IS given by a map

AxM -> M

(a , m) - am -M that satisfies :
Va

,
b = A

()(ab)m = a(bm) = g(ab) =p(a)p(b) Em
,
nEM

(2) Im = m = g(f) = Id S 9:h
(3)(a + b)m = am + Sm = p(a +b) f(a)y(b)
(4) alm + h) = am +an> EndM linear transformations.

This is equivalent to defining a representation (e(A), M)

Def. ICA is a left ideal if I is a vector subspace andICI fact
I CA right lacI NatA

I CA two-sided ideal if it is a left and right ideal.
- CA is a maximal ideal if there is no ideal ICA :

JIA .



All = Ga +1) is a set of cosets ofI
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Def. A representation [ of A is cyclic if Farector veV
that generates : p(A) =

E

.

Proposition . IC A is a left ideal ELICA is a subrepresentation
of the left regular representation of A and All a quotient representation

VatI : a . ICI

(2) Vis cyclic=> V= All for some left idal ICA[PS4]
(3) - is irreducible every nonzero

veV is cyclic
Virreducible => VEV => At <V subrepresentation => Av=

IV< not irreducible = we =>Aw < W=V => not cyclic

(4) is irreducible > VF A/Imax for a maximal left ideal
If IQ]A = Y/ICAY is a subrepresentation
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[A/1]> Scydic A-representations
j

W

[A/Imax]> [Fcydic:FrE] Stirreducta
Example . Let A = Math (K)

.

Then
any

ireducible representation
of A is isomorphic to K (PS4]

( + ((00) = (00) =
=> Matn(k)= as a left regular representation



Density theorem.
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Lemma Let Vi 11izm be irreducible fin dimensional nonisomorphic
representations of an algebra A over an algebraically closed field.
Let =&: Suppose WCI is a subrepresentation.
Then IVr Fen : Vi and the inclusion Y:No on

is given by a constant rixn : matrix Xi

%(... 2 ) = (2. ...

Uri)(X: (Gr
... unde

Froof : By induction on n=:
By Schur's lemma ,+Vi is zero

,
so we only need to consider

-

the inclusion ofso typical components
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Base : n = 1 =V= = ICE = NEW

nonzero

Induction step : Let Pc Wirreductle
.

Then P= V:

Y(P) > For : v -> Cerg, .. vqni) where gitk
Ex : (2) ((W)Y() = 240 +BI V V Y(gro) = 2gogr Jj

Il I

Here X = (dp) Y(v) = 24
, +Bu

Choose FEGhni (k) such that (g . ... quil F = (100 of

Facts on Fo
:

by (4 .. Uni) -> (v .. i) F

PLYONE, YONF = VOW
Use the induction hypothesis for I' with -1 total irreducible

components.

=> By induction , get an inclusion given by an rixni-mahix X:
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Theorem (density theorem) . Let W be an irreducible finite
dimensional representation of A over an algebraically closed field.
let Gr, ... Wine F linearly independent rectors. "Then for any
Set Su ..

Was of rectors in V
,

there exista A such that

p(a) Vi = w Vi.

Proof. Assume the contrary
.

"Then 4 : A-> von
a -> Plan ,plaIEz . · &(a)tn)

is such that ImY CVOn is a
proper subrepresentation.

=> the inclusion In't <Von is given by a matrixman (where r < n.
-vor

let a = 1 = Imp = (v
,
E ... (n) =>

5ser) X=.. Wn)

Ever -Im con



Let (t ... +n) + 0 a rector e .

t
. ) x (( =
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because r < M

=> tie = (r ...

)
=

)
=> contradiction since Sui: (

are linearly independent. #

Corollary (Density theorem
Let V be an irreducible finite dimensional representation of A
over an algebraically closed field.
Then the

map
: A -> End I is surjective.

Proof: Let YeEndt
,

and Grib a basis in
V

.

Let 54(r)Y( ... Y(n)] = Swi Then JaeA e . tg (a)=i by the above
=> p(al = Y = End V

.

theorem. #


