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Lecture 3.

Recall: Schur's Lemma :

(1) Let V
,
and Ve be irreducible representations of an algebra A ,

and Y :
V

, ->V2 a nonzero intertwiner
.

"Then Yis an isomorphism
and V

,
=V as representations ofA.

(2) LetV be an irreducible finite dimensional representation ofA
over an algebraically closed field k, and Y : V V an intertwiner

.

↑hen Y = XIdy for some 1-k .

Today :Comreducibility for -representations offinitegroupa
(and relatedquestions



A representation IV of A is completely reducible ifit is isomorphic
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to a direct sum of irreducible representations.
V =No

... T ,
W, irreducible

Def An algebra A is semisimple over k if every finite dimensional

representation ofA over K is completely reducible.

Maschle's theorem. Let G be a finite group and k a field
s . %

.

chark does not divide 161.

Then the algebra k/GT is semisimple : IfW is a finite dimensional

representation of G and IVCF a entrepresentation ,
then there exists

a subrepresentation IV'CV s . t . V = WOT'as representations.
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Proof: Choose E : WEE = F any complement and let P : V-- I
-

as rector spaces
in - 0

be the projector along t.
Let P= EplgPegi) where : kG]-End

,

let T
=k

Idi
Then x W => P(x) = Egop(g)Pp(g)(x) = i tx= x=

-

-

mixi => Plu -Edi
if yV = P(y)=g9(g)Pp(g)YzI => F2 = F is a projectorT-

Zer
↳

If zeI'kP =p(h)z
↑phiz=(g4=Plz

k"G = k =ghg = hk 10
,
zeir

g = whit



=> TV' <V is a subrepresentation of G => V =WQIV' direct sur
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of subrepresentations #

Def . LetV be a representation of A and WCV a subrepresentation
Let F be the quotient space of IV-corets : c+ Tr

,

veV.

"Then N/W is a representation of A by setting +(x)(r +IW) =&We+Th

If u v +W =p()(m + i) = #(u) +W well defined because

p(x(u - v)E TV. ExtA .

Remark
. Since representations of G over

hi chark does not divide IG

are completely reducible , any quotient representation Var of Goverk
is also a subrepresentation : I'= /w and V= ToTr!

In particular, kCGI the left regular representation is isomorphic to a
direct sum of irreducible representations of G.



Remark
. If G is a finite group and chark does not

divide 161,
26-

then any irreducible representation of G occurs as a directrummand

in the left regular representation k9G]. (Exercise).

Example .
A = K(X). All irreducibles are one-dimensional by Schur.

& (x) = X
=C => Ex pairwise non-isomorphic [UXYxe

Indecomposables ?I of dim n

p(x) :V +F any
matix => classified by Jordan normal forms

Indecomposable -g(x) = (! ) = In,x eigenvale
size nxn

left regular representation ((x] ,

and (x *) = x 3 ((x] < ((x]
subrepresentation

Let = IxYx3(#) the quotient representation
cim = 51

,
x
, x 2]
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& (x)
= (0) = Jos indecomposable "The subrepresentationx

W is indecomposable ,
IV <F not irreducible

=> K(X] is not semisimple.

(x c (ix
,
xcV.

- ↑ T
irreducible indecomposables

Converse to Maschke's theorem. Let t be a field and G a finite

group. If any finite
dimensional representation of G is completely

reducible
,
then chark does not divide /GI.

Proof. kIG] =F left regular
Let 4 : V + k linear

map . Y(g) = 1 VgEG . homomorphism k/G]-ivial



Then Ker Y is G-invariant (recall the proof of Schur's lenmal . -25-

Suppose V = KIG] is completely reducible => V= VerYDS

Very = Gg-1bgesa basis
;
dimV= 16)

,
dim (KrY) = 161-1

g + /

=> dimt = 1 = H = qu} spanned by a single vector uck/G] every
n = [Mgg=-n =Mg-MgMgkMgek Es O

=> p(x)x = 2 inN

Coef . of 1 in u : =

u, x G = m =M,09
Then Y(u) =

M . Y(509) =M ,
(G) + 0 since Meter Y

.

=> IG1 +0 in k
.

El
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Example G = Cg = Stit = 13
,
over I

FF3(C] regular representation : in the basis [1
.
t
,
th)

g(t) = ( , j) = - + 1 = 0 = x = 1 in 3 the only eigenvalue.

The only eigenvector = ( ! )
2 subrepresentation.

Find (A-XI)w = 0 = w = (g) ; (A-XIPe" =0 = w"= (b)
generalized eigenvectors

= EricGo , 23 < 30 .
0 !23 =V = Fo/23] indecomposable

p(H = (d) in the basis Er , vi"3.

=> #3/ds] is not emisimple .



Another viewpoint on complete reducibility : The Neyl unitary trick.

-30-

Def. A representations of G in a K-rector space
V is unitary

if I has a hermitian inner . product invariant under the action of G ..
(e) = (pg, pige) Fewer, EgeG .

Proposition. Letp : G + GLIV) be a complex representation of a finite
group . Then there exists an innerproduct <

,
) on that is G-invariant

Proof. Let < , any
hermitian innerproduct in V

↑hen (n
,
r) = Ign ,elgico is Ginvariata

↳ (1)u ,p(hr) = Tags ((hg)a ,pg)r = (u
,
v)

. #

=> AnyC-representation of a finite group is unitary.



~

Theorem (Weg's unitary trick)
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-

Finite dimensional unitary representation of any group is completely
reducible.

↑

Proof : LetW be a unitary representation ofG and W a subrepresentation
WCV

Let vE Tr + wit the G-ivariant innerproduct , V weW.

Then <plghr, w) = (pgr, plgpg") 2) = invariancenew) = 0
Ein

=>p(g)vN
+
for any reI! geG .

=> [V+c Vis a entrepress

=> V = To trt as G-representations .

Continuing with t + and IV terminates in an ireducible

decomposition ,
since V is finite dimensional.

#Moreover
,
we get an orthogonal decomposition in to the i reducible components .
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Conclusion : Together with the result that any -representation
of a finite group is unitary , this provides an alternativeproof
of complete reducibility of finite dimensional complex representations
of a finite group.


