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As

Recall example 1 : ·-
M(ai) = &(ai+ +ai- 1)

-
-

On - 1
Let Ifiz functions on the vertices

, filaj) = J.)
Let R : fi - fix representation of the cyclic group Cn = (t, th = 1)

L : fi -> fir Godn)
I

R =

(00 d ! in the basis &fil ; def(R-XI) = X - 1 => eigenvalues = 91
,
3
,

3?
.

31
↑

N where 5=e
Un

- >

fors
= (in00") eigenvec j (!i cirreducible tations)

represen
2 if

never 3
nf

eigenvalueR1 inL 3

We have : M = (h + R) actingon V = &fil =Gr



Mr
;
= E (L + R) vi =2(3*+ 3))v =c =

2= -12-

Let F= Goro + 6 ,2 +. + SniNn- I dofota , fit ... + Anfur , be the starting function
Mr (F) = 500 + 6 ,

2020
.
+ beco*22. .U + +G + On

,
co(n-1)2 Wn- ,

↓ ↓
I if n even ↓ k - 2

Goto j g I O ifnodd

boVo + H)GV if n even

Change of basis 60 = #[a : ; On =(:
=> If n is odd

,

M*F is all vertices = Ea

If n is even ,
M*F Es

at odd vertices : E [a : N
odd

at even vertices :Ea
:
1 alternating

01 - falternate
even

Exercise :O↑ -> ↳

20 -
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Recall :

Def. Je
: A -> Endpt representation ofan associative algebra

algebra homomorphism

Def. M
: G -> Gh(V) representation of a group

group homomorphism

RepG =-> Rep KIG]

Subrepresentation : I cV such that &Ca)ICIV Fat A

Irreducible representation : OCV and VCT are the only subreprese.

Indecomposable representation : Vote

Irreducible representation is indecomposable, but the converse is false
Example : ( *) Jordan normal (* ! j) = 3nxblock :

not diagonalizable
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The main questions of representation theory :
(i) Classify the irreducible representations of A or G.

12) Classify the indecomposable representations of A or G.

Example . Consider Dy = (Si , S2 : Si = 1
,

S= 1
,
(5

, S2)"= 1)
[

Se

↓

Irreducible representations of Dy ? ... S ,

Remark
.

It is efficient to define elgenerators)
of a group each that they satisfy the relations in G

.

Then extend

by the homomorphism property to all elements of G

e(g ,gz) =y(g ,) (lga) .
Start with dim V =

1

.

(1)g(s) = x , p(s) = x2 e .
t

. Xi = 12 = 1
,

( ,,z)" =
1

.



=> X
,

12 Ed#13 => 4 representations -5 -

Po(Si) =Po(S) = 1
=>p(g) = 1 FgtDy the

trivial representation

p ,
(s) =p , (52) = - 1 => p(ss... ) =H)2 sign representation

82(s) = 1
, fz(S) = - 1S

93 (S , ) = - 1
, ps(52) = 1

l

They are all pairwise non-isomorphis
4 : C + D : Y =Me

*

Pr(ps) = up(s) =M =M
=

Minorsle /
Suppose dim = 2

.

p
: Dy - Gr(()) :p(s) = (ib)p(s)

=(j)

sigenectors (1) (i) eigenectors (d) (i)
irreducible=> no common invariant subspace-p is in to



Is there another 2-dim irreducible representation ?
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(1) Eigenvalues for p(s)(52) -> 11. . If the same, =ye(s) = 1 Id

orp(52)

=> not irreducible = must have (vi) for each si
.
Se in some basis.

= detg(s) = -1 = defe(s)
= detp(s ,

Si) = 1 ;

(2) Eigenvalues of p(5 , S2) : p(s , S)" = 1 = Gi , B , dele(s, (2) = 1 =

= p(s , 2) = (F) ; (
=

% if (5, 32) arche as a scalar >
0 I/

--> not irreductle

i 0=> eigenvalu forg (3 , 52) : land-i => C0 -i ( is a rotation by I ;
both s

,
and so are reflections.

= up
to a basis change p(s) = (1) p(s) = (0)

is equivalent to this representation .
Later we will see that [V.K

.

RE
,
2) forDy.

is a complete listof irreducibleinequivalentrepo.



Schur's Lemma
.
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Proposition (Schur's lomma) Let T,Nz be representations of an algebra A
over any field
.

Let Y : V
.

-Ve be a nonzero homomorphism of representations.
Then (1) If I, is irreducible, thenYis injective

(2) If I2 is irreducible
,

then Y is surjective

13) If ,
and I are irreducible

,
then 4 is an isomorphism of

irreductle representations.
Proof 13 In irreducible

·

Kerl <V, is a subrepresentation :

Let over => Y,
(d) w) =p2(a)= 0 =p , (a)v =Ker4 if never 4

at A

Es irreducible = Ver Yor => Y =0 impossible once is nonzero1

=> berY =0
,

= Y :F +E2 is injective



(2) Ve irreducible : ImYCE is a subrepresentation :
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ifwe ImY = Fret : Y(o) =x = Pala) u =Pc(a · Y() =

=Y( , (a)2) E ImY2Vz

=> ImY = 10
=Y = 0 impossible since Y is nonzer

=> ImY = => X is eurjective
(3) V

.,
Ve both irreducible => (1) and (2) show that t is injective

and surjective => isomorphism Y : V= Ez. #

Corollary. 1 If V,We are irreductle representations of an algebra A
and dimV #dim

,
there is no nonzero homomorphism between them.



Corollary 2 .
(Schur's lemma over an algebraically closed field).
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LetT be an irreducible finite dimensional representation of A over

an algebraically closed field k ., and 4 : V-V be an intertwiner
.

Then Y = X Idy for some Ek.

Proofs Since his als closed => Y : V-iV has an eigenvalue xth.
Then (Y-XId) : - I commutes with the action ofA

=> M-XId) is an intertwiner
,

is irreducible => By Schur's lemma

Y-Id = 0
op S 4-xId : +V is an isomorphism impossible since def(X-XId) =0

=> Y = / Id
. #

Remark
.

Schur's lemma over algebraically closedfields stays true
for countably-dimensional representations : ift is an irreducible countably
dimensional representation .

Y :F -Van intertwiner => 4 is a scalar operator.
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Remark
. Corollary 2 faile over non-alg closed fields ingeneral.

Ex. A = C as an R-algebra , V = C a representation of A.
↑hea V is irreducible . If Saz3ER is not invariant not D-action

But Y : R -> K an intertwiner does not have to be a real

multiplication : any
xe * X : K + K is an intertwiner.

Corollary 3. Let A be a commutative algebra (G an abelian group
over an algebraically closed field .

K
.

Then
every findin .

irreducible representation over k of A for G) is
one-dimensional

Proof . Let v =V = > p(a)(p()r) =plab (bar =(Pl
=> Y =p(a) : -W is an intertwiner Fa

,

beA

=> By Schur's lemma (a) = X Idy FaEA => every subspace in
V

is A-invariant => If is irreducible => W is 1-dimensional. I



Ex
.

Irreducible representations of Cn = (tit" = 1) cyclic group.
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Abelian
group=>

all irreducibles are 1-dimensional
*

=> find 1 ED : p(t) = x = p(t)"= X = 1 .

=> Xt 91 , 5, 32 ... +3 where 3=
E

n-th roots of 1.

5
:
+ 35 = inequivalent representations : Mi gi +Vi3
=> MbH1) = P(H(( - 1) =Ti = Tim = 3" =3= i =j

=> n inequivalent 1-dimensional in reducible representations. Si
Consider the regular representation pH):IC]-

=> in the Saris Get ... th] pl = )0!s, hand,a Ogh-
& (232 8 (

=> C(n]=Mi= : direct sum ofallirreducibles each
in Vi with multiplicity 1.


