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Symetries of objects a Groups
(1) Classify all groups

↓
(2) Classify the objects they act on

Linearization

GSX -> instead consider the matrices ME End(IR3)

by rigid symmetric
.This leads to the idea of a linear representation ofagroup

Instead of studying groups, study homomorphisms G ->G(()
where I is a rector

space.

Rep theory : classify the rector spaces where a group can art (linearly).



Motivational examples
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,

indices moda
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Vector space , functions on the vertices , bay& f... ful : fi = ij
&V cyclic group acts on it : R : fit fith operator M = & (L +R)L : fit fir
Idea : Study the irreducible representations of In given by R andL onS

decompose into the irreducible components .



2. Real life example
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Questions Find the dimension of the space of homogeneous polynomials
of degree n in two variables such that

& P(u ,
w) = p(u +20, -2) Su" , i'v, ... W" es , wa = V = (

+

< p(u ,
2) = - p(2 , x)

(b)() =( (ii)() = () ·

Do they generate a nicegroup ?
I "
6

= a = 1 ; Hid= () : b= (8) = 00= 1

a ba = (id)(id)(iv) = (10)(0.) = (ii) = 8

G =[a ,
6 : a = 1

,

6" = 1
,

aba = b") = D6

[S1
,
S2 : Si = 1

,

S= 1
,

(s
,
Se)=1)

· V = apply rep theory of finite gps to this question
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In this cours we will consider mostly representations offinite groups
clex rector

spaces .in finite dimensional
comy

But we will start with a moregeneral setting of algebras.

Def An associative algebra A over a field k is a k-vector
space

with a bilinear
may : AxA-

A the product
a, 6 -> a . b A such that

(1) (ab) . c = a(b-c)

(2) 71tA : 1a = a . 1 = a FatA.

Def. A homomorphism of algebras f: A-B is a k-linear map s . t.

( ((ab) = f(d)
. f(b) FabeA

- f((x) = 13

f is an isomorphism if 7 g : B- A et fog = Id ,
got= Ida

Sequivalently , an algebra homomomorphism that is an isomorphism of
restor spaces is an algebra isomorphism).



Examples. (1) A = k I-dimension
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(2) A = k/x
, ... xn] polynomials ina variable D-dimensional

(3) Endiv linear maps: -V
= k" ; End= Matu(k)

dim (EndfV) = n2

(4) Free algebra A = k(x.... Xn) ;
elements :

Klinear combinations ofwords
in9X , ... Xub letters

Multiplications concatenation of words --dimensional

15) Group algebra of a finitegroup G .

A = /G]
elements : Exigi ,

Niek
, gief : basis-EgigieggiEG

Multiplication : g .

h -gh group product
.

dimk/G] = 16)
.
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Def An algebra is commutative if ab= ba Va
,

be A.

Examples (1)
,
(2) are commutative , (5) G is commutative;

(3) is commutative dimit= 1 ; (4) is commutative n = 1 k(X . ] = k(x ,).

Def A representation of an associative algebra A is a couple
(t,) where V is a -rector space and

: A-Endit is an algebra homomorphism
Explicitly , & : A--Endiv

, e(1) = Idp ,plab)yelalge (8) Va
,
SeA.

Notations : I is often smitted , so we write ar wer
#y

Det Let (Ne) and (Eph) be two representations of an algebra A.
A homomorphism Y : V

.+ of representations is a linear map
that commute with the acton of A .



Y Pilav) =Pc(a)0) FacA
,
FrEV
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EV EVz

V V

pica)d ↓82(a)
The diagram commutes Fat A

.

> E

Yop ,
= R204 Y is called an intertwine

Homomorphisms (tip) -> (p) form a vector
space Homp ( , E) .

A homomorphism is an isomorphism of representations if54 : E+ ,

3. t
.
404 = ide ,

YoY = ide homomorphism

Def. A subrepresentation of [P) is a subspace WCV that is
invariant under the action of A : g(a)IVC FacA.

Examples ,
OCT and CW for any representation &

are subrepresentations



Def. A representation of a group G is a couple (E) , where
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W is a Kreator
space and

: G -> GG(V) group homomorphism
S
(1) = Idp

- (gigz) =p(g , )y(gz)
If p : G +> GLIH) is injective, the representation is faithful.

Lemma [PS1] A representation ofG is equivalent to a representation
of the group algebra k(6].

Examples of group representations
(1) Trivial representation 1 : G + GLC) : g

-> Ide Aged

(2) LetG be a finite group ,

V= KIG] = rector space with
basis Egigea.

Then p
: G-GL(t) ;glgh =gh is a representation ofG
called the left regular representation



More generally , if A is an algebra , Preg
: A+ End A by
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P(a) . 6 = ab Fa
,
beA

,

the left regular representation ofA.
In particular, if A = k/G] => the left regular representation of
kIG] on itself is equivalent to the left regular representation
of the group

G defined abore.

Def . A representation(tip) of A LorG) is irreducible
if OCV and VCT are the only subrepresentations.

Def Let (Ege) and (Epc) be two representations of A.
Then [OK

,p , op) is also a representation of A , defined by
P(a) (v0(z) =p ,

(a)v
, 92(a)

-
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(rp) =

(i)
Def A nonzero representation (Ve) of A lorG) is indecomposable
if it is not isomorphic to a direct sum of two nonzero
representations.
In particular, an irreducible representation is indecomposable.

"The converse is false ingeneral.


