
Lecture 14. Recall: representations of Sn.
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(1) Complex irreducible representations of Su are the Spechtmodules
[VxEx partitionofn ;x = /Sn] ex

(2) Character Xv
,
(C) = coefficient of X=1x +N-

in the polynomial AXHm(xim, (x)=kije(Xi -Xj)
C =

corj. class of type (7 .
:2

... :e
....
)

,
ie = # ofcycles oflengthe.

13)

Dimensiondimwherhis theneex
(1).
"I11

,



(4) Induction and restriction between Sn- and Sn
.
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(a) Res =N ,

where Rul is the set ofYoung diagrams
obtained by removing one equare fromIn

16) Inder = & Vx
,

where Afr) is the set ofYoung diagramsXAIM)
obtained by adding one

square
to Yr
.

Example .

Sy Se S3
Ind

S4

/ :

li -

(2
dim= dim = 32= 1 dim== 2 dim=2

dim =3 dim== 2 dim=

3
= 1 + 2 dim Ind- = 42 = 8 = 3 + 2 + 3

.



Schur-Weyl duality
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Theorem (Double centralizer
Let A

,
B be two subalgebras of EndE ,

where E is a finite
dimensional complex vector space. Suppose that A is semisimple
and B = EndyE .

Then

(1) A = EndgE = EndEndgEE (double centralizer)

(2) B is semisimple
13) As a representation of AB , EFT

where SVilicI are the ireducible representations of A
[WiSici are the irreducible representations of B.
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Proof. A semisimple => E = @Ti
,

where [Vi = Homp (risE)itI
the multiplicity space

eg.
*

=&R
,
W= W = Hom (E ,

E)
/

hereWi is (1x3) - matrix from the Density thm.

B = EndyE = Homy(GTON,OW) End [N) - direct sum

Homy (V) = EjC
ofmatrix alg
.

=> Bis semisimple ,

and [WiTice is the complete net of
the irreducible representations.

EndE = HomeW,W)= End() = A

and EvilicI is the complete set of its irreducible representations .

=> E=NOT
H
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Idea : Apply this to E = For where A = /Su] semisimple
acting by the permutation of factors ,

and B = Endy ton

Consider End(v) = Matr() dimV = k

Introduce operation (A
, BJ = AB-BA

.

on Matr(C)

End() = gl(v) Lie algebra (A ,
IB .C]) + /C

,
(A

. BT] +/B, /GATT =0

Let (EndE) = (g((N))
Let (nor-von-qu

,u]) be the ideal in ↑(g) (VI) generatedby
Kor-van-(n , u]

,
u

, regl(v).

'The universal enveloping algetra
U(ge(r) d 14(getrYnor-vou -(u

,w])
infinite-dimensional
associative algebra



Example . V = C
2

, gl 2x2 matrices
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Basis : e = (86) f = (98) h = (0) F = (vi)
Relations : (e , f) = effe = h (x ,

I] = 0 Exede ,f.
hb .

(h ,
e) = he-eh = Ze

Chif) = hf-th =
- 2f

= U(g() = Kleifih . #)/(Relations)
U(gh) contains f

*2 rotation & rfen-refuwhr

ge = End (v) acts in by er = (86)0
H(gh) acts on

& by :

#X = Xo0
.
0+x

...
+.. + ((0)

..
X xcg([v) .

S

x1 = 101



DX = Xx) + 1*X has the property D(ab) = Da . 48
,
a

, bege) .
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Check : a (ef-fel = (ex( + (xe)(fol + (0f) - (fa) + (f)(ex| + 10) =

= (ef-fe(d) + 10(e) - fe) = ha) + (Qh = x(h)

=> D : H(ge) - > UIghU(ge) defines a representation ofH(g)) in
&2

#x = (idea)4X = (ide)((ex + xol) = (0(0x + 18x0) + x(* /

(aid)aX

=> The have the action of U(g)(H) on Ven for ne/N+

Theorem
. Let E = Ver

,

Ja Judim rector
space over K.

LetgeSn act by permutation of factors in Ven

f : CISn] -> EndE
.

Let A = ImfcEndE
Then B = EndyE is the image of H(ge(N) in EndE.
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Proof. Let be U(g(IV) , clearly 148 : For-you

commutes with the permutations of factors.
rou Grew-robe webr-Ger beg((v)

I
2war Swor + webr

(Since ArX = XR10../ + 1X0.. / +... + 1010 .. ex is symmetric) .
=> Im (U(g)(v) < EndyE = B

B = Endy (ven) = Endsu] Cron) = g" (EncIV) symmetric endomorphisms
Lemma

. (1) If H is a K-rector space ,

then S"U is spanned
by elements no ... an

,
ne l

(2) For a K-algebra A ,
the algebra SA is generated by the

dements (a) = ap10../ + 1090 .

A1 + 10
...

09
.,
aeA
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Proof. (1) S"H is an ireducible representation of GL (2)
action : g (n,M .. UK) =guiegme .. Ogan

(PS8, Ex. 4)

g( G((u)
=> g(ue . (n) = gue .. egu = Spande .. ev]c

is a subrepresentation.
It is nonzero > the whole S"1.

(2) Theorem on symmetric functions (Newton's identities) :

7 polynomial with Q coefficients such that

P(H, (x) ...

Hu(x) = X
,

... Xn
,

where Hi() = x+ X2 +.. + Xi

P((x ,
+ ...

+ Xn)
,
(X,+.. + Xm)

...
(x, + .

·

xm)) = X,
... Xa

Ex P((x ,
+ X2)

,
(xi+ xz)) = * E (xi+ Xz) + E(X,

+xz) = X
,X

by (1)Then P(x (a)
,
1"(at)

.. Ar(a4) = ax
..
Qa -

Span SVA.

Xi = 1.... D) X
, X2 ..

X = ad
... Da

#
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Theorem (Schur-Weyl duality for U(ge(H) .

)
(1) The image of A of /Sn] and the image B of H(g)(i)
in End (ven) are centralizers ofeach other

le12) Both A and B are emisimple ,
YOU is a semising

representation of K(Sn] and U(ge(r)).
(3)

-

Van = @ex
,

X partitions ofm
X

[Vi, are Specht module for Su .

L are inequivalent irreducite
representations of H(g)(V)), or zero.

Proof A = f(D(Sn]) is semisimple ,

and B = EndyE = > by the double
centralizer theorem

,
all statements follow .

#



'Theorem
. Schur-Weyl duality for GLIV).
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Let GL(V) be the group of invertible madrice acting int.
Then as a representation of SuXGL[V) in&N

decomposes as

ven ,
where I are Specht modela

and Ly = Hom(,
*) are distinct irreducible representations ofS,i

or zero.

Examples . (1) V = C *, E = NOT , /S2] acts on We

voz = Stron=LaVanLD
T

23 =Cu Eric Usign

(2) V= CY
· E = von

=> For- Vivg0 .... VignOMT ask
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(3) V= ( =>e = VirL Sign Lo

(e,e, 3 CI epe
, dol ,

Grol-he , 3 Lo33↳ exertede
,

dimLz = 3
dam Lo = 1

=2

,
as

= V *L) *Val ·
dim = S 14 2

↑
# # conclusion : dim = 2

L(3) = S3V = dim((z) = (3+24)
= 4

Only the partitions with #of rows < dimt will appear.

- The End-



Representation theory.
Geometry

Geometry of G , ag
of Gig ↓ Double

Schur-Wegl
↓ >

Affine KacMoody
-

> affinealy.

Math-314 G fine Compacta = Semisimple- algebras ↑
Lie
groups complex ↳ Quantum

over I
Lie alg
. Requivalences->

Quantum-
> affna

groupsa
-
> Elliptic↓ ↓ ↓ 9-gps git

Schur-Negl Algebraic quivalences
,

Quantum
Gfinite groups groups

with

over K
,

charks
over K

,

chark>O qp = 1


