
Lecture 13 Recall : representations of So
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(1)
x
= K/Sn]Cx X partitions ofn irreducible

-

V== ,
=

M .

(2) Ux = Inde triv x = (x
,,
(2
... (p) Ux = ((Sn]ax

Character
: Xn (C) = coeffof=in Hm(x)m

,

where

Ce is of type (i , :2 .

ie ...
) and Hm(x) = (x,m + ... +X) ,

Nzp.

Today : (1) Character of V.

(2) "The Look length formula for the dimension of UX



Consider D(x) = 17 (xi-Xj) Let
p=1+

RicjIN

Then D(x) =E (1x=X
ye defNN;x

b(x) = Vandermonde determinant = def- X1

S xi) = =(xi -xi)
↓X 2 Xvf

Ex
.

Vandermonde N=3

Ix I = X, xz+ X3X ,
+ XzXy - X3Xc -x2X , - XY Xy = (x, -Xz)(X, -Xz)(X2-Xy)X2 I

X3 X31
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Theorem
. Nzp ,

x = (x
, .

.
. xp) Co : = (i , in is ...)

Xvx (Co) is the coefficient Ex of** = Mxx +N-
jj

in the polynomial $(X)mHm(x) im ,
DX
=M(x:-x]

Proof (1) Ex is a class function : depends on 1 and the type of C

coeff of X** in X
+

X* 2
... XNHm(x)

im

* .x**X · XN) in (,
N+x 2

... XN-1)Hm(x)'m equal
to the coff of X" in MHm(x)im = Xux (C)

my

coeff of xi* in X&3 MHm(x)
in

equals to
my

Loeff x x ++e-we in X&)MHm(xim equals to
my

coeff "hy-age) + ofes in X5MHm(x = Xux
+
- x())

(dropped if negative entries appear in X+-)



=> Ex = [Trpp(C))=SESN

Xy- 5p)2XXy = 5(p) = 15) 5 = 1

= [himXy(C) ra = 1
.

Mix

Recall the Kostka numbers decomposition : Xui Xin
It

. Rxx =
1

.

= Ex = [MarXim ,
Max = 1

Mix

= Xt + MirX

(2) It suffices to show that (Ex , 0x) = 1.
see Etingof. #
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Question : dimension ofV,?

dim = coeff of** in D(x) (X, +.. +X)m

C = 1 = n1-cycles

Theorem dim V = (li- e)

where 2jkXj +N -j powers of X; in Xi

Proof . Coeff of** in XP(X +... + X) isp!

Coeff of X** in x20) (X , +.. +X)
"

Need : X
+N-j

= X
;
e.jremains to take : X-N~

if (2N- 5(j)

=> Coeff of X** in X89(x+... +X)" is!
j
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=> coeff of **P in A(x)(X ,

+.. + XN)M is

=> dim = [ HN!JESy
li =N- S(i)

--N
i

li >N- G(i)
·Siri)

= li-Neri
li -N+ r(i)+ 110

the product contains 0.

-Nice-

"det aij



2
,
(C: D .. (hiN+2) CliD.. Cite3) fit &

,
1

22 (12-1) (CN+2) ez(tet (C2-N+3 22(k) la 1

det I
(x(2 - 1) Cn(t) In 1

I -
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- r--

= det
eN+ 2

...

2
,
1

IN+I 22 1 = Vandermonde=
jen

(b:- (j)
I ent In 1

=> dim=en(itj) wherei = Xi +N-i

#
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Example . Sy x = (2 , 1 , 0

N= 3 2
,
= 2 + 3 - 1 = 4

dim(2)=20 (4-2)(4-0)(2-0) =2 = 1 + 3 - 2 = 2

ly = 0 +3 - 3 = 0

= 2 . 2 . 4 = 2
.

! I
l

, (11) l , 1

I- =2
. 16 = 2.22(2 -1)21 I

ly(15-1) es 1
p O 1

dim2x = coeff of x** = x 2
++Hot = Xin (x)(x

,
+xxs

5= / 5=(12) K

(xxe+ X2Xz + X3X, - X3X2 -XiXs -xX, )(X + X2 +X+x,2x + X2Xy + X Xa +Xy x
,

+ X
, 2Xz +Xi x)+

2(1)5y00
+ GX

, XzX3) = 3 -1=2.

5 (3) = 3 for (32N-5(3)
02. 3 = w(3) = ) 5(3) =3 = the only contributions from 5-1

Exercise dimVenis with N= 2 (easier
5= (12)



Hook length formula.
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- Let Yx be a Young diagram . itXj(ij) denotes

↑hen h(ii) is the number of squares
/

the i-th juth square .

in the hook in Y starting at (ii) and going to the right
and down in Yx.

Ex
ii

hij)
j 1hijh(ij) = 7 1

a
Theorem

. dim=
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dim=Citj) where = xi +N-= ; letN=p

ConsiderFree his
k jep

21 = X .
+ p

- 1 = # squares in (Istrow + Istcolumn)= 1 = h(8 ,
1)

A
2
,

- bj = x ,
+ p

- 1 - xj - p +j = 1298521
x

,
-12 + 2 - 1 ③

= l
,
- lj =

= X-j
+j - 1

54 j X=j
+j - 1

Put 2 = h (11) in the lower left corner ofY X
, -xj + j - 1 · 88 & = j - th

Then
go

down from be by one , putting x1 -xp+ +p-2 ⑱
number to skip

(k- 1) to the right of if ke Yx
,

or

x - xp+p -112

(k-1) above kifkEYx .

"The numbers outside ofx are exactly the numbers
to skip in I! to get Mh(41)

iEX1



In j-throw Cilj = 1 . - xj + j - 1 = circled number outside ofx = number to skip .
158-

= (x -xj) + j - 1

↑
& not countingby how many squares it , how many square corner twice

is longer than Xj down from 1st to juth row
the

Similarly for other rowsl
=> Notally dim=is eCi-j)=

iex;

Ex
.

Sa
. 3 3 321

dim1 dim2 dim


