
Lecture 12 Recall : representations of Sn.
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Let x be a partition of n . Xx the Young diagram,↑, a young tableau
.

Let Px =

group of permutations along the rows ofx ,
ax = gp,

QX = group of permutations along the columns ofx
.

8x=
Let ex = axbx.

Theorem
. Let /Sn] @x the Specht module - i

Then (1) Ix is irreducible

(2) Every irreducible Sn-module is isomorphic to UX for a unique xtn.

Lemma1 Let x D(Sn] ·

Then axxex = ((2x
,
(x(E

Today : (1) Finish classification of the irreducible representations of Sn.

(2) In Ux = IndDriv : characters of Su-representations.
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Def. Lexicographic order in partitions : Xu if the first nonzer
xi -M =

> 0

Ex
. (n) > any

other partition ofn ; (3 , 2)) (3, 1 ,1
(5, 4, 1, 1) 3)5, 3, 2, 1)

Lemma 2 If XyM ,

then an /Sn] bu = 0

Proof: Need to show FgeSn FD Sgtg
Then axgbu = axtgbu = a,ggtgbu = = a, gbu = 0.

There exist i
,j in the same rowofx and the same column ofgitu .

if X,M=
Ty gr
M

max # of columns =

M, LI,



=> by the pigeonhole principle - a column that contains two elfs -136-

from the 1st row of "x.

If x =M ,
=> p . EPy

, giegQng e .

f
. DiDestro = (giuestrom

Eventuallycince sale = Exi >M ;
and there are two elf

in the 1: row ofx that are in the same column

of gYm.
Our operations only permuted els in rows of Mx and in
columns ofgir = does not change the existence of i.j
in the same row of > and same cotumn of gth.
= 7(ij) Px , g"(ij)ge Qu #



Ex
. Sy (3) (2

,
1) (1 ,

1
, 1)#5 X i

ar = JEg ; ax=I+I Gu =Ege
bx = 2() - (B)

arby = + [g . (1- (B) = 1[(g - (3)g) = 0
S

axbu =

,t[()8(g+ (12(g) = 0

1 + (12)
- (12) - 1

Lemma 3
. C = XCx ,

JEC < depends on 1.

PS12 : find I

=> ci =( = () = (2) ; so (4) is an idempotent
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Lemma 4. Let A be an associative algebra and
ecA : eve in A

.
Let Mbe a left A-module

When Homy (Ae , M) = eM
leftA-mod L

Proof. -

Consider first Homy (A ,
M) = M
-

f Homy (A ,
M) ③

=> f(a) = v = M ; f(xa) = x(f(a)) = Xv since fEHomA
def

Define (a) = are M

Then < (v) (xa) = xav = x(h(u)(a)) = x(v) Homa

Define &(f) def .1)



-139-

Then Bod(z) = <(2) (1) = 1 -w =r =Bod = Idm

Lop(f)(a) = ap(f) = a f(t))= f(a) => Lo = [dHomy(A , M)
feHomA

=> Homy (A ,M) = M

Let eeA : e =e(-e)= 1-zere = re

For any
rector we M : v = ev + 1-e)e

= M = eMp(l-e)M

Consider <(eM) : <(evt(a) = aev = acev = <(evt(ae)
=> <(er) = Homy (Ae ,

M)
↓ (er)(a(l-e) = a(re)ev = a(e -ev= 0

= Homy (Ae +A(l-e) , M) =eMp(l-e) M

where Homp (Ae, M) = eM
El
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Theorem
. Vi = C/Sn] C are irreducible

,
and

[x] xpartitions ofn form a complete set of inequivalent
irreducible (/Sn]-modules.

Proof . Let.
Homs [Vx.n) = Hom (C/S] , /Sn]cu) = /Sn]c

Homp (Ae
,
M) = eM

We have by Lemma 2 CxC/Sn]Cu = anbi KISu]ambr =O
ifM

by Lemma 1 cx(/Sn]cx = a, bxCISn]ax8x =
= anCoeff bi

is
. I-dimensional
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x= => dimHom (, ) = [ = 1
Trreducibles

=> Ix is irreducible
.

Since Homs (V. ) = 0 fordin=> *Fr
Xu

=> SV Ex partitions ofn are pairwise non-isomorphic.
# conjugacy danses in Su = #partitions of n = #X

. M

Remark : Vx = K(Sn]cx
,
ex is defined using Pa

,
Q

For different M , get different (
However

,
we proved that ((Sn]c = ((Sn]c=

.
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Induced representations of Sn

Let Hx = KISnJax = IndoKeir
ax=p

IndKirC/Sn] = IS a

X01 = Xax

Xho1 = xo1 -> Xhax = Xax
h = Px hePx

Proposition. Hom(1x
, Fu) = 0 foru

dimHom (1x,x) = 1.

Proof: Hom (Hx.n) = Hom (D/Sn]ax , KISn]aubu) = an/Sn]quGe = 0,i
1-dim

, M = 1

#
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= UxKux Vr and Kxx =

1

.

Skrx] are the Kostka numbers.

Characters of representations of Sn.
Whe will start with the character of 2x.
Theorem. Let C

.
be the

conjugacy class in Su having
is cycles of length 1 --(is ........ )

ge :ge..
Let x = (x .

,
. . . (p) be a partition of n.

Let Nep ,
Ex

, ... XN3 variables ·

Let Hm(x) = (x ,

*

+x 2 +.. + X/)

Then Xu (C) equals the coefficient of X=" in the polynomial
17Hm(x) im
M2l



Proof . Character of an induced representation,
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Xu()=E
: xgxepXv(xgx)

=

geCe

- #ExeSu : xgx"eP ,geC)) ; Pl = 17 !

# X : xgxPx = IC1PxloZgl
Centralizer of an elt in C-7g

Eg = SimA(Cm)im = (Eg)=Mim) ! mic
>

swap disjoint
cycles of same length

Next : Find /C-1Px) .



# of els with rmj m-cycles inSajTrim!

- 145-

M2

[mim=jm
= im As above

,
we can compute

↑ mim (rjm) ! = /Zirmj cycleoflengthas=> IC1Pl = Elimim!

my)

mmmi
=> Xu

y
((t)=Simm =

=El int this is exactly the coefficienta

of Xi inM(X+... +x)
im

,

where we pick rmj X from Hmm
h

Multinomial coefficient : (x +. + Xr) = [hX "XX
Eki = h
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Example . Sy x = (3) # P = Se Minds o = Do

= Cl) = P = 51] = Up Inclass Co = /Sb] regular

x = (2 ,/ = Man = Indeo=K15]o =V
= KIS3]ay/C2] Mexercise : compute

this explicitly by the actionCharacters
, x = (2

,
1) ; letN=p = 2= X

*
= X, *x* =X, Xa. on 2x = & (1+ (12).

(1) = 2 => coeff XiX2 in (x+ X2)" = Xi +&xix2 + 3xX,+ X?
31-cycles => Xini (1) = 3

(12) = C
1 Ecycle , 1 Acycle

= Coeff of XYX2 in (xi + x2) (x ,+ x 2) = XiXz + Xi+ XX
,
+X:

u

= X(zi)((12)) = 1

(123) = Ci
13-cycle

= Coeff of XiX2 in (x + X3) is zero

=> ) X(l (123) = 0
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Compare with the character table for So :

1 (12) (123)

No 1 11 => Hi Inde Foot
E 1 - 1 1

-20 - 1

Usiz) z 10


