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Recall: Induced representation.
Def. Let H<G andV a representation ofH.

The induced

representation
Indiv = &f : G += : f(hx) =er(h) f(x) ExG, heH]
Action ofG : g

. f(x) = f(xg) EgiXEG
Frobenius character formula : Let XrEHG representatives of right H-corets.
"Then XInd(g) = [ Xv(XgX)·

GENE : Gg=

Reciprocity : Homg(. Indi) = Homp (Res,i).

"Today : (1) More on IndF
,
Rest.

(2) Irreducible representations of Sn .



Another viewpoint onInd and Res. - 122-

k[G] k(G]
k(H] r-k/G] k/f] - k/H]

k/G]1 - kfA]-kG]- Simodule
k(G)2 k(G]-k/H] Simodule

If V is a right A-module and I is a left A-module,
then Fi = VOW/(raew-reamat A

Claim 1. Ru = kIG] dim = dimT

F : ResV - k/G]eV F(r) = 100 injective
k/G]

H-homomorphism : F(hr) = 1Phr = how = (((x2) = h(F)
k/G]



Claim 2 IndW = k/G] dimkm
↑: IndW-> kIG]zN <(f)=x
(1) ↑ (f) does not depend on the choice of representative
If yo = hx = f - [Xf(x)

-

[Yf(y)= (xhef(x)k(H]
= [xQh"hf(x) = [x=f(x) .

j

(2) Maps Cruis to basis : a bijection.

Indee: (m) = Grazin where Guid is a basis in TN

↳ (6)W
=Ex , dui) a bas in
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↑ (5) =xi=
(3) ↑ is an G-homomorphism :

gπ(f) = 2gxf(x) = [xhof(hing) =

Let h : gx = XhXog" =hXo = hixg

= xiflag)=fig) =(g(f) . (

So we have : Ind W Res

HOM (k/G] ,) HOMET (kIG]2 ,)exercise)

k/G] kIG]



Reciprocity : HomyV, kIGHM(k)
Hompy (V, Hom(k) = Hom Hom (k(),)



Representations of the symmetric group Sn.
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Def. X (x , ...Xr)E* is a partition of neIN * if n = x ,
+2+... +

r,

where X : Xi +1 71

Partitious> Young diagrams of size nYx
of n

-
x = (4,4 .

2
, 1) N : = #of squares in

n = 11. the i-th row.

*

Def. A Y tableau TX is * filled with integersoung
from 1 for without repetitions.
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4
411

10

Def. Let () be a partition of n ,

and choose a Young tablan TX

Let Px CSn the subgroup of permutations along the rows of
.

QX < Sn the subgroup ofpermutations along the column ofEx.
Then Qx 1Px = 1

123
Ex

.

↑
Px =SS= ,

Elsa
1Px) = 6 . 2 . 2 = 24

=S
(Qx) = 6 . 6 = 36
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Def. Young projectors.

Let ax= gp ; bx= where

Let Xe Px 61)8 is the sign ofgeSn
yax=g

= a==

=
= b= TEgy=

YEQX

ax and b are called the Young projectors.
Define 2x = axbxC/Sn]

,
C + 0 : coeff of1 isT



Def. A Specht module is defined as
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Vx = C/Sn]cy < /Sn] is a left K/Sn]-module

Goal : o

prove
that (1) U is irreducible

(2) Every irreducible representation of Su
is isomorphic to UX for a uniquepartition 1 .f n.

Remark : # of conjugacy classes of Su = #of cycle types = # ofpartitions ofa
= # of Young diagrams

Ex
N ↑x = an=g ; Qx =21

P = Su

=> (x = 96x= g ; (Sn] = No trivial representationa
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n Yn = Pi = (1)
,

9x = 1
.

Q = Su = Gi=
XSn = X . (x = x - bx = (1) "(
=> C/Sn](x = Vsign sign representation.

S3
.

12 Px = &1
,
(14

,

Qx = (1
, (1))

,
ax= (1+ (12)

,
6x = z(1 - (B)

3

xx = +(1 + (12) - (13) - (12)(3)) = t)1 + (12) - (13) - (132)) = 5,
(123)(x = + (((23) + (13) - (23) - 1) = 2 (12)(x = C = V,

(132)(x = + ((132) + (23) - (12) - (123)) = V (13)( = E

(23)(x = Ez

(12)
=Ve the unique

irreducible

=> V,
+ Vz + Vz = 0

e V 2-dim representation of Sa.



Proof of the clarification theorem.
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Lemma1
. Let x /Sn]

·

Then axxbx = C(2x
,

where

(x(x) k
,

and (x(x+ y) = (x(x) + 2i(y).

Proof. (1) Let g e PxQx meaning
that
g
=

pg , pePx , ge QX . uniquely.

hen axgbx = axpqbx = (axp)(qbx) = ()ax6x = (192x.

(2) LetgeSn , g + p9 . pePx , geQx .

"Then we will show that ang6x =0.
Suppose there exist a transposition
t = (ij) such that tEPx and tegQxg" (= )gtgEQx

Them
angbx = axtgbx = axggtgbx = axgGag..

Let *x =

g
*
x
= Qx = gQngt



So we need to find : and; in the came row of 4 and in the
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came column in g
Mx =*x'

.

We will show that if such iij do

not exist => g =pqPQx.

If is do not exist => any
two elts in the Ist row of * are

in different columns in.
= J gieQ sit , it moves all elfs in the 1st now ofM to the Est

row of "T and 7 p,
EPx that reorders the elfs in the 1st row

of ↑x to match the elfs in the Est row of ge Tx .

= (PePDestron = (g: Milestow

If no i , j in the End row of Pe *y are in the same column ofgi
*
t ,

then FgzEQ that moves all elts in the 2nd row ofp.tx to

the 2nd row of gitx' and an elf patPx that reorders
the elts of the 2nd row of p.*, to match the 2ndnow of 92g!x !



- /33-

=
=> (P2p,↑)IstadIndrow (92g! Yx)1st and 2nd now

=> Continue until
p Y

= q *x , gegQngt,*x=g,
=> JqtQx : q = ggg" .

=> p*x =

g9g
+g4x =

↑x = pigg *x => pigg
= 1 =g

=pqPQ . #

S


