
Lecture 10
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Recall: Theorem. Let G be a finitegroup and Van irreducible complex
representation ofG .

Then (chmU) divides /G.
Theorem (Burnside) A group of order pagb , wherep ,gareprimes
and a

,
6 z0

,

is solvable.

Today : Induced representations. There is a method to construct
a representation of G starting from a representation of
a subgroup HCG .

Ift is a complex representation ofG, and HCG is a subgroup,
then I is also a representation of I by restriction :

Pu =

prIE)/y If T is
reducible

,
the restriction Rest

does not have to be irreducible.
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Def. Let H<G andV a representation ofH.

The induced

representation
Indiv = &f : G += : f(hx) =er(h) f(x) ExG, heH]

with the action of G given by g(f)(x) = f(xg) FgEG .
This action is well defined:

g(g(f))(x) = g(f)(xg) = f(xgy) = (gg))(f)(x).

Indiv = Homp (k/G] , i) functions f(hx) =eChif(x)

g(f)(x) = f(xg)
This action

preserves Indi :

g(f)(hx) = f((xg) =g(h)f(xg) =g(h)g(f)(x) .

dim Ind = dim.



Basis
:2 "Se = 1 ... dimi
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det
LetMe = Gr(u) = JonWe where Guil is a basis int

Example .

An Ap =$1,s
(432) (423)

Let k = G2
,
(12) (34)

,
(13) (24)

,
(14)(23)) = (a

,
6 : a = 6

"
= 1

,

ab =ba)

Right K-cocet : [Kif , K : (123)
,

K : (132) ?
T23 8132

Frreducible representations of K : To
,
We We W

Ind," To = 48, 823
,

532) 5123(214) = 023 (13) (24) (123) =

=g (3)(24) %,23(123)
=ge(13)(24) . 1

&Indto (12) (34) 8,
(x) = 5, (x (12) (34)) = G(x) = (12)(34) : 8

.
-5 ,
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- 1 - Fizz(x) = 0,23(x(1)(34)) = 03/:[x)) Dus() : N - 023

j
-1

5132-532132

p(12)(34)
= (1 1

,
)

PIndit (123) 0, (x) = 5, (x(123)) = G
,32(x) = (123) : 0 + 0732

0123(x) = 0,23(X((23)) = G, (x) (123) : 0123 -> J.
5
,32(x) = 0,32(X(123)) = G

,23(x) (1231) : 0132-0123

r(123) =

(8 %) Similarly p(132) is a cyclic permutation
of three basis elements

=> X
Ind (112141) =3 XIndy (123) = XIndr (132) = 0
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Ay 33= 1.

.

-

(12)(34) (123) (132)
Ind 3 - 1 O &

Ind 3 3 O g

To 1 1 11

-1 1 332
-

V 1 1323

-3 -100

-1

Ind : P(121(34) 5, (x) = 5. (x(12)(34)) = 5, (62)(4)x)
=p(12)(34)a = 5

, 8 - 5

(14)(23)
- 1 - 5

,23(x) = Ges(x((2)(34)) =5((Y(x) = p((4)(23)523 = - 223 02* -E3
X (12)(34) = (123) = X = (134) = (14)(23)(123)

- 1- 5132(x) - - - 532 01325 - E32

-) Action ofg (123),= &(4) = (1 - 1 => XPInd (12) (34) =1
S(132) sameal for To.



Therefore , looking at the character table we can conclude that
-

Ind To =Vote
Ind = Es



Frobenins formula for the character of an induced representation . -114-

Theorem
. Let H <G

,

let EXr]ren representatives of right H-cosets.

Then X (g) =& : XogHXv(X5gxi)
= hXr for hel

Proof: define Vo =&Ind : flg = 0 gew3

[8Y basisin = YerTidmi basis in To
i = 1

...
dimit

=> V = Vr
,
dims = dimV

FEpG

=> X(g) = [Xo(g) where Xolg) is the trace of the diagonal
block ofe(g) in Fr.

Action Pg)f(2) = f(g) where Eg is a right H-coset



try (g) = 0 ifg
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Assume 5 = rg
= Xrg = hxx => h = xegx" H

Define 2:o -V
,
d(f) = f(x) isomorphism since fis determined

by f(x))
Consider the action ofG :o + Fr and of H : V+

Pr(h) - a(f) =Pr(h) .((x) = f(hx) = f(xg)=(g)f(x) =2(g)f)
ET ->

Let
g : Yog = hXs

= Pr(g)f = aopf(4)02(f)
=> Xolg = t (g) = try(h) = X (h)h)

Sum
up over

the blocks X(g)=g
=
rXv(x-gxz)

#



Another version : X(g)=
: xgxH

Xo (xgx)
-116-

Example . An
,
KCAy

,
Indo

,
Ind Characters :

X
Indu (g) = [ Xor (ogxot)

5t , y :g =2

XIndi (1) = X+ (1) + X+ (1) + X v(1) = 3X-(1) = 3 (3coset)

X Indiv (1123(34)) = Xor (12)(34)) + Xr((123) (12)(34) (132)) + Xor((132)(12)(34)(123) =

= X= (2)(34)) +X= (((4)(253) + Xv((131(24)) = 13. T
& Indiv((123) : F (123) =M + 5 F cosets

(132)

=> XIndVE ((123) , (132))
= 0

.

=> Get the same character as we computed before.
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Frobenius reciprocity .

heorem. HCG , w a representation of G, INa representation ofH.
Then Home ( Indi) = Hom (Res, i)

Remark : Restriction and induction are adjoint functors.
between Crep (H) and Crep (G).

Es
Proof: Home(tEnd) Hom (Re, IN)
-
F: F(x)r = 2v(e) ecGidentifydef
=F
(E'(p(r)(x)P(x2)x



El F() is an H-intertwine
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F(x)he = < hw() = (haw)(e) = (cu)(he) = (ar)(eh) = h = (ar(()= hF(z) +
LEHamg areIndi

El Fire Indi
F()v(hx) =B(hxh(xr =h.

#B F() is a G-infertwine

F'()(g2)(x) = 3(xgr) = F'(s)(xg) Indag
: F (r(x)

# FoF' = Id Homp) ... (

F(F'faller = (E' (p)r)(e) =&(er) =B(r)



- 119-

# FoF = Id
Homa ( ... )

F' (F(c)2)(x) = F(c)(x2) = (xxv)(e) = (xx)v(e) = 2(r)(ex) = 2(r)(x)
Letang <()tInc FrEV

,
XEG

.

=> (1)
, (2) (3) show that weget a map between the correct spaces

14)
,
15) show that they are bijective. #

Example. An Reciprocity :

Homa (No, Incl vo) = Hom (Res
**
To
,
No) dim = 1

-VOTEV "V

Homay (J ,

Ind* " Vo) = Hom (Res"g , to). dim =I

"No
Homan (Ny

,
Ind) = Hom (Re***, V) = 0 dim = 0
-

V -



Hom (N , Inc) = Hom (Re, E) dim
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- Ferr
V : 12) (Y Vertical axis :

p (12)
(34) = Id

Ayacts p()(24) = - Id
by rotations I (13(124)/) cus p((4)(23) = -Id

trict Similarly other 2 axes.
to K

=> Res =OF


