GENERAL INFORMATION FOR THE RINGS AND MODULES (MATH-311) FINAL
(18.01.2021, 16:15-19:15)

5 exercises: | Please make sure that you do not miss any of the exercises. The exam contains 5

exercises.

‘ Rings are commutative: ‘ all rings in the exam are commutative and with unity (so they contain

1.

‘Content of the solutions:‘ Show all your computations and justify/explain your answers. In
your solutions you are not allowed to use the statement itself asked by the exercise or any
generalization of that statement. On the other hand, you can use all other statements covered
by the course, including all the statements from the lectures, the lecture notes and the exercise
sheets. You can also use all other statements from 1st year and 2nd year courses.

Contacting Zsolt Patakfalvi: ‘ If you are not sure what you are allowed to assume, or you have
any other question during the exam, ask Zsolt Patakfalvi whom you can reach on the Zoom link
of the lectures of the course. He is online there throughout the entire exam, as well as for 15
minutes before and for 30 minutes after. If you have problems with your internet connection,
you can also reach Zsolt Patakfalvi on his office phone +41 21 693 55 20.

Aids that can be used: ‘ This is an open book exam. This means that you can use all the course
material available on the Moodle page of “Rings and modules”, as well as the course material
of any 1st or 2nd year courses. On the other hand, no communication with anyone and no use
of any kind of online help is allowed during the exam. During the exam, the internet should be
limited to use for

e downloading the exam,

e uploading the solution,

e downloading the above mentioned course materials from Moodle, and
e asking questions to Zsolt Patakfalvi.

If the suspicion of breaking the above rules arises, we will ask you to explain in person on Zoom
your solution after the grading of the exam is done.

‘ Separate points can be solved separately: | You get maximum credit for solving second or third

points of exercises assuming the statements of the previous points, even if you did not solve (all
of) those previous points.

‘ Citing statements: ‘Whenever you are using anything particular from the lecture notes or from
the exercise solutions, please cite it precisely to avoid confusion. The best is to use a format
such as “Exc x from Sheet y”, “Prop x.y”, ...

‘ E-mail open all the time: ‘ we suggest that you keep your e-mail open all the time, as all infor-
mation about the exam will be sent out via e-mail during the exam.

‘End of the exam & uploading: ‘ Put down the pencil at 19:15, and start photocopying and up-
loading the solutions. You can find information on how to scan and convert into pdf in the
online student guide:




https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART _MoodleExamsForStudents-EN-Dec-17-2020.
pdf. Please make a test scan and a test upload before the exam, as explained in the document.
You should upload the scan of each exercise to the separate corresponding assignment gad-
gets on moodleexam.epfl.ch. You should upload everything in pdf format. We expect that
you can do the uploading in at most 15 minutes. If it takes more time than that please log into
the Zoom session where Zsolt Patakfalvi is online (see above), and please explain why it takes
more time. As you have to upload the pdfs for spearate exercises to separate places, uploading
takes time. So, please do put down the pencil at 19:15, and start the uploading right then.


https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART_MoodleExamsForStudents-EN-Dec-17-2020.pdf
https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART_MoodleExamsForStudents-EN-Dec-17-2020.pdf
moodleexam.epfl.ch

EPFL- SECTION DE MATHEMATIQUES WINTER 2020/2021

Rings and modules (MATH-311) — Final
18.01.2021, 16:15-19:15

\ 1. exercise \

Does R = Clz, y]/(f’7 y7) have finite length (as a module over itself)? If not, then prove it. If
yes, then compute its length.

GENERAL INFORMATION: Please make sure that you do not miss any of the

exercises. The exam contains 5 exercises.

‘ Rings are commutative: ‘ all rings in the exam are commutative and with unity (so they contain

).

‘Content of the solutions:‘ Show all your computations and justify/explain your answers. In
your solutions you are not allowed to use the statement itself asked by the exercise or any
generalization of that statement. On the other hand, you can use all other statements covered
by the course, including all the statements from the lectures, the lecture notes and the exercise
sheets. You can also use all other statements from 1st year and 2nd year courses.

Contacting Zsolt Patakfalvi: ‘ If you are not sure what you are allowed to assume, or you have
any other question during the exam, ask Zsolt Patakfalvi whom you can reach on the Zoom link
of the lectures of the course. He is online there throughout the entire exam, as well as for 15
minutes before and for 30 minutes after. If you have problems with your internet connection,
you can also reach Zsolt Patakfalvi on his office phone +41 21 693 55 20.

Aids that can be used: ‘ This is an open book exam. This means that you can use all the course
material available on the Moodle page of “Rings and modules”, as well as the course material
of any 1st or 2nd year courses. On the other hand, no communication with anyone and no use
of any kind of online help is allowed during the exam. During the exam, the internet should be
limited to use for

e downloading the exam,
e uploading the solution,
e downloading the above mentioned course materials from Moodle, and

e asking questions to Zsolt Patakfalvi.



If the suspicion of breaking the above rules arises, we will ask you to explain in person on Zoom
your solution after the grading of the exam is done.

‘ Separate points can be solved separately: ‘You get maximum credit for solving second or third

points of exercises assuming the statements of the previous points, even if you did not solve (all
of) those previous points.

‘ Citing statements: ‘ Whenever you are using anything particular from the lecture notes or from
the exercise solutions, please cite it precisely to avoid confusion. The best is to use a format

bYYENA4

such as “Exc x from Sheet y”, “Prop x.y”, ...

‘ E-mail open all the time: ‘ we suggest that you keep your e-mail open all the time, as all infor-
mation about the exam will be sent out via e-mail during the exam.

‘End of the exam & uploading: ‘ Put down the pencil at 19:15, and start photocopying and up-
loading the solutions. You can find information on how to scan and convert into pdf in the
online student guide:

https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART MoodleExamsForStudents-EN-Dec-17-2020.
pdf. Please make a test scan and a test upload before the exam, as explained in the document.
You should upload the scan of each exercise to the separate corresponding assignment gad-
gets on moodleexam.epfl.ch. You should upload everything in pdf format. We expect that
you can do the uploading in at most 15 minutes. If it takes more time than that please log into
the Zoom session where Zsolt Patakfalvi is online (see above), and please explain why it takes
more time. As you have to upload the pdfs for spearate exercises to separate places, uploading
takes time. So, please do put down the pencil at 19:15, and start the uploading right then.


https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART_MoodleExamsForStudents-EN-Dec-17-2020.pdf
https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART_MoodleExamsForStudents-EN-Dec-17-2020.pdf
moodleexam.epfl.ch

EPFL- SECTION DE MATHEMATIQUES WINTER 2020/2021

Rings and modules (MATH-311) — Final
18.01.2021, 16:15-19:15

\ 2. exercise \

(a) Let p and ¢ be two prime ideals of a ring R. Show that S = R\ (pUq) is a multiplicatively
closed set of R.

Take R = Z from now, and S = Z\ ((2) U (3)).

(b) Show that S~!'R is a PID.
(c) Find all the prime ideals of S™!R.
(d) Find all the primary ideals of S™!R.

GENERAL INFORMATION: Please make sure that you do not miss any of the

exercises. The exam contains 5 exercises.

‘ Rings are commutative: ‘ all rings in the exam are commutative and with unity (so they contain

1.

\Content of the solutions:\ Show all your computations and justify/explain your answers. In
your solutions you are not allowed to use the statement itself asked by the exercise or any
generalization of that statement. On the other hand, you can use all other statements covered
by the course, including all the statements from the lectures, the lecture notes and the exercise
sheets. You can also use all other statements from 1st year and 2nd year courses.

Contacting Zsolt Patakfalvi: ‘ If you are not sure what you are allowed to assume, or you have
any other question during the exam, ask Zsolt Patakfalvi whom you can reach on the Zoom link
of the lectures of the course. He is online there throughout the entire exam, as well as for 15
minutes before and for 30 minutes after. If you have problems with your internet connection,
you can also reach Zsolt Patakfalvi on his office phone +41 21 693 55 20.

Aids that can be used: ‘ This is an open book exam. This means that you can use all the course
material available on the Moodle page of “Rings and modules”, as well as the course material
of any 1st or 2nd year courses. On the other hand, no communication with anyone and no use
of any kind of online help is allowed during the exam. During the exam, the internet should be
limited to use for




e downloading the exam,

e uploading the solution,

e downloading the above mentioned course materials from Moodle, and
e asking questions to Zsolt Patakfalvi.

If the suspicion of breaking the above rules arises, we will ask you to explain in person on Zoom
your solution after the grading of the exam is done.

‘ Separate points can be solved separately: | You get maximum credit for solving second or third

points of exercises assuming the statements of the previous points, even if you did not solve (all
of) those previous points.

‘ Citing statements: ‘ Whenever you are using anything particular from the lecture notes or from
the exercise solutions, please cite it precisely to avoid confusion. The best is to use a format
such as “Exc x from Sheet y”, “Prop x.y”, ...

‘ E-mail open all the time: ‘ we suggest that you keep your e-mail open all the time, as all infor-
mation about the exam will be sent out via e-mail during the exam.

‘End of the exam & uploading: ‘ Put down the pencil at 19:15, and start photocopying and up-
loading the solutions. You can find information on how to scan and convert into pdf in the
online student guide:

https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART MoodleExamsForStudents-EN-Dec-17-2020.
pdf. Please make a test scan and a test upload before the exam, as explained in the document.
You should upload the scan of each exercise to the separate corresponding assignment gad-
gets on moodleexam.epfl.ch. You should upload everything in pdf format. We expect that
you can do the uploading in at most 15 minutes. If it takes more time than that please log into
the Zoom session where Zsolt Patakfalvi is online (see above), and please explain why it takes
more time. As you have to upload the pdfs for spearate exercises to separate places, uploading
takes time. So, please do put down the pencil at 19:15, and start the uploading right then.


https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART_MoodleExamsForStudents-EN-Dec-17-2020.pdf
https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART_MoodleExamsForStudents-EN-Dec-17-2020.pdf
moodleexam.epfl.ch
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Rings and modules (MATH-311) — Final
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3. exercise |

For a prime p > 2, set R = Fp[x]/(xp). Compute for every integer ¢ > 0 the R-module

Bxty (Folz] / (), Folel [ (22))

where Fy[7] / (xl) is endowed with an R-module structure via the natural surjection Fp [z] / (zP) =

Fy[z] / (z%) for ¢ = 1,2. Explain carefully all the steps of your computation.

GENERAL INFORMATION: Please make sure that you do not miss any of the

exercises. The exam contains 5 exercises.

‘ Rings are commutative: ‘ all rings in the exam are commutative and with unity (so they contain

).

\Content of the solutions:\ Show all your computations and justify/explain your answers. In
your solutions you are not allowed to use the statement itself asked by the exercise or any
generalization of that statement. On the other hand, you can use all other statements covered
by the course, including all the statements from the lectures, the lecture notes and the exercise
sheets. You can also use all other statements from 1st year and 2nd year courses.

Contacting Zsolt Patakfalvi: ‘ If you are not sure what you are allowed to assume, or you have
any other question during the exam, ask Zsolt Patakfalvi whom you can reach on the Zoom link
of the lectures of the course. He is online there throughout the entire exam, as well as for 15
minutes before and for 30 minutes after. If you have problems with your internet connection,
you can also reach Zsolt Patakfalvi on his office phone +41 21 693 55 20.

Aids that can be used: ‘ This is an open book exam. This means that you can use all the course
material available on the Moodle page of “Rings and modules”, as well as the course material
of any 1st or 2nd year courses. On the other hand, no communication with anyone and no use
of any kind of online help is allowed during the exam. During the exam, the internet should be
limited to use for

e downloading the exam,



e uploading the solution,
e downloading the above mentioned course materials from Moodle, and
e asking questions to Zsolt Patakfalvi.

If the suspicion of breaking the above rules arises, we will ask you to explain in person on Zoom
your solution after the grading of the exam is done.

‘ Separate points can be solved separately: | You get maximum credit for solving second or third

points of exercises assuming the statements of the previous points, even if you did not solve (all
of) those previous points.

‘ Citing statements: ‘ Whenever you are using anything particular from the lecture notes or from
the exercise solutions, please cite it precisely to avoid confusion. The best is to use a format
such as “Exc x from Sheet y”, “Prop x.y”, ...

‘ E-mail open all the time: ‘ we suggest that you keep your e-mail open all the time, as all infor-
mation about the exam will be sent out via e-mail during the exam.

‘ End of the exam & uploading;: ‘ Put down the pencil at 19:15, and start photocopying and up-
loading the solutions. You can find information on how to scan and convert into pdf in the
online student guide:
https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART _MoodleExamsForStudents-EN-Dec-17-2020.
pdf. Please make a test scan and a test upload before the exam, as explained in the document.
You should upload the scan of each exercise to the separate corresponding assignment gad-
gets on moodleexam.epfl.ch. You should upload everything in pdf format. We expect that
you can do the uploading in at most 15 minutes. If it takes more time than that please log into
the Zoom session where Zsolt Patakfalvi is online (see above), and please explain why it takes
more time. As you have to upload the pdfs for spearate exercises to separate places, uploading
takes time. So, please do put down the pencil at 19:15, and start the uploading right then.



https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART_MoodleExamsForStudents-EN-Dec-17-2020.pdf
https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART_MoodleExamsForStudents-EN-Dec-17-2020.pdf
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4. exercise |

(a) For afield k, we define R = k[x] as we defined F[z] in Exercise 4 of Sheet 9. That is, k[x]

is the set of formal power series > o, a;z" where a; € k, and addition and multiplication
goes as it goes for polynomials. With formulas the operations are:

(Z aimi> + (Z bixi) = Z(ai + b))z’
i=0 i=0

=0

00 oo 00 J
=0 =0 7=0 \¢=0

You do not have to show the fact that R with the above operations is a commutative ring
with unity.

and

Show then that R is a PID. Describe the units of R and the prime elements of R.

Find a direct sum M of free cyclic R-modules and of cyclic R-modules with prime power
annihilators such that M is isomorphic as an R-module to the quotient module:

R®PROR
R (1—{—3:,1,9:)—}—]%- ($,$3,$4)

_ ROROR
o {r- (1+x,1,x)+s-(m,x3,x4)

T,SER}

GENERAL INFORMATION: Please make sure that you do not miss any of the

exercises. The exam contains 5 exercises.

‘ Rings are commutative: ‘ all rings in the exam are commutative and with unity (so they contain

1.

‘Content of the solutions:‘ Show all your computations and justify/explain your answers. In

your solutions you are not allowed to use the statement itself asked by the exercise or any



generalization of that statement. On the other hand, you can use all other statements covered
by the course, including all the statements from the lectures, the lecture notes and the exercise
sheets. You can also use all other statements from 1st year and 2nd year courses.

Contacting Zsolt Patakfalvi: ‘ If you are not sure what you are allowed to assume, or you have
any other question during the exam, ask Zsolt Patakfalvi whom you can reach on the Zoom link
of the lectures of the course. He is online there throughout the entire exam, as well as for 15
minutes before and for 30 minutes after. If you have problems with your internet connection,
you can also reach Zsolt Patakfalvi on his office phone +41 21 693 55 20.

Aids that can be used: ‘ This is an open book exam. This means that you can use all the course
material available on the Moodle page of “Rings and modules”, as well as the course material
of any 1st or 2nd year courses. On the other hand, no communication with anyone and no use
of any kind of online help is allowed during the exam. During the exam, the internet should be
limited to use for

e downloading the exam,

e uploading the solution,

e downloading the above mentioned course materials from Moodle, and
e asking questions to Zsolt Patakfalvi.

If the suspicion of breaking the above rules arises, we will ask you to explain in person on Zoom
your solution after the grading of the exam is done.

‘ Separate points can be solved separately: | You get maximum credit for solving second or third

points of exercises assuming the statements of the previous points, even if you did not solve (all
of) those previous points.

‘ Citing statements: ‘ Whenever you are using anything particular from the lecture notes or from
the exercise solutions, please cite it precisely to avoid confusion. The best is to use a format
such as “Exc x from Sheet y”, “Prop x.y”, ...

‘ E-mail open all the time: ‘ we suggest that you keep your e-mail open all the time, as all infor-
mation about the exam will be sent out via e-mail during the exam.

‘ End of the exam & uploading;: ‘ Put down the pencil at 19:15, and start photocopying and up-
loading the solutions. You can find information on how to scan and convert into pdf in the
online student guide:
https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART _MoodleExamsForStudents-EN-Dec-17-2020.
pdf. Please make a test scan and a test upload before the exam, as explained in the document.
You should upload the scan of each exercise to the separate corresponding assignment gad-
gets on moodleexam.epfl.ch. You should upload everything in pdf format. We expect that
you can do the uploading in at most 15 minutes. If it takes more time than that please log into
the Zoom session where Zsolt Patakfalvi is online (see above), and please explain why it takes
more time. As you have to upload the pdfs for spearate exercises to separate places, uploading
takes time. So, please do put down the pencil at 19:15, and start the uploading right then.



https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART_MoodleExamsForStudents-EN-Dec-17-2020.pdf
https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART_MoodleExamsForStudents-EN-Dec-17-2020.pdf
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\ 5. exercise \

(a) Show that if 0 # h € C[z,y] is a prime element, then Clz, y]/(h) is not a field.

(b) Show that if f € R is a (non-unit and non-zero) prime element of a Noetherian domain,
then the only prime ideal properly contained in (f) is (0) (in particular the height of (f)
is 1).

(c) Show that if p C R is a height 1 prime ideal in a Noetherian UFD, then p = (g), where
g € R is a prime element.

GENERAL INFORMATION: Please make sure that you do not miss any of the

exercises. The exam contains 5 exercises.

‘ Rings are commutative: ‘ all rings in the exam are commutative and with unity (so they contain

1.

‘Content of the solutions:‘ Show all your computations and justify/explain your answers. In
your solutions you are not allowed to use the statement itself asked by the exercise or any
generalization of that statement. On the other hand, you can use all other statements covered
by the course, including all the statements from the lectures, the lecture notes and the exercise
sheets. You can also use all other statements from 1st year and 2nd year courses.

Contacting Zsolt Patakfalvi: ‘ If you are not sure what you are allowed to assume, or you have
any other question during the exam, ask Zsolt Patakfalvi whom you can reach on the Zoom link
of the lectures of the course. He is online there throughout the entire exam, as well as for 15
minutes before and for 30 minutes after. If you have problems with your internet connection,
you can also reach Zsolt Patakfalvi on his office phone +41 21 693 55 20.

‘ Aids that can be used: ‘ This is an open book exam. This means that you can use all the course
material available on the Moodle page of “Rings and modules”, as well as the course material
of any 1st or 2nd year courses. On the other hand, no communication with anyone and no use
of any kind of online help is allowed during the exam. During the exam, the internet should be
limited to use for




e downloading the exam,

e uploading the solution,

e downloading the above mentioned course materials from Moodle, and
e asking questions to Zsolt Patakfalvi.

If the suspicion of breaking the above rules arises, we will ask you to explain in person on Zoom
your solution after the grading of the exam is done.

‘ Separate points can be solved separately: | You get maximum credit for solving second or third

points of exercises assuming the statements of the previous points, even if you did not solve (all
of) those previous points.

‘ Citing statements: ‘ Whenever you are using anything particular from the lecture notes or from
the exercise solutions, please cite it precisely to avoid confusion. The best is to use a format
such as “Exc x from Sheet y”, “Prop x.y”, ...

‘ E-mail open all the time: ‘ we suggest that you keep your e-mail open all the time, as all infor-
mation about the exam will be sent out via e-mail during the exam.

‘End of the exam & uploading: ‘ Put down the pencil at 19:15, and start photocopying and up-
loading the solutions. You can find information on how to scan and convert into pdf in the
online student guide:

https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART MoodleExamsForStudents-EN-Dec-17-2020.
pdf. Please make a test scan and a test upload before the exam, as explained in the document.
You should upload the scan of each exercise to the separate corresponding assignment gad-
gets on moodleexam.epfl.ch. You should upload everything in pdf format. We expect that
you can do the uploading in at most 15 minutes. If it takes more time than that please log into
the Zoom session where Zsolt Patakfalvi is online (see above), and please explain why it takes
more time. As you have to upload the pdfs for spearate exercises to separate places, uploading
takes time. So, please do put down the pencil at 19:15, and start the uploading right then.


https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART_MoodleExamsForStudents-EN-Dec-17-2020.pdf
https://moodle.epfl.ch/pluginfile.php/2870624/mod_resource/content/1/QUICKSTART_MoodleExamsForStudents-EN-Dec-17-2020.pdf
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