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'First part, questlons 1 to 8

1. (a) Let IF5 be the field of 5 eleurents. Find a greatest cornmon divisor d(X) of the polynomials

/(x): x5 +2x4-x*2 and s(x):xs+X2+3
in the ling F'5[X]. (Provide the cletails of your cornputation.)

(b) If {t(X) is not nonic, fird the unique rnonic greatest comrrron ciivisor É(X) of /(X) and g(Jl).

(c) Find r(X), s(X) € 1F5[X] suc]r that /(X)r(X) + s(X)s(X) : f (X).

[6 points]
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2. (a)

(lr)

(c.)

(d)

(")

(f)

[14

Let G be a, linite group. R,ectrli 1,hat the ceuter of a grr:np Z(G) is the set of all elernentij z € G such that
zg : gz for trrry g e G. Show that Z(G) is a subgroup in G,

Fixanelemcnt,:r€G.RecallthatthecentralizcrllCGofarrclcurtxrtr€Gisthesetofallclexnentsh.eG
su<lr tirat hr: nh.. Sliow tirat 11 is a subgroup of G, and that, Z(G) is a sttbgt'otrP of 1{: Z(G) C H c G.

Let lGl : 9. Show thtit lZ(G)l > 3. Hi,nt: Rcca,ll tlrc cla.ss cqtra,tiou of G: lGl : lZ(G)l + In[G : ff;], w]rere

14 ar'c tlrc sJnbiljpcls of represerrtatives of the rrcntrivial conjrrgtrcy clnsscs in G.
t zût'ai{,t-Ll,t/5

Lct lGl : 9. Fixir,u cburent r € G nnd let -I1 be the centrnlizcr of r in G. Use (b) rurd (c) to show that l.Ul à  .

Derive flon (d) tha,t any gronp <lf order I is abelian.

Let lGl - p2, wherc p is a pritue. Geuclalize ("), (d), (e ) to show thrrt a gxxtl> of ortlcr p2 is a.beliau.

pointsl

ff lçl =t'
P4fh*

lcl = l?G)l* Û_-Ç,H,J =) /,n'il^ I zld I
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S"t*{* , @) !,c G, Lg =âl :) L e ZG)
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lcl = lu(c)( o I lg =) 3 k,tcb, lz tc)(
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3. (a) Define the Euler totient {unction cp(n) Ibr a nntural n 2 2 and state the Euler bheorem about congrueilces.

(b) Let pt,Fztpsbethreeprirnes,uotnecessarilyclistinct. Express ç(ptpzpùiutelnrs of pi,p2,p)J: Cousidercases.

(c) Show that a : p88 - p16 is divisible by 30 for any prime p ) 7.

[i0 points]
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4. Let C* denote the cyclic group of order k e N+.

(a) How rrrarly cliferent (rron-isornorphic) abelitr.n groups of order 144 ale there? List the eleinentary divisols aucl
iuvariarrt, facl;ors fol each of thc groups.

(b) Let ntç be the maxiural olclcl of an elernent in G. Aurong the groups listed in (a), fintl the one where rnç is
thc srnallcst. Justifv youl' a,lrswcrr. .

(c) Amongthegroupslistedin(a),finclallgroupsof thefonn HxI{ wherell{l :lKl :12. Justifyyoul'arswer.

f9 pointsl
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e)
(1 e) (K, 3), (8, 2, 3 t)(4, z, Js) (z 2,2,?,42(tt,o)
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Ty'von
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,
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'

(+r,t r), (1e,,75, 0e,2,2), (/8, z, (l t, z) , (zrt, d, (4 tz) , 
(tq tr, z) (e,6, z, 2)

.A', "f o^ *{rlo^ f -7.
* ûl^

=) or/,rft| =(r. (1,,1, /") = y',

(() T{ (/,,/, /^) * //'' hvarram/ /"
,ln*. /,1 ,L , 1.,11, => Cd, rCd,,

4 {=({,,t, (^) e Co(,rc7,, ,(7^

C,x6
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5, Let lF3 be the lield of 3 elements, Define the ideal in 1F3[X]

I:(X"*X-1)
Let

A: FslxllI

(a) Show that A is a fieicl. Justify your answer (cite a theorem from the course).

(b) List all elernents il ,4.

(c) Considel the group of uuits (invertible elements) A* in A. List all elernents in A*. Fincl the order ilncl strud;ur-e

ol',4* (cite il lheorcrn lronr the r:oulse).

(d) Fiutl all elernents of the rrultiplicative orcler 2 in the group of units /n.
(e) Doex A* have an clcrnent of orcler 8? If so, give an exarrrlrle of such an elemerrt.

[12 points]

(n) Sn*. Ar= Co, r{ l^ J^*{4 -b t /1"/r,"-"=l
& /*r ;\î:4 ; ry li.î,*,{. x = zx + y' = _x+ 4

',f'=/(-X+t)=-X4+X=-X-l*X = *7 =t- :rfs= y'

*/ #* /r{ I "/---/ "/,1,
dÇ"^1 d -1 | -( */'- 2

(Æ'o, -x+ y', X - / tro,e *'û- f ,Y, Ar)

'/'/-- .t*u/ t6*".{.'tt tnL /, //

û/-e I
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fr-, /L co<-Lt s<-,f 

( x) ,' ,vrz/oc/(- ry /l* f/*,*
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=)
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/

A ,, * f ,t,r'/<f&)) 
is " f t/'( 1:\ f f4 ù ,YrtLr.& *6

w û, {-

î; 6kr- cæsz A

(4) S,u, f 0) t^ d'Vrze ?, L,,L I*n" 3'--1fl"/'^.-A '' /L f"r"( A ,

ft l {l x -41 ?x*4-(lix X+

/Û^'*;o4 n ld fxl y' ,$ -4- / )
(r\ BJ lL /tr*.-,, [r^ {L oourtz- f , * fulfll A,

lA. l = lAl-L o,/ A- ;t ? ?"û.fff
Cs : ltq,f lrYllN,w- | ,

-4, I X. A]
+

wr4 (Y

",(,( 
nn^ry2* tLn-enL ,u A)

(d) S,^, Cs= {+,t',t', t', t', tt,t',yt=/},

["" a* t/r^*/ d- l" l'or" ,{fu 2, wz, *o( l. -

('{/nrwtu o1[ = tn*: / l^ *il, /)

,qL AJ_tL /.rr son"e
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MATH-310 \l
6. (a) Show that the system of congruences

r: 14 (mod 20)

*.+ 1 (rnod 3)

*: 0 (mod 11).

has iufinitely many solutions in Z.

(b) Firrct all integer solutions of the system

(c) Find the srnallest poaiitive integer that solves the system in (a)

[6 points]

S,{,}*' G)
Y/*-[, â,

t"t it*' ,!{

'lL a,,,l"ws { l, l/, 2oJ arz pazYwt\z caltnrv'z

'/L CL!^* R **/* fL-**,' ilur. uv,i/ "frq ^ry
{L 6;u^ y'h ,{ /-/- f,* &. 6tol}nêz u

u( 'lL+ = 3s+ I
4'!-t * 3s = 4

5t-31'8 =4

àz tzo
l3 lt

x = rT (*,t ls)
X = 2z (*r/ z3)

X = lLl furr{ ZrtS

-> 33 I +22 =ZCs+/{

4r,rt ,r{nl* â
d Lv,sran,

ùil4"*
7-o ft

+ 6 r l6
fr

l3 +
4il

=-) l=l- { -- +-(b+)= Qo-tt)- l: +(zo-l3) =2-20 3,t3 =

= 2 20 4 b3-20) -- r'20 *3 33

+Zù23,-8 =) 33'21 t22=Bll=)'"-{0"20 +2q 33, -8 =) 33'2?t

[.) æ -- 9ll*660 --@ rs /L r^*%,/ f^;/*",,(^/,n "/ Æ y,rh

Btl +L cco LeV-Ix
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7 ' Let so denote lhe syrnmetric group of permutations of rù € ar+ elements.

(a) Consider the elemer * tt' : (1'234567) (3S) € ,Se ancl write it as a product of disjoint cycles. Fipcl the orcler of a.
(b) Cousider the elemetrt b: (123456?)(25) € ,Se and write it as a procluct of tlisjoilt cycles. Filtl the orclel of ô.

(c) Let2<k<nandconsidertheelement c:(L2...k){i,m)€,9,,where l<?</randk lmln. Writecasa
product of disjoinù cycles in,9,r. Find the order of c as it depeuds on &.

(cl) Let2<k<nandconsidelthe elementrJ:(12...k)(ij)c5,,whereI(rt < jSk. Writecasapro<iuctof
disjoint cycles in S,". Express the order of d in terms of d, j, fr.

(e) Let 4:h+21n andk <i < i Sn. Find the orcler.of the element e: (I2...k)(i,j) as it jepends on k..
(0 If an element is a product of a k-cvcle and a 2-cycle (rot necessarily disjoini) in a symmetric gr.oup, what can

be the disjoint cycle decomposition of such an element? Use {c), (rf), (u) to formulate u g*tr*tù staternent.

[14 points]

/-2 n I \/^ \ /S"hl* @,) , (tz3({ fe +)(jg) = (tz38qt67) o-rlar(o) =8

4 = (t23Llç67)(25) = (1267)Oq5) ffl* (() = (cn(y,s)= /Z

(o) c=(tz,.Lti;+l L)Ûù=(tz inirr lr) ontt(r) =lo/

(ùwfue&æ*"aà, t ut i ( hL

iI 
^ f*rt-r/ ,f J''io'u/ ?
-:> ùr/u-(à = t* (k, z) I k, L ;t zn-^

I ztr, L tr od/ol

(()

-), d. = (tr\ a )(r1') ,(^

ît (r, ,) bq @t)

/, /L /.b

Cgt bl'L ,'û*^/, ,{ '/L 
'7,( Tf", ,u{L / ge

MATH.31O
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8. (a) State the de{inition of the cha.racteristic of a ring.

(b) Let ,4 and B be two rings of cha.rtrcteristics ca ) 0 ancl c6 ) 0. Ex;:ress the chara,ctelistic of the clirect prodnct
A x B irr t,cnus of r:4,r;y.

(c) Suppose that gccl(n, nt.):61I for inl;egels n ) 1. rn ) l. Show that t;he rings ZfnZxZf wrV,lnrlZfrmrrZ arc
rrot isotrorplic. Ilint: use tho characteristic of a rirrg.

(rl) Find the nurnber of unil;s (iuvertible elements) iu rings ZlgZ x V,|L2V, an4 i1 Z,|10SZ,. Jlstify .yol'. &,swer.
(e) Show that if gccl(n,rn) ) 1, titetr the riugs Zf nZ x Zf rnZ and, Zf nrn,V, har.,e difcrent rruurbcr of units.

[10 points]

Vû V6 + V (^ ") :/J,/(,,^)=J, {
"Tr''%, *'o,,/ r'%^;

4/*. txb/ c7l-t tiqu-e

//i J
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{+s"t ZP

te)
ql 

"tn4rs is Tr,v./^/ /" 
tl",,y

4*,1,,n

0ç.L t ;e ^ ^,/W./, ,ft;ç în4///'//'( "/* f'"f''*f,
u,,,ot (f,ft)=t, (p,p) -,1 ST/,* t<s

y C) Y5^) = Vftr) V(t) Yh')Yft) = tfr f l(ft t') Y(,*)'Y(f)

v(^,) = v(t"Ë)= (frrrtr,'-)Y(tr)

5J^[*' (o) /"1- !' e /\ fl" .t**,/4^/ puifn 1

t)n 'Jryzr' n t.1.
v-

A l] LLo tuttt _/

n l-: C,v A J

fln. "lrno"[^
/0f A i5 0

v,z*,4

U\ Lt ^=r[,*/'f/" 
^f 

L */

"1 , ,x,J/r, /L ./r,*t/"rr/,
h,-

/ / /l",l, ,rl rta r r 

1,1

(xl*,,,/*.,q,
*;// L,/*(

-rt/
I 
^//v

a-

L-r=a)
0, ru-"L*B >c f{ L(/,/) =(L,L)=

L, lL îfL 3 rntrvru/ 7u,,h">,,fu"n 
/{'*

A)
,U ,l\ o fi,

/ = (r, (^,r) 
,

=h + /_

1lË k*u
t s-r\
-P ) P {,s > l/l-(l'-ff-t)v

ts-( t+s'2 {rs {+s -lt { t

;> = (cn (r,*)r/)

(.) b{ ,r[ (^,^\ = ,l ' 1 .fl'^ ("^ (r,^)=y<hrn
t/, .4/,\hl/n(cn(n,lh ) = T .1"*

'%z 
^v/ (%)a"u n /

I ht/h

h (()

:r 4i

(7/u r

,) ^'l
Ïs p+no c,U'

d) 'fL ^'"/u '{ 'r*;LllLtr , coynh"t

ç)#

q*r// L dL "^*4' "/ nfuu' [ '
/ Bnz*/ -

^') = 4 7g'J x, /êZ , 4r.:A/ =I-3, - 
lr';, ,hn*-,LK.',v %z

)n a rrhT
IOd"n ,J

7/tv7
, / (1,,

A: eM:, ,!,a **,4- æs"a'/t Y(')

Jf a^ ffil* C|,u) iL a urnr/ '> 
h ''Y A'! 

^':'1Gl ,(l 
éA^î '

60,Ô(o",()-(/,1)'-->auA;saw*i/*"1{cÂ'}qzca'(

16-

an'A ,\, ('Â, , u/ru) Ws) V(rz)=(-r-s) (r-z)rs-l=[u]

=(zr-d&'t)=lA4 ur;l: i>, %tz : Y Ûo t) =v b) Y(2',)
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$econd part, questions g to 12.

The following questions do not require any justification. Only your &nswer will be evaluated.r *l point {cr. a correct
answel! -1 for a wrong answer and 0 for uo &nswer,

f( A. $!ue/False) The ideal 7 : (67) n {152,) n {Lt%) cZ is equal to (50V,).

T ln. {True/False) The polynom 
^r&r+ 

12X6 - gX4 - 24Xr +rr* *fi *irredgcible in e[X].

(t tt' (Tl'ue/False) There is a nonlrivial group trouromorplrism bretween the cyclic gr.oups / : C15 -+ C36.

f
l- tz. 1n'ue/False) There is a nontrivial ring homomorphism g : zlrSz -+ v,l\tz,

[4 points]

l\t
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