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(a)x"- 2x3+ 2x2-3X -1(*1
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X *ENTERSEENER -2x
last nonhivial O

deg =243 remainder -god(f(g)
=>gcd(f(x),g(x)) =5X - 1 =d(x)

(b)t(x) =Ed(x) =x- 3

(c)d(x) =- (2Xz-X- 1-(4x + 1) +g(x) =- (f(x) -g(x).X)(Yx + 1) +g(x)
=

=f(x)(-4x - 1) +g(X)(4XY+x+ 1); t(x) =f(x)(5X -3) +g(X)(5-X"+3x+3)
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(a) 161 = 12 - possible order of elements in G: 1, 2, 3, 4, 6, 12.

(6) 161 =12 abeian 12=233 partitions of 2:(2), (1,1)

(8 =>I groups (12, CoxC2
C2x Ce

C12 CoxCe Elementary divisors: (3,4), (3, 2, 2).

(C) Sy; AncSu what are the cycle types posite in Sy?
(1) (ab) (abc) (abcd), (abl(cd)
even odd even odd even

Ap =9(1),(123),(132),(134),(143),(234),(243),(124),(142),(12)(34),(13)/24),((Y),(23)) )(x) =12



(d)Ax =9(1),(123),(132),(134),(143),(234),(243),(124),(142),(12)(34),(13)(24),(1Y),(23)]
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HCAy, (H1 = 3 = 2x => F agenerator tcH, 9t,ti 13 = H
t = (abc) any 3-cycle =>9 1, (abc), (acb13 = H

NgeAy glabdgtH; but (acd)(abc)(adc) = (c8d)H. =>Hc As
is not normal

g(X,y,...Xx)gY =(g(x,)g(xz)...g(X=))

(e) (K) = 4 => orders of ells in K: 1.2 or 4.

=>k =91.(12)(34).(13)(24), (4)(23)] K* An because

g(ab)(cdlgu =(xy)(zt) = 1 (onjugation preserves cycle type

(f) g(asclg" where g
is another 3-cycle (adc), or (ab)(d)

always leads to a different 3-cycle
(fcd)(abc)(bdc) =(acd) => ge

I too may
elts

more than 6
=>no ebgp of order 6 in An

(e) Do = (rs/r=1.5=1,sis = r)
is not isomorphic to As because An has no elts of order 6.
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(a)Y(pt) =p" - px
- 1 x(n,m) =Y(n) · Y(m) ifgod(n,m) =1

Y(7) =6;Y(49)
=49 - 7=42,4(6) =Y(2).Y(b) =(2 - 1)(3 - 1) =2

Y(36) =4(4).Y(9) = (4- 2)(9 -3) =12.

(8)Y(p=p- -p,((p) = (p -1) =p=2p + 1

pu- p)p=-2p + 1 = P>1 true forcong primep.

(C) YCn* or (Inb"? n = p,*...por prime factorization
r

Y(n)) = 7p2k (pi -1;y(n) = p*(pi - 1) =Y(n) =17p2k2(pi-1-
11

↑per (pi-p) pp:<Pi-epit
=4(n->/e(n))". Enc1.



Cnx(m =Cnmc=gid(n,m) =1
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16 =162 = 2.34

Partitions: of 4: (4), (3.1), (22), (2,1,1), (1, 1, 1.1

of 1: (1)
-

#emen
divisors: -

fany 8cjc(Cox 8(b +3

Invariant factors -> C162 C5yxC Csx(18X(xG(6x(X(↓ ↓ d
(6) contain a entgp of order 27

that is not cyclic

(c) (s x2xxCxCs is the only group with no elt of order &
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(a) deg = 3 Fy =90,1, - 13 =90,1,23

Check for 0, 1, -1 as root -> fnd
XP+ x"+X-1 and X - x"+x+1

are irreducible (deg =3)

but XP+x*+x+1 = (x +1)(x=+1) is not irreducible

Thm: F(x3/f(x) is a field (> f(x) is irreducible overF. -A, care fields;
Bis notafield.

C.(6)(A) = 33 =27(πhm: F(y(f(x) "Cyma -> (F(Y(f(x)) =(F)dgf(x)

(c)(X]=(X+x + 1)1 = (1)1 + (X3+x+X -1) =(1]1 -(X)E = (X-+x+1)II

(x3x(X--x -1]y =11]y + (-x3- x=-x - 1]) =(171 (x) =f- x=x- 13

(x)x) -x+X- 13k =(13x + 1-x3+X- x -1)k = (77x =(x] =(-x +X - 171
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(d) B is not an integral domain: (x+1j(x:+17y = (x3+x"+ x +1x = 103..
* nonficial zero divisors in B.

(e) Thm: 5! field of order 27 =xA = C
B is not a field -> not isomorphic to A or C.

(f) A = IxKYI is a field. Thi: Thegroup of amile ofa fuite field
is cyclic.-> A* = Cycicgp

1A1 =27 =(A) =26 =A=226-
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-

(a)92.7.153 are pairwise coprime. "Thm: If the moduli are pairwise coprince, then

the system of congruences has infinitely many integer solutions (CRTfor2.

S S
X =>8 (mod (4)

=T
8 + 14+ = 3+155

(6) XE0ImodEn
x =3 (mod15) 5 = 153-14t

s =t =5

=>x =8 + 70 =3+ 75=78/mod 210)

=>x = 78+210k, kez

(C) x
=78.
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(a)a =(2143),25x) =(24)(5) = (14) =>order(a) = 2

8 =(2143)(235) =(143st() = (1435) =>order (6) = 4

(6)So;91,2,3,4,5,63; a =(()tS0.

g((4(j) =(xy) for some x,yc91,2,.., 67x#

=>(g(141g3geso = #transpositon in 50 =0= 1.21 = E5=15et

(c) g(1435)g" = (x y zn) = > 9g(14351ggeSo =# of 4-cycle in So

labcd), (a, bcc), ladbc) (ad(f), (acbd)(acdb

C.3!= 3!= 15.6 = 15.6 =90 = gOdts.



(d)So: find n,+hz+..thr <6
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2cm (M1.1c. Ur) is maximal

if 3 cycle: (2,2,2) = lm =2

if I cycles: (2,4) or (3,3) (3,2) =>maxlcm =6

I cycle: (6) =>max =G

=>max order = 6 in So

(e) S7:n,+ n ..

17

(2, 2, 3) lam =6

(5,2)(4,3) ecm =10, 1m =12
= max order = 12

(7)
in S7.
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(a) 5! I notarmor,this herT = dI => d = char ofA.

(6)F: A-> B is a ring homomophu if F(0) =0 F(ab) =F(a)F(b)
F(1) =1 F(a+b) =F(a) + F(b)

ta,btA.

(c) f: AtB. Then f(1 = 1B => f(n. (x) =nf(ix) =n. 1B =0 in B
-

hornom. n = charA iOinA

=>> (charA) - 1 =0 in B

But (char B). 1 =0, charB is the smallestwith thisproperty.
=>char B has to divide char A.

(d) x
- IKI are all possible ring homomorphisms by (c).I
- 21152
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9. True. IftseG: ts+ st => It, 1)(s,1) = (ts,1) # (st,1)
=(s,1(t,1) inGxH

10. False: ifgod (n. m) divides 6 - possible to
have a solution

Ex: 12x + 6y =6 has solubon x=1,y=-1.

11. True.: p= 2 divides dry... 90, p==4 does not divide do, p does not
divide an =

by Eisenstein irreduct over R

12. False: "The dihedralup
is not obelian, but CuxC2 is an abeliangp.
SNFMS


