
Practice exam . Q1
.
(a) Find the monic gcdfflxi.gl/)inQlx7

- "2-

f-1×1=2×6+4×5 - 2x '- - x -3 ; gcxt -- 2×5 - x2 - I .

2×6+4×5 - 2x '- x -3

2xµ
2×5*4 # X '- I 1¥

2×6 -X
's
-x x 2×5-2×2 2×2 X

'
-X X

4×5+72×2 -3
+2

72-1
4×5 - 2×2-2

txt ⇒gcdf.gl - x- e
monic

.

⇒ thegedffcxig.CH/--x-1 (monic)

(6) Find rlx )
,
ski c- Qlx ) : flxtrlxltglxl.slxl-gcdffcxi.gl/.-- X- I

Read the Euclidean algorithm backwards

X - I = X3- I - x(x2 - 1) = 1×3-1 ) - x (2×5-x'- I - 2×4×3-1 ) ) =
gtx

= - X -gun + ( 1+2×3)(x'- l ) =

= - x.gex c- (H 2x ' ) ( fox) - (xt2 ) -glxl) =

= (1+2×3) flxltfx - (H2xDlxt2DgCx) = x-t-gcdffcxi.glxD .

* say



Q2 Dz -- (r, s i r 's =L
,
5=1

,
Srs -- r

- i) dihedral gp oforder 6
- "3-

Cc
,
= (t It4=1 ) cyclic gp oforder 4.

Let G - Ds x Cy
.

(a) G is not abelian : ( s , I ) .fr , D= (sr, l) ; (r, l) . Is , l) - fry ,
1) * Csr

,
i)

.

(b) H = (Crit)) CG order of H ? is it normal , n g ?
* " "r

X = (r
,
t) ; X

'
-

- (r'
,
tht)

,

x' = (I
,
t
')
,
x'' = fr

,
1)

, x5=(r xk.FI#

,

⇒ HIKE. you can
show that Ca , b) C- G. x G. ⇒ ola, lol = km local , ok?Proof .. (a", bk) = f ⇒ o (a) Ik and o( lol Ik ⇒ o (a. b) ⇐ Ecm Coca), old .

Is HCG normal ? g
(r, E)g-

'
c

??
H for any g EG (enough to checkforgenerators) .

Hit) (rt ') ( I, E
') = (r, t t 't ") -- fat ') E H

(r, l ) (r ,t4 (r
- ' il ) = (rrr- ' it ') = (r, t

') EH

lsilllritYlsiD-Csrs.t4-Cr-i.ty.c@yefFHisIGrmall4K-LCs.t
) ) CG

. ; Ikk ? is it normalon G ?

order Csl -- 2
,

order (th 4 ⇒ order Cst) --km (2,41--4 ⇒ 1k¥
(r

,
1) (s , Hcm ,

D= (rsr . '
,
t ) -- Grt'.tl -- Csr

,
t) # K .

rS=Sr
-I

⇒ KC G is not normal
.
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Q3

. Cal Formula for Mpa) =p
.
- pa

- '

=p
. - '

fp -H (see Pst)
.

pprime, a HN
'

lb ) 41201=412 ? 5) = 412
') - 4151=14-2) - (5-1)=1

(c) Units in 242oz → { I , 5,7 ,
5. IT

,
15,17

,
IT}
-

(d) Inverse of 43320 ⇐ x
, ye Z : x. 13

+ y. 20=1 .

If - 12¥ 7¥ ⇒ 1=7-6--7 - (13-7)=2.7-13 =

= 2 (20-13)-13=2-20 - 3.13 = I

⇒ 1×320=1-3320--117120 ⇒ (¥)t7I
let Suppose god (a , 601=1 . Show a'6=1 (mod 20)
I Euluristhm : If gcdla.nl =L ⇒ a

""
=L (mod n )

god (a , 201=1 ⇒ a
""

= I (mod 20) ⇒ as =/ (mod 20)
) tale a square

a
"
= I (mod20)

.



Q4
. (a) List all abelian groups of order

200
.

= 52.23
-"5-

Part. tons of 2 : (21 , Chl) partitions of3 : 131
,
12,1)

,
1h41)

.

÷i÷:÷:c::c: ÷:: ÷:÷÷:÷:c:
(b) Elementary divisors (25,8)

,

(25, 4,2 ) , (25,2, 2,2), (55,81/5154,2/15,542,2).

Invariant factors : (200) , (100,2) (50, 2,2) , (40,5) , 120,10) , 4910,2)

lol Exactly one of them is cyclic : (zoo (ithwgps do not have

an ett of order 200)
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Q5 . Ideal generated by 642) in 1121×3
(a) Show that X 't Gx is congruent to 4x modulo 642)

Xi- G X 1¥42- ⇒ 4× = x'tf x - x (x't2) ⇒ x 't Gx = Yxtx 642)
X't 2x -

47 ⇒ 1×3+6 X )
grey

= 14×31×2+2)
.

'I

(b) Show that K = 112%42, is a field
Fhm : FIX)Kfar) -- K is a field ⇒ fix, is irreducible in Ffx] .

(x 't2) in IRIX) : (x42) of degree -2 ⇒ irreducible⇒ no roots on IR - true
.

⇒ K --

RHkxk¥£d£m§(c) Show that 1×4×42, * 104×42 , andfind its inverse

because ¥+2) does not divide x for degree reasons
deg -- 2 II v

Need to find ftp.g/xlfRlx3:fcxi.xtglxtCx42l=1CxandG42topan.rem.npqD
- Ix - X t f (x 't 2) = I

.

¥ Text
⇒ (1×4×42) )

"

-

- f- Ix ]cx4z ) in K .



- 117 -QG
. Integral domains ? PID ?

(a) Z integral domain (no zero divisors) ; PID (follows from the Euclidean
- - division)

.

(b) 2462, I. 5=0 in 2462, ⇒ not ain ⇒ notaPID

(c) 2%2,1×3 I. 5=0 in 2%2,1×3 ⇒ not an integraldomain ⇒ not a PID .

-

-

(d) 211×3 Z has he zero divisors Not a PID
⇒ Zfx] no zero divisors

⇒ 'hkgraldomain
-

Not a PID : Ideal (2. X) c 211×3 is notgenerated by a single elf.
Let (pm )

-

- 12
,
X) in 211×3

.

⇒ 2 -- pcxtglxl ⇒ degpcxtdeglglxlt
-

- O
.

⇒ p (x ) = It, ±2 . If plxl = ± I ⇒ I -_ (pm) = Zfx] *(2. X) .

If ply = t2 ⇒ any aotaixt. .
earth has only even coefficients,

but (2
,
X ) contains X with coefficient I ⇒

contradiction
.
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. So of permutations of 6 elements .

(a) Find the order of 123) (156) in Soo
. Suppose G.a c- So disjoint cycles .

(C, Ca)k= GkGk = I ⇒ ok, ) Ik and Oka) /K ⇒ o (Ga) = Lcm (OCC,) , OCCa) ) . .

Here o ((23) (156 )) - lem (2,31=6
(b) Show that I Cr

.

C S
, for k -- 2,3, 4, 5,6

(2=4121 ) ; Cz = ((123)) , Cy = ((1234)) , G- = ((12345)) i CE ((123456))

(c) Is there Cz C So ? Cite
a theorem from the course

.

Lagrange 's thm : If H c so ⇒ IHI divides 1 So I = 6 !

⇒ 7-X G ! ⇒ no suhgp of order 7- in Ss .

(d) Is there Csc so ? Clearly 816 !

If t E Sos : t
'
-
- I ⇒ t -- c

, ,
t-c.cz

,

t .- Gac, product of disjoint
cycles

order (t) -- Ccm (c, .cz ) or km (c, .ca, G) ; tf=L
.

⇒

G. Cz
,

C, can be of length 2,4
but Lem (4,27=4

,
Ecm (3727=2 ⇒ no cyclic subgroup Csc So .



QS Show that
any a E Z has the property att = a (mod 30) .

- "' -

30=23.5 Show that a
"
- a is divisible by 2 , by 3. and by 5

(D a¥ t k EIN
*

,

a EZ
.

(2) as = a (mod3) ⇒ a '5=a5(mod 3) a'za (mods)
at -=a2 (mods,

⇒ a a'⇒ (mods)
3 prime = a (mod 3)

⇒ att za ' za (mod3)
.

-

(3) as = a (mod 5) ⇒ a
's
za
'
(mod5)

⇒
att= as

-

= a Cmod5)
a
'
= q2 (mod 5) -

⇒ (att - a) is divisible by 2
, by 3 and by 5 ⇒ by 30 .

for any a E Z
.



QD - Q 14
. (a) Which of 2472, or has a nontrivial zero divisor ?

-" O-

I Zero divisorsEtf. afield
→

(101×10,1)=10,0
'

TY (b) Fns has characteristic -

- 25 False : characterstic (field) E fo, prime}

TYE (c) Dn dihedral; H CD stabiliser ofa vertex ofa regular n -gon .

Then HH -- 2
.

①
Orbit - stabilizer than : IHI .Inagaki.tl/Dnl--2n ⇒ IN -- 2

T (d) There exists a field of 18 ehffftspn.papr.me . lthm)
.

(e) I= (25)
,
3=115)

,
K -- 17) CZ ideals

.

Then :

T It J -- Z (251+115) --god(25,15) -- (5)

④F 24k is an integral domain Zfyz = HI afield (7 aprime )

F/⑤ In ] = (375) (25) All5) = (km (25,1511--175)
④IF There are exactly 3 ideals 1. 1,3, CZ : Jc Ji andI#Ti

(I5) a (5)
,
( I5) C (3)

, (15K (IKZ

④F tf ) (24/02,7 = G .
Then G is cyclic generated by 133,0 . 41101=14--4

.

HI
,
(3)

,
[ 7)

,
19] ; 135=197

,
1373=17] ; 1374=113


