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Plan of the course

1 Integers: 1 lecture

2 Groups: 6 lectures

3 Rings and fields: 5 lectures

4 Review: 1 lecture

Today: Rings: lecture 2

(a) Principal ideals.

(b) Quotient rings.

(c) Principal ideal domain.

(d) Ring homomorphisms.

(e) Characteristic of a ring.
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Recall: commutative rings

Definition

A commutative ring is a set A with two binary operations: + and · such
that
• A is an abelian group with respect to addition with the neutral element 0,
• The multiplication is associative, commutative, admits a neutral element
1 6= 0 and satisfies the distributivity laws.

Definition

The subset I ⇢ A is an ideal in A if

1 I ⇢ A is a subgroup with respect to addition.

2 8x 2 I , a 2 A we have xa 2 I .

A. Lachowska Algebra Lecture 9 November 17, 2024 3 / 23



Principal ideal

Definition

Let S ⇢ A be a subset of a ring. Let I be the minimal ideal that contains
S . Then I = (S) is the ideal generated by the set S .

S = {si} =)
(
X

i

ai si

)

ai2A

= (S).

Definition

Ideal I ⇢ A is called principal if I = (x) is generated by a single element.

I = {x · a}a2A.

Example.
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A

⑤ 303 = (0) <A and A = (1) < A are principal ideals

n & CI is principal : n= (n) .



Ideals in a field

Proposition

A ring A is a field () 0 and A are the only ideals in A.

Proof:
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=> A is a field .

Let aI
,
I + 303 ,

a + 0 Since A is a field
=> a EA : a a = Lel = I= A

EI

<7) O and A the only ideals ; let a F0
,

a c A
. Consider (a) =I= Exa)

xet

Since a + 0 = [= (a) = A = Jy + A : ya = 1 = > y= a
->

a +0 => [+ (0) = I= A = A is a field. I



Equivalence and congruence

Definition

An equivalence relation in a set E is a relation satisfying

reflexivity: a ⇠ a,

symmetry: a ⇠ b =) b ⇠ a,

transitivity: a ⇠ b, b ⇠ c =) a ⇠ c .

Definition

A congruence relation in a commutative ring A is an equivalence relation
on the underlying set satisfying in addition

a ⇠ b, c ⇠ d =) a+ c ⇠ b + d ,

a ⇠ b, c ⇠ d =) a · c ⇠ b · d ,
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Ideals and congruence relations

Proposition

1 If I ⇢ A is an ideal, then a ⇠ b () (b � a) 2 I is a congruence
relation.

2 If ⇠ is a congruence relation in A, then I = {a 2 A : a ⇠ 0} is an
ideal in A.

Proof:

Example:
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(1) Check that a 6 > (-a)EI is an equivalence
undit is also a congruence : GEI

,

del = ba + dc =

= (b+d) - (a +c)t[= b+dra +c

ac-bd: a(c-d) +d(a - b) = ac - bd +I = acrbd.

(2) ano
,

6u0 = a + 650
,
0.0, -an0 = I : SatA : a v0)

is an additive sogp.
aro

,

xA = X-X = aX-0 . X = 0 = axeI

=> GazA :arD =I is an ideal

Congruence modn in: a bb-a = kn for ke 2 Then :

I= SaeZ : anot = uk = (n)



Quotient ring

Proposition

Let A be a commutative ring, and ⇠ a congruence relation in A such that
1 6⇠ 0. Then the set of congruence classes

A/ ⇠ = A/{x 2 A : x ⇠ 0}

is a commutative ring.

Proof:

Example:
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a = [xA : x-a)
. Define a+ 6= ab

,

at= at well defined
because a, was

,

biubeatb, wantbe ; ab, razbe.

It #Y

n fixed.

/r where a wb( -a) = kn forkel = > (/nz
= ((0)

.

173
..

(n -1)
long classes modn



Ideals in a polynomial ring

Example: Let A = R[x ] and I = h(x2 � 4)i a principal ideal.

Consider B = R[x ]/I .
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[x+ 2) · (TT)=+ 3x + 2 =3+ 6 =5(x +2) in B

-(x2- 4)

XX = = = 5 in B

zero divisors in B ? (2). (2)=4 = 0 in B
-

o Bis not integral domain
.

Exercise : Any element
inBcan bewritten unige,

is



Principal ideal domain

Definition

A commutative ring where every ideal is principal is called a principal ring.
An integral domain where every ideal is principal is called a principal ideal
domain (PID).

Conclusion: A principal ideal domain is

A commutative ring

that has no nontrivial zero divisors

and where every ideal is generated by a single element.
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PID: examples

Example 1. Any field is a PID.

Example 2. Z is a PID.
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only 2 ideals : A = (1) and 203 = (0).

Proof: If I= 503 = I = (0)
· Suppose I#90] = FacI

,
a + 0.

= - aEI = (a)E] .

Let deIbe the smallestpositive elt in I.

By Euclidean division
,

letFreI = n = kd + +
,

where Dred-1

n = kd + + =>FI
,
but d is the smallest

IEI positive in I = r = 0

=> n = kd VneI = I= (d)
. El

Ex
. Let J = (a, an.

.. an)cI
,

a. ... and I

"Then J = (k) is principal ,

k = ged (a , ... an

By induction on n : use Bezout's thm : Jx
,ye: Xa, +yan = c Eged(42) /c



Ring homomorphisms

Definition

A map f : A ! B is a ring homomorphism if

f (a+ b) = f (a) + f (b),

f (a · b) = f (a) · f (b),
f (1A) = 1B .

Definition

A subring C ⇢ B is a subset that is a ring with the same operations (+, ·)
and neutral elements (0, 1) as in B .

Example: If C ⇢ Z is a subring, then 0 2 C and 1 2 C
=) 1 + 1 + 1 + . . .+ 1 2 C for any number n 2 N. Similarly,
�1 2 C =) �n 2 C . Therefore, C = Z.
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(= f(0a) = 0B)

Very restrictive

-
h



Rings and their homomorhpisms
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* Ringomomorphisa

&

#

Rings



Ring homomorphisms

Proposition

If f : A ! B is a ring homomorphism, then

1 ker(f ) ⇢ A is an ideal,

2 im(f ) ⇢ B is a subring.
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Exercise

② Xekerf, yeherf = f(x+y) = f(x) +f(y) = 0 = x + y + verf
f(a . x) = f(a) ·f(x) = 0 = axterf= VerfcB
atA TO

is an ideal.



Example of a ring homomorphism

Example: Let f : Z/nZ ! Z/mZ.

Conclusion: A ring homomorphism

f : Z/nZ ! Z/mZ exists () m |n.

Then f is unique.
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Enf
(1) Inf is a surfing in /m Inf7(1]m*+ ..

+ 15m = (k]m
=> Imf=/me .

(2) f((n >n) = f((0]n) = [0]m
=

↑
f((1]n + 11]n + (17n) = n . /13m = /n]mE /mI

=> m divides n

f : /1]n - 11]m => fi(k]n + /k]m = fis unique



Example of a ring homomorphism

Example 1: f : Z/10Z ! Z/5Z

Example 2: f : Z/6Z ! Z/12Z

Example 3: f : Z ! Z/6Z
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103 (13 (2] (3](43(5]/63/73/87/9]
-

5 divides 10 -
Verf= (103

,
1533 = (157) im f = 2/52

no ring homomorphism : 12 does not divide 6.

yes ; f(0) = (0] f(k) = (k]o keZ

Verf = 50,6,12
, ...

) = (6) 22
, imf = 462



Characteristic of a ring

Fact:

For any ring A there exists a unique ring homomorphism ⌧ : Z ! A.

Proof:

Two possibilities for ker(⌧):
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Since T() = 0
,

<(1) = 1A = +(n-1) = T(1+... +1) =

= A

=> T(n) = n . 1x -> A is uniquely determined, <(n . k) = 5(n) . T(k)

#

(her T + (1) because/Hera daz T(1) = 1x +0x)



Characteristic of a ring

Definition

Let A be a ring and ⌧ : Z ! A the unique ring homomorphism. Then the
characteristic of A is

cA = 0 if ker(⌧) = (0) ⇢ Z,
cA = d if ker(⌧) = (d) ⇢ Z, where d � 2.

Examples.
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c((R) = 0 5: Kee
= 30=

c(2) = 0 :In identify map
=> here= (0)

c (22) = n [:*+ /z here = (n)cI
k + (k]n



Properties of the characteristic

Proposition

If A is an integral domain, then cA = 0 or cA = p, where p is a prime.

Proof:

Corollary

Characteristic of a field is either zero, or a prime.
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By contradiction : Ca = m . K ms1
,

kn 1, ) = <(mk) = 0

*8 Xp
in A

=> T(m) and T(k) are nontrivial zero

divisors. =) A is not an integral domain.

E

(A field is an integral domain)

=> Ent is a field => n =p a prime.



Direct product of rings

Definition

If A and B are rings, then the direct product
A⇥ B = {(a, b), a 2 A, b 2 B} is a ring with the ring structure given by
the component-wise operations:

(a1, b1)± (a2, b2) = (a1 ± a2, b1 ± b2)

(a1, b1) · (a2, b2) = (a1 · a2, b1 · b2).

The neutral elements are (0A, 0B) and (1A, 1B).

Example. A = Z/nZ⇥ Z/mZ. Compute cA.
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P

5:-> /E **/mI [ (1) = (12]n
.

(7]m)
.

<(k) = ((k]n
,
(k]m) =(10]n

. /03m)
=> k = 0 (modn) and k = 0(modm)

,

k > O is the smallest

=> k = km(m
, n)

.

2(Y2 x 2/m2)
= (cm(n

,
m)



Characteristic of a direct product

Proposition

If cA 6= 0, cB 6= 0, then cA⇥B = lcm(cA, cB). If cA = 0 or cB = 0, then
cA⇥B = 0.
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Same proof as above.



Poll:

Let n be an even natural number. For a ring A, let A[x ] be the ring of
polynomials with coe�cients in A. Then the characteristic of the following
ring is equal to n:

A: Z⇥ Z/nZ

B: (Z/nZ)[x ]⇥ Z/(n2 )Z

C: (Z/nZ)[x ]⇥ Z⇥ Z/n2Z

D: Z/nZ⇥ Z/n2Z⇥ Z/n3Z

E: Z/nZ⇥ Z/(2n)Z
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⑭

CA = 0 [: 2 -> *x E/Z [Ck = (k
,
/k]n) = (0,

00in)
=> k = 0

.

C = 0
T() = (1]n

= k= m&Clem( , 2n) = 2n

TX + Enz[x] T(kl = /k]n = O

( = (cm(n
,
n2

, n3) = 13. => c[2ynz(x)) = n

c(2z(x]) = n = (p = (cm(n
, ]) = n.



Computation of the characteristic

Remark

Let A[x ] denote the polynomials with coe�cients in a commutative ring A.
Then the characteristic of A[x ] is equal to the characteristic of A.
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Let +:- A(x] + (1) = 1 A(x],
=1

= [(k) = k = A = k = 0 in A(x]

k= 0 in A

=> GA() = CA -


