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Plan of the course

© Integers: 1 lecture
® Groups: 6 lectures
© Rings and fields: 5 lectures

@ Review: 1 lecture

Today: Rings: lecture 2
(a) Principal ideals.

(b) Quotient rings.

(c) Principal ideal domain.
(d) Ring homomorphisms.
)

(e) Characteristic of a ring.
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Recall: commutative rings

Definition

A commutative ring is a set A with two binary operations: + and - such
that

e A is an abelian group with respect to addition with the neutral element 0,
e The multiplication is associative, commutative, admits a neutral element
1 # 0 and satisfies the distributivity laws.

Definition

The subset | C A'is an ideal in A if
© / C Ais a subgroup with respect to addition.
Q@ Vxel, ae Awe have xa € [.
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Principal ideal
Definition

Let S C A be a subset of a ring. Let / be the minimal ideal that contains
S. Then | = (S) is the ideal generated by the set S.

S = {S,'} — {Z a,-s,-} = (5)

a;€eA

Definition

ldeal I C A is called principal if / = (x) is generated by a single element.
I ={x-a}aea.

S0l =(0) c A and A=(L) < A wo/OnM&/'JQZ iclea

hed cZ s PVl\’lC(/JWZ' W= (n)

Examples
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Ideals in a field

Proposition
A ring A is a field <= 0 and A are the only ideals in A. J

Prog‘f): A a %/4 Lt o éI/ I#{O} , a0 Sinae /4:3 a/éz‘_/o(

= alch: Cl”-iﬁﬁ el = I=A
I
=) 0 and A Fhe ﬂw% ks Uf a+0 ,ac A Consdy (@) :_Z;ﬂ\’»q}"

Sine @40 = T=(a)=A =5 Iyeh. ya=1=y=a"
4:07:>I¢{o} = T=A =2 /46’ a ]40/0{ @
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Equivalence and congruence

Definition

An equivalence relation in a set E is a relation satisfying
o reflexivity: a ~ a,
@ symmetry: a~ b = b~ a,

@ transitivity: a~ b,b~c = a~c.

Definition
A congruence relation in a commutative ring A is an equivalence relation
on the underlying set satisfying in addition

@a~bc~d = at+c~b+d,

@a~bc~d = a-c~b-d,
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|deals and congruence relations
Proposition

Q IfI C Ais an ideal, then a ~ b <= (b— a) € | is a congruence
relation.

@ If ~ is a congruence relation in A, then | ={a€ A : a~ 0} isan
ideal in A.

Proof: (1) (Check that a~ gz—>g€ a)eT i an ijva/@«q
17115 w&o o Congruepce -a:bé[ o/—cF[ => g—cuwfc =

(gfo() /0+CJC_ =5 @ro/r\&w‘c

ac ~@d- C(,[C—O/J+d/¢,_£) = G-l €T => ac~EA.

(2) a~ 0O, b0 = a+8~0 ,0~0 —a~0 => T  jach ra~0]
S an addibre Mﬁ
a-o ., XGA = X~ X = AX~0.X=0=> axél J

=> Jaeh an0]=T s an itedd 1)

Example: @Jlfwm(z VVIOJV! I\ Z C?"’g(“> b-a = L“ /4'[62/721&1
T=faez arco} =n2Z=0)
R P——



Quotient ring

Proposition

Let A be a commutative ring, and ~ a congruence relation in A such that
1+ 0. Then the set of congruence classes

A/~ = A/{xe A : x~0}

is @a commutative ring.

Proof: 7 _ )jXC—/—'\: )(rva;_:bb/m a’+g—:a+g/ 5.2:52"“//%%4
g&cam Qe ay, gINgL => Q,+g/’“%+é_) (),g,~ng2

1 e /4//
\ frd

Example: % wﬂwa &Ng/=>(g‘ﬁ)=/<tﬂ ﬁ?éfz =" ZAZ’;@ZW ﬁn-l?f
@fjcﬁuwmw/n
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Ideals in a polynomial ring

Example: Let A = R[x] and | = ((x?> — 4)) a principal ideal.
Consider B = R[x]/I.

X+2) ()H = %% 3x+) = 3x+6 = 3(x+2) in B
4
XK =X =7 m B

20 %‘V{m’s M B 7 @ [;2’) - m - 5 MB
)X/ O)% =7 [5 S m/ Th jmj ééﬁ%fah

ﬁxmwe Amﬁ vt 0 B cam b wriflon /wh/m/é
fhe ‘#* ax+b  a,belR
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Principal ideal domain

Definition
A commutative ring where every ideal is principal is called a principal ring.
An integral domain where every ideal is principal is called a principal ideal

domain (PID).

Conclusion: A principal ideal domain is

@ A commutative ring
@ that has no nontrivial zero divisors
@ and where every ideal is generated by a single element.

A. Lachowska Algebra Lecture 9 November 17, 2024 10 / 23



PID: examples

Example 1. Any field is a PID. s/ 7 ideals: A= (1) and {0) =(0)

Example 2. Z is a PID.
M; 17[ I=J0] = I-= (o) gu/7)m T #10)=>Fael a»0
= -ac] = [of€ L. [t de T & He ymw%//zoﬁgl/e&ész
B E whicean dvisoom , bt Vel = n-= [40(1"’“, whe 0¢red-{
J h:@(ww =>rel, @b ds He smdllst
T er /DﬁiiAw w Il = r=0
=> nelo WVeeIl = T=()
é Lo = (ﬂ, . a)C 2 | a-aue 2
Thon T = (t) 3!/0”\40/0&[, L:ﬁa}/[é,,,.a”)
BOL( dluchon onn: wse Beygudrs Hom: Ixy €2 XA tyan=c z=>7ca//4,fa)/c.

7
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Ring homomorphisms

Definition

A map f : A— B is a ring homomorphism if
o fla+b)=F(a)+f(b), (= f0,)=0s)
e f(a-b)=1"(a)-f(b),
o f(1la) =1p.

Definition —\/03, resprichve
A subring C C B is a subset that is a ring with the same operations (+, -)
and neutral elements (0, 1) as in B.

Example: If C C Z is a subring, then 0 € Cand 1 € C
= 1+1+1+...+1€ C forany number n € N. Similarly,
—1€ C = "—ne C. Therefore, C =Z.
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Ring homomorphisms

Proposition

If f : A— B is a ring homomorphism, then
Q ker(f) C Ais an ideal,
@ im(f) C B is a subring.

Eercise

xekerd yelaf = f(w/J:]l(m][(/):a=)><+/5L”][
Flax) - ffﬂ)f/x}- —>C/Xcéc/‘7[—>ée/][65

a4 & A
(S an CO/M(/
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Example of a ring homomorphism

Example: Let f : Z/nZ — Z/mZ. ot
O/ Duf o mbeg 3 Sha T 20, ety
= Inf= %2 «

o) )C(m\h )= £(13,) = [o], -
S0 0 [0 = 1[40y = odw € 22

=> m %V{OZZA n

£, =140, = frled, =2, = f o g

Conclusion: A ring homomorphism

f:Z/nZ — Z/mZ exists <= m |n.
Then f is unique.
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Example of a ring homomorphism

Example 1: f : Z/10Z — Z./57 [0) [1] (2] [>] (42 [5][61[#1(87 (9]
5 daidu 10 A R N N A

v

(0] {47 (27 (3] (7 (0] [1] (27 (27 [47

ber f = $1o3, 53} = (153) mf= 2L,

Example 2: f : Z/67Z — Z/12Z
ho rirﬁ Aamohmr/}um : ﬁf? /oa M/ Av&é 5

Example 3: f : Z — 767 . flol=fo) F(b)=[L1, ¥hez
L { = Jo,26,2n, p/gCZ/ nf =2,

November 17, 2024 16 / 23



Characteristic of a ring

For any ring A there exists a unique ring homomorphism 7 : Z — A.

Fact: J

Proof: sy 7 (0)-0 T4 > Tlhd)=Tlr +1) =
= ‘/{A +:{_A-l-_ ] +;{A :H-ffAéA
- °

h
= Tl =ndy e A s wipuds defermned | T (n-k)=Tln) (L)

v
Two possibilities for ker(7): 7= (0) (é@,T + (1) beccnse
( bt = (A) ds2 T(t)= 1#(7)
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Characteristic of a ring

Definition
Let A be a ring and 7 : Z — A the unique ring homomorphism. Then the
characteristic of A is

e ca =0 if ker(7) = (0) C Z,

o ca=d if ker(7) = (d) C Z, where d > 2.

Examples.
a cp;%:o v Z—=R = krT=10]=(d
c(2)=0 % HZ Ve ez zdmﬁ@ map = = (0)

(Fo)r T He e eblez
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Properties of the characteristic

Proposition
If A is an integral domain, then cp = 0 or cy = p, where p is a prime. J
Proof:

Bj Copm{'aoé/cémq: Cy :YWL ms f/ k>4 , @J.Z[E):ﬁ@[):()

=> T and T(L) re nom/y.‘m'.a[ s

%\/2&77‘5. =5 A i< M{ an “vu(éjm[ &(emqafz

A
Corollary (A feld s an f‘méjm/ clomacn)
Characteristic of a field is either zero, or a prime.
=5 Z/Z/ S a /41/&/ => h:/l a/)rMe,
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Direct product of rings
Definition
If A and B are rings, then the direct product

Ax B={(a,b), ac A, be B} is a ring with the ring structure given by
the component-wise operations:

(a1, b1) £ (a2, b2) = (a1 £ a2, b1 £+ bo)

(a1, b1) - (a2, b2) = (a1 - a2, by - bo).

The neutral elements are (04,05) and (14,15).

v

Example. A=7Z/nZ x Z/mZ. Compute ca.

?
T Z— YyxZy  TE -8, 143), =4, k3.) (o1, [5],)
=> L =0 (W:m{n} cnd }c EO/WO&(W)/A>O/S Mo an%f?z
=> Jo=lem ()

C(%ZX 7%2/) = chn/wwj
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Characteristic of a direct product
Proposition

CAxB = 0.

Ifca#0, cg # 0, then caxg = lem(ca, cg). If ca =0 or cg =0, then

SC(W /Jl’OO}[ 2%} Q/UV«C -

o & = E DA
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Poll:

Let n be an even natural number. For a ring A, let A[x] be the ring of

polynomials with coefficients in A. Then the characteristic of the following
ring is equal to n:

A: Z x Z/nZ -0 T2Z—>2x%Yz clb)=(k [k], )= (oo},
: = :0
(Z/nZ)[x] x Z/(3)Z
(2/nZ)x] XZ)x Z/n?Z. . -0 T2~ 4T Tl=[,-0

-,
D: Z/nZ X ZJPZ X L[0T ;= Lon(o ) 4 = ¢ (H03)=n
E:Z/nZ X Z)(2n)ZL <oy fn,0) =0

A (/(%Z(X]}:M = CB TZCW/V)I %)t[/l_
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Computation of the characteristic

Remark

Let A[x] denote the polynomials with coefficients in a commutative ring A.
Then the characteristic of A[x] is equal to the characteristic of A.

[t T oz AN] -1 €ADT
=4cA
>Tl)=fehd = L=0mndhm
=5 =0 in A

= Crapy =Sy
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