Algebra MATH-310

Lecture 7

Anna Lachowska

November él 2024

W{ﬁm aujmwmf JE wow = 25 nou



Plan of the course

© Integers: 1 lecture
@ Groups: 6 lectures
© Rings and fields: 5 lectures
© Review: 1 lecture

Today: Groups: lecture 6 — e ot o _roups

(a) Groups: general picture

(b) If a prime p divides |G|, then there exists an element of order p in G
(c) Classification of simple finite abelian groups

(d) Direct product of groups

(¢)
)

e) Classification of finite abelian groups

f) Elementary divisors and invariant factors: examples
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Finite groups

Abelian

Non-abelian

Definition
Normal subgroups
Conjugacy classes

Class equation

Examples
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Cauchy's theorem
Theorem

Let G be a finite abelian group, and p a prime dividing |G|. Then G
contains an element of order p.

M Zu/ G‘ g’» /L. EI’MW%/ C’oumér exam
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/»5.— |G & meonimal
l/[:l[ / Mﬁé/ M 6: L/L/e by d,/?//I\/La / ﬁL),A /ﬁ/
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/: R />f %0( G/<j> COWJKQW&M&Z//) /arc&r/a
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Cauchy's theorem

Non-abelian case

PO(JV(O(JA \6‘( = 4 ‘Wl[/&z
ﬁ/br/‘m

Cauchy’s theorem holds for non-abelian finite groups as well.

€6 ad Yo order
oj((ﬁ < o7w/€ o /g
Layer:

W?ML (/ZAWZQQK}‘M M&(%

oleban care  [PST].

o & = E DA
A. Lachowska Algebra Lecture 7



Classification of finite abelian simple groups

Definition
A group G is simple if G has no proper nontrivial normal subgroups. J
& F1]  HaG
j%ﬁ*éﬁ
Proposition

If G is a simple finite abelian group, then G is isomorphic to a cyclic group
C, of prime order.

Proof: Jé/ P"' /3,,““ /pr;\mc ]lacévﬂaxﬁtm => é @qcﬁ/g%
T on LA ,[aro&r P m G j(§ 5> cé, (gothzgé%>
(ﬁ}(é r»o?L/:ra/e/ = | = o 25 & i g

For G do & /zwﬁ%zﬂw:/a, -
/76 G:/jkr:c/%

7
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Classification of finite non-abelian simple groups (20/2)
180 years of work by more than 30 mathematicians.

Answer: 18 infinite series and 27 exceptional groups. The order of the
biggest exceptional simple group, The Monster, is about 8 - 103.

CLASSIFICATION OF FINITE SIMPLE GROUPS
z |

Our goal today: classification of all finite abelian groups
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Direct product of groups (ATccT)
Definition

Let G, H be groups. The direct product G x H is the set of pairs
G x H=1{(g,h), g € G, h € H} with multiplication

(gl, h1)(g2, h2) = (g142, h1h2), the neutral element (15,1y) and the
iverse (g1, h1)(g, h) = (1, 1n).

Example: G = G x G3. = f(j,h) §€Cs, heG ) G- (ﬁ/f&f)lcf(g,tgio
FOL0,0,6),0,8%), (2, 1), (a,8), (/03] = CxCy. Lf £=(a,¢)
=t (4,6), E=at), £7=(4,8) 7= (a,0) ¢5< (1 1)
= te GG hwoduwr 6 ) [GixG -6
=5 CQ XC;’:Cé i \,7{/:@

Question: Is C, x Cp, =~ Cpm always?
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Direct product of groups

Example: G = G x G. = yr//, D, (1,¢) (21) 6, ?)} | C;,
a 4
@ 8% @g&éx&( fiew ovolir 2 -

L6)16)=(i1) ohe.
S CorCo dn ek 1SN #QJ«

=> Cz"cz ’7\'< Cz/.

Remark
Suppose (a, b) € C, x Cp, such that o(a) = n, o(b) = m. then
(a, b)° = (a°,b°) = (1,1) implies o(a) divides s and o(b) divides s.

Therefore, the order of (a, b) is lem(o(a), o(b)) = lem(n, m).
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Direct product of cyclic groups

Proposition
Cn X Cyy =~ Cpy if and only if ged(n, m) = 1.
Proof: PS 7. 4 o /L, repurl above

Corollary o

. M . .
Let C, be a cyclic group such that n = pfl p§2 e pff is the prime
factorization of n. Then C,, ~ Cpk1 X Cpk2 X ... X Cpk,.
1 2 2

Proof: C, = CP/k' Cr = /Dzh‘ frér @ /3r(7mn[m/

e cauwne A /Dk,m):f
Qé/omxé wivLﬂ CM, @m/ xomﬂ..m& /
—> %7[ Z[[e, &ch/)af/f{m 7
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Properties of the direct product of groups
(@pr (& JH]
@ GxH~HxG,|GxH|=|G|-| LP(j jamﬁ?éﬁm

@ HC Gx H, GC G x H are subgroups. ;//,U ,héH; s Hc&
© G x H is abelian if and only if G and H are abelian.

Q If H,K C G are subgroups such that
(a) HNnK ={1}
(b) Yh e H,Vk € K, hk = kh
(C) HK = {hk}heH,keK =G
Then G ~ H x K. The isomorphism is given by ¢ : H x K — G,

¢(h, k) = hk. < o pf Hooddl
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Classification of finite abelian groups

Theorem

Let G be a finite abelian group. Then G is isomorphic to a direct product
of cyclic groups of prime power orders

GE Cpfl X Cpgz X ... X Cpr’;m,

where |G| = pi*py? ... ppr. Here {p1,p2,...pm} are primes,

not necessarily distinct, and ny,...n; > 1.

This presentation if unique up to the order of factors. The numbers
(p1*, P32, ... par) are called the elementary divisors of G.

Examples:

CsxCo=Co, GxG=¢ [&]=4
%b&c Mﬁn) M?[ f«j&&c
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Proof of the classification theorem
Generators and relations G = (g1,...8«k | R1,... Rp)

i ni N2 Nk __
Ri=g1"g"? .. g =
np1 __Nn22 npy __

g =1

Ry = 8178
Ry = glnugzn'l.z" ' ‘glglk -1

T/‘Lj Can & Zhwo(w( ‘h a rchéyafar MQAZX

rows
nmi1 N2 ... ... DNk Z

np1 Ny ... k 504%%
n31  N32

WL\;LL\ o!JUmL\wS o #Lu M{Ax oéa ,,\mL CKdeL 4{7%9%/) 42
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Operations on the matrix without changing the group

@ Adding an integer multiple of one row to another row.

£ ( > =5 row] « Qfrow2) => fﬂ:\2>

%Km 5 5)-3 5 3
il - PTG

@ Adding integer multiple of one column to another column.

P Rplece gemsradors (ih)—=(GH5 b ) = He relobon o
/g ajw %rme :Jhl\%Ly\%% :(7wm {

M%MW% {LV‘“*G’“_ MMJLL.(WJW/
colunn 2 + 3 colomn | (hom) = (H,Wf3h>

© Swapping two columns or swapping two rows.
/—> fzo ro&/ﬂj Wéﬂ and  relotions
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Operations on the matrix without changing the group
Applying these operations, we can get n1; = ged(elements of the first
column and first row). Then by column and row operations we get

ni1 0 0 ... 0
0 noo
0 n3»
0
0
Repeating with the smaller matrix, we get the diagonal matrix
ni 0 0 ... 0
0 noo
0 0 n33
0
0

This matrix defines the same group:

G=1(g1.8 .8 g =1g%=1..g"=1).
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The classification theorem: end of the proof
We have G = (g1,82,...8 | g/ =1, g2 =1,...g/ =1).

=> Gi i<j{> are C:yoé{ %@VW/S /' <j<>ﬂzjj>iﬁ
Gfizgig & el
=> % /;m/eﬂé, (4} o][ the ﬁfec//@rw{wé
G = Cm,, x Chu <o "CWW
Bj /Dm])?/%/m aém/z, eack >Cm,, = Cﬁ xC/fz - wCa

A i
Fm%, G = .

A\

GE Cpllvl X Cpgz X ... X Cp";]m7

a direct product of cyclic groups of prime power orders (not necessarily
distinct primes). 7
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Corollary: Structure of abelian groups of prime power order

Corollary

Let G be an abelian group. If |G| = p", where p a prime, then

GGy x Gy X ... x C such thatih + o+ ...+ ik =n.

The set of abelian groups of order p" is in bijection with the partitions of
n:n=1i+i+...+ i, such that iy > b > ... > i, > 1.

Example: |G|=8. = 2°
bt of 30 (3) (200 (1))
S / |
2 G2 Cpr GGG G eCrGe,
(3) (21)

Pa,;wwisa VZM\ZMW/DAM f)/Lca/au Cp\ 3Cm = Cppe & ﬁc%éﬂﬁ) =1
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Another way to encode a finite abelian group

Theorem

A finite abelian group G ~ Cg, X Cg, X ... X Cq,, where d,, divides d,_1,
dpn, divides d,_2, etc, d» divides di, and |G| = did>...d,. The numbers

(d1, da,...dp) are called the invariant factors of G. They determine G
uniquely.

e E@m% dL’V{'f()’hI f)%&
QH >/ Q/'L >/ Q’E
o 2 Aoy

Gy > oy 2 oy

d, dv s = gj WJ@W{W ds 1 d, A 1A,
Cofr %Co(, KCds => (\/\Wl[:u/ﬂ/ /&zcén /9/“&/2{%)
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Algorithm to classify all abelian groups of given order

@ Decompose |G| = n = piips? ... pkr (prime factorization).
@ Find partitions for each powdrky, ko, . .. k.

© For each partition of k;, there is a unique group of order pf":
ki=a1+a+...+a: —— Cp§1XCp§2X...XCp?t.

@ The possible groups of order n are the direct products of all possible
groups of orders p,{"'. This gives a decomposition of G as a direct
product of cyclic groups of prime power orders - the elementary
divisors of G.

© For each of the distinct primes p;, write the obtained cyclic groups
pr,- in the order of decreasing powers of p;, different primes in
different lines. Then in each column you will have cyclic groups of
coprime orders, their direct product is a cyclic group. Thus you obtain
cyclic groups of orders (di, da, ... d,) and by construction
dnldn—1]|...|dz2|d1. These are the invariant factors of G.
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Classification of finite abelian groups: example

|G | =77 = 23-22 /Aqmé//’ms: (3) (2,1), [/,/,))

(2) (1))
P,:Q Cst Czsx Coxlox| CopxGx | CyxCy xCx| CyxCy X G,
o Cf)l Gl Ly Coxty | C Ca*Cy
SR A S S U R A N B A
C-?Z Czc/y Cg CM X C 12 x Cg C/( XCZ XC2 Cg XC; XC

‘74[14/4 e 6 how-1is A, @Mu‘ JM/M &7[ wdor ¥

Tl &sz/% bums: [ (22 8) (2233),(22,3) (2% 23,3)
(2,2,2,3" (2,2,2,33)

Th oweiont fockns: {71}, (243), (562),(06). (1822),

76,62)
pﬁf@XdM«/ﬁZ ZXC9 Cjé XCQ ~ Cz/ XC/g /X !hD/Q/O/)’hL
\\ //> > T
ehimenlary doviss M,,M//“,g,s recfla: §eloes v/ dund. /c? o
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PO”Z 225,: 3152 Vg = 21‘31
L/ﬁ/ﬂ L{jfg
CHX(_‘W‘ < Chvn =
(0,1
Which of the statements below is false? Geprne

A: There is only one abelian group of order 105 = 34541 7 The
B: If p a prime, then C3 X Cys is not isomorphic to Cye Crw
C: The number of abelian groups of orders 225 and 36 is the same T

@If m divides n, then any abelian group of order n contains an elementry,

of order m. Gurkor-taml - JCoxCy | =Y Ydwidls % Gt noelt

_ o g% ovdur Yosn O, x(C,
E: If a prime p divides |G|, then C, C G

33662 30? { = (j>scpc§
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