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Plan of the course

© Integers: 1 lecture
@ Groups: 6 lectures
© Rings and fields: 5 lectures
@Q Review: 1 lecture

Today: Groups: lecture 4

(a) Symmetric group S, definition and examples

(b) The cycle notation

(c) Disjoint cycles

(d) Product and conjugation of elements in S,

(e){Transpositions in Sp j next time!
f)( The sign of a permutation and the alternating group A

v
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Symmetric group S,

Definition
Sn is the group of permutations of n elements with the group law given by

composition of permutations, and the neutral element given by the trivial
permutation.

Example: S5 [ /123 [425”123 [423 123] 123
123 213 [ 39 139 231302

In general, |S,| = n!.
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Application of S, in digital holography

Symmetry groups are used in digital holography to create algorithms that
use symmetry properties of the object and the set of distances from the
observer. Such algorithms reduce the computational complexity in the
creation of digital holograms, helping to avoid redundant computations.
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The cycle notation for the elements of S,

Definition
Let p€ S, and x € E ={1,2,...n}. The set

Oer(X) = {pkx}kGN = {X7pxap2X7 c 'pk_lx}'

is called the orbit of p in E.

Proposition
E={1,2,...n} = Ui_,Orb,(x;), and the union is disjoint.

Proof:  fx px,... Jv‘“x[} {Xz,j))ﬁ L P If j)&x, =f% -
fi-ix, :f-sfix, - Xm)(leaé ) =>j>‘xzeOréJ,[fo Ve <> 0,§(X,)¢0,§@
Sim&«@, Ofgy (Xx> < OV§> (X/) => Oré; [X,)=(}§O ()(1)
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Orbits of permutations on a set of elements

E={n2 35 e ¥
g g ”
Gmp Sas T2
16 oIS ,,.;707”' \* o "
{52.17,28 92004 \_, L P e
=0, (2)= 0, (26) o
rf() Of 29 13/’2{: 2;.‘ - 2?3
® » e
300 \ n Y .
51 @< 3‘7. o

/A/S/Mfl\’wlﬁ-A &

(76,944, 14,43)(19 37,34,25,25,31,29, 15,18, 21)

The orbits are disjoint. Each orbit is a subset where the group element

VPSRN
(32,%h)

p € S, acts by a cyclic permutation. Some orbits have only 1 element,
that is unchanged under the action of p. The union of all orbits is the

whole set E.
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The cycle notation for the elements of S,
Example:
1,23

(o) ={Lpt =1 x-1 = Oréf/dr{mj
X=2 => Odéﬂfz): /4,2]
X=3 => Oy (3)= 13]

£= 1423} = 04,00 V04, ()
J) S o fy&ﬁ
Definition

m € S, is a cycle if 7 has just one orbit with > 1 element. The length of
the nontrivial orbit is the number of elements in the orbit.
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The cycle notation for the elements of S,

Example: p is a 2-cycle in Ss:
1 2 3 f Aa/) One Wuéﬂ/iaﬁ
P = W@T[ 701,2}
itaa rjo&

Example: o is not a cycle in S4:

N
T 21 43 |

Ode (=119 O embivicd orlids.

Ol () = \5{;1,‘23 712] and 134]
Ocbs (3)= {343

—=> & i 7Z a :
076’( ((/Ji )Urq% ’ o %[/g
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Notation for the cycle

Let 7 € S, be a k-cycle. Then 7 = (x, 7(x), 72(x) ... 7" 1(x)) for any
x € Orbg(x).

SN —~

A cycle (i1, ip,...Ix) is the permutation that sends i1 — ir, i» — i3, ...

A cy _(vl\:fi/.k) p 1t 1= 2, 2= i3

ik—1 — Ik, ix — i1, and leaves the remaining elements of E = {1,2,...n}
stable.

Example:

-[323] [pen

is written as p = (12) in the cycle notation. Cjo& Py
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Notation for the cycle

Example:
1.2 3
- [,;2 2 J,l].
7 = (/)2)5>
AHM?Z\”W = [?,3,/) :(BJI‘QB%{M/@Z&%GW 4/&%«7/0/%
at S0
/>1> (123)=(231) = (312)
A9 F B (23
2 (132)# (123) [é%zj*":[zar

T 2 a 3“%70&

Conclusion: the cycle notation is defined up to a cyclic permutation

The length of the cycle = the number of elements in the nontrivial orbit of
the cycle.
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Disjoint cycles
Definition

Two cycles p and 7 in S, are disjoint if their nontrivial orbits do not
intersect.

Proposition

Disjoint cycles commute.
Proof: 7, 1, «— &, O, 00, =@ => show i (x) =T, &)
ol hendy:
Ox¢d VO = T,@X: =g, I =T (=X

Y4 = X

B)xe8 xeTh > THK =16y TTHE-T)=y
N G g ye &
() xeOr, x4 G, is ymm/ﬁ(.

= T, =TT /é-r &4‘5/'0774# %70%/; 7
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Disjoint cycles

Example 1: 3 = (251) € Sp, 72 = (346) € Sp are disjoint cycles.

) ] J2,5.1}0 546)- @
(250(5(/6) (3L(6)[25 /) we fmvzd' 7%,&/ i z%‘scm

Example 2: p; = (251) € Sg, p2 = (23) € S are not disjoint.
(250{23} VLOL Q/A‘QJ'OMTZ ,[
f‘ fl T’L’flf/
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Product of cycles in S,
Examples:

112)(23) = (231)
T26)(235) = (14 3556)

(1453)(321) = (1)(2453)

Theorem
Any element o € S,, can be written as a product of disjoint cycles. This
presentation is unique up to the order of factors.

Proof: - ¥,
— R ), A ) Sa{'lT Gy '[’Vl':/i on
£ = )Si SE I{(qj&fb_ () ‘ 04, (x) ENOA )
= 6 =TT, . I,
N\

hjonk oyl
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The cycle type in S,

Definition
An element o € S, written as a product of disjoint cycles is called the

cycle notation for o. The set of lengths of the disjoint cycles in ¢ is called
the cycle type of o.

Example: o = (14)(236) A pe (2,3)
= (236)(14) J @

/ cmylyagm« O/f é T

In the cycle notation it is easier to compute wpm ! than mp. J
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Conjugation in the cycle notation
Proposition

Let w,p € S,. The cycle notation for the element wpm =1 is obtained from

the cycle notation of p by replacing each number k in the cycle notation of
p by (k). The elements p and mpm~! have the same cycle type.

Proof:

Cms;g&,— 7o (7L [N L (/‘
Lok Wﬁo&f .(L_@(k g 4/,( o o )
Pt g et

T - Wk = ek
/j) ( 'P ) f// (“(k f(/d /f{” )
7plk) — wfga(wigf(u
= J): (0{, a, .. am) -
mpr - (Tloy w(a) T () f’::
T4 vorks Hl sane on . produc of digont eyl
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Conjugation in the cycle notation

7 7’

/
Examples: (45)(134)( 4/5 =(w()73) T (4’) = (13 5)
N /

(43)(134)(45) = (354)

J
(234)(25461)(234) 1 = (70) 76) wly) () 7)) =(3 5261 )
(432)

Check by a direct computation: Exzmc@
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Conjugation in the cycle notation
Proposition

Letg,he S,. If h=pypy,...p, as a product of disjoint cycles of lengths
h,b,...l, then ghg™t =y, ..., is a product of disjoint cycles of the
same lengths. Any element that is a product of disjoint cycles of lengths
h,b,...l, can be obtained from h by conjugation by an element of S,,.

Proof:
gl/l bX - ﬁ[\w {» ., -f"f:
PP f;é,fcl ¢ . ¢, Pe, » ) B, Bo.
where £ Aﬁdf/x cach Mmg;rfmﬁwoA j;éﬂ( 2;5; f7£
Lo 9o o Hhe comesploy o) of He disjon oyl
S - e
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Conjugation in the cycle notation

Example:
Find an element t € S7 such that

t(12)(367)t~1 = (43)(156) Weile £ in He zjcé no/@/w

L. (itmfﬁ)i/f £=(1423)(657)
(423)(196)27%
¢ (RGeS t'= (1976523) abo vorks.
(43) (156) 7 9 £ ()6 " (53 154)

Exercise: check by a direct computation:

£ (R)363)t" - z‘/[rQ){%?)(Z'/'l
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Poll: Product of cycles in S,

- L BOEE6 ) (et

Poll- Let o = (165)(32)(36)(4261)(156) € Ss.

Then R /(6’193)(2)
(32)(3¢)(4261) = (1436)(2) = (1936)
A: o = (16542) ) A
5 - -
B: o — (165)(432) (/,i )(1y36)(165)" = (6 y35) @
@a _ (6435) = (W) 714) 703} 46)) -

= (6435)

D: o = (64352)
E: 0 = (15)(643)
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Conclusions

A cycle (i1, i2,...1,) is @ permutation that sends
il — i2, ip = 13, ... Iy — i1 and stabilizes the remaining elements.

e Two cycles (i1, iz, ... k) € Sp and (j1,/2,---Jjm) € Sp are disjoint if
and only if iy # j, for all t and p.

@ Disjoint cycles commute in Sp: if iy # j, for all t and p, then
(i17 i27 s ik)(jl?.jZ? . Jm) = (j17j27 e '.jm)(i17 i2a s Ik)

@ Any o € S, can be written as a product of disjoint cycles
o=()( ) )...() uniquely up to the order of the cycles. The
cycle type of o is the set of lengths of the disjoint cycles in its
decomposition.

o In S, we have (i1, ia, ... ix)7 L = (7(ir), m(i2), ... 7(ix))-
The cycle type is preserved by conjugation.
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Transpositions

Definition
A transposition is a 2-cycle in S,,. E(WZ (13) /52)

Proposition

Every k-cycle in Sy, is product of (k — 1) transpositions.

Proof: z—ho[uml’bﬂ on %; L:Q => z 1 ) 15&.74* /bafvlzm
k=3 = (a&) (MJ(&!) Advect cgm/éuéﬁm

Unducon skp: Spposc (193 k)= (iek1es) - (53)072
fc/) // \ LZC m« /JOIZZM;
Gnsidor (122 K 1<+l W} =(1 )1 i) () ) - (13)(12)

= By wdluclom (123 k) (1)l ed o (2)(12)

7
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