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Plan of the course

© Integers: 1 lecture
@ Groups: 6 lectures
© Rings and fields: 5 lectures

@ Review: 1 lecture

Today: Groups: lecture 2

a) Basic examples of groups
b

(
(
(c
(
(

) Group homomorphisms and isomorphisms
)
d) Examples of group homomorphisms
)

Presentation of a group in generators and relations

€

Kernel and image of group homomorphisms
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Recall: two groups modulo n

Additive group modulo n

For any n € N, n > 2, the equivalence classes of integers modulo n:
(Z/nZ,+,0) = {[0],[1],...[n — 1]} form an abelian group with respect to
addition. |(Z/nZ,+,0)| = n.

Multiplicative group modulo n

For any n € N, n > 2, define the group

((Z/nZ)*,-,1) ={x e N:1<x <n, ged(x,n) =1}. Then
((Z/nZ,)*-,1) is an abelian group with respect to multiplication and
(((Z/nZ)*, -, 1)| = ().

Recall: every element of ((Z/nZ)*,-,1) has a multiplicative inverse.

366/{0%\):1 (=S 3)(,;/62/ ? aXery: i
)= 1) pod 1 => [e7'=[x)
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4
Group of th@h/rtgots of unity

Let n € N, n > 2 and consider the group C, = {1, q, ¢°,.
27i
g=en.

q" '} where J
14,999
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Intuition: the groups (Z/nZ,+,0) and C, are "the same”
For any ne€ N, n > 2,

(z/nZ,+,0) ={[0], [1],...[n— 1]} is an abelian group of order n with
respect to addition.

Co=1{1,9,9° ...q" 1} where g = e’ is an abelian group of order n
with respect to multiplication.

Bz + o) =n 5 [Co]=n
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How can we tell when the two groups are "the same”?
Example: |G1| = |G|

— {1,a,b,ab = ba|a? —b2—1}. |G, 1=Y
(ag)[gq) (ab)(ag) = = (c,g)":/ag}
-o0ba-4
G={19.¢*¢|¢* =1}. =C, ={4,¢-1-i] | 6. 174

qéGi» 67L{:i/amo[ 714‘1
Buf i G, at=4, {4 /(aéJL:{ =5 (‘?Vﬁ W}Q:j
GVW/?S G/ HM&/ G? Acwc d\//lt,oy)/ 444‘MDAK€

Conclusion:
‘G[l T[Gl, CLOZA’_Y\Q_?{ m[)@ #«a/ 74&(7%/35 Acwe, H@ Same S//‘MCA(I{. J
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Group homomorphisms
Definition

A map ¢ : G — H between two groups is a group homomorphism if

d’(XG‘Y):¢(X);,¢(Y) Vx,y € G.

Proposition

If $: G — H is a group homomorphism, then ¢(1g) = 1y and
p(x71) = (p(x))! for any x € G.

v

@K: Lot X,y € G = W(Xw) = Pley?) ¥y = Y(X) W,y €&
TE = ey e ()
= Take y=x = &) OO (Y) = 4y > P(te) =1,
Y (1)
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Group homomorphisms

=5 Take X = 16— =5 Y)(XY\‘):%(W) W(iG> LWV [(//7>
ﬂf

= Ply)= ()" YyeG. 7

Definition

A group homomorphism that is invertible is called an isomorphism:

¢6:G—H, Yv:H—G: oot =1Idy, Yo¢=Idg.

Then ’G ~ H are isomorphic groups.‘
A group automorphism is an isomorphism of a group to itself ¢ : G — G.

v

A. Lachowska Algebra Lecture 3 September 29, 2024 8/21



Example of a group isomorphism: (Z/nZ,+,0) ~ C,
Co= 19,4 g
KQ‘ A ﬁ ﬁl 7"‘* S a g.\)&cﬂma
| P9:90) = ¥ (g7 ) = [i+]]
(o) 111 [23 [n-1] _U ‘ 7
¥ (q') P) = [+
P4 = blg)=tq 4) M:f@:[@

= \(7 . CM"’ /Z B ﬁéﬂm/i lgDW/le;[VVI

Ch = Z/n? [SWW/JLI'C j%f_g




Conclusions

@ A group homomorphism is a map between two groups that respects

the multiplication.

@ Two isomorphic groups can have a different description but they
admit a bijective map (an isomorphism) that sends product to
product and inverse to inverse.
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Presentation of a group in generators and relations
Definition

Generators of a group is a minimal set of elements of G such that any

element of G can be written as a product of the generators and their
inverses.

Example

Co=1{1,9,9° ...9" "} has a generator q.
Can it have any other generators?

\/&.f 5/“” _ 7
I ?umm/, 7"? Wqér /C /'>jco{[éh

//f ﬂff(kh =0l =% 7 7 Jé/) = g quaj/)o/s 76/4
Zf jfa/{k,n) -4 = JabeZ: akbn-A :>/q‘<) =4 T>(/WLA Ch.
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Generators: example

Let Q% denote the set of positive rational numbers. Then Q% is a group
with respect to multiplication.

Poll: What are the generators of the group Q% 7
A: All elements of Q7
B: All positive natural numbers N
@AII prime numbers
D: All odd positive integers and 2

E: All numbers of the form % where n € N

Nro oS { M nwém,g /305[4&5 Mmgers

", 1%
h = ]D‘ />’ . Pr
7/14 (’ML /—h = mL M />0S§14V4 ru#!)mﬂ /Lwrmgers
pPrepet o pr Cﬁ
Bonus question: what are the generators of the multiplicative group of

nonzero rational numbers Q*? I 2l prives aued. -1}
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Relations in a group

Definition
Any equality satisfied by the products of generators is called a relation in a
group.

v

Example

In C, = {1,9,4%,...9" '} we have a generator g that satisfy the relation
qg"=1.
q"*t3 = g3 is another relation.

Generators and relations in a group are not unique in general!
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Group defined by generators and relations

Definition
A presentation of G in terms of generators and relations is an expression

(S| R), where S is a set of generators and R is a minimal set of relations
in G, such that any other relation in G follows from these.

Example

Ch={(qlq"=1). /AA 1S 71/-4 %oéc 0P 37—/ Dfﬁéf/’?

m/Z/. re/a/)m 7 =4
§ wm/f;i:%w : ?-{:>7 57.

Exanpdl: The %'hgﬂmﬁ .- h(fa,é | @4 421 ab=4.)

What are they useful for?
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Defining group homomorphism in terms of generators and
relations
Proposition

Let G = (S |Ri, Ra, ... Rk) be a group defined by generators and relations,
and H another group. Define ¢ : G — H as follows

(a) Define ¢(s;) for each generator s; € S
(b) Set ¢(x1 - x2) = ¢(x1) - d(x2) for any x1,x2 € G

(c) Then ¢ : G — H is a group homomorphism if any only if all the
relations Ry, ... Ry are satisfied in H for ¢(S;).

T

I Ry ot MA-J/M% P(si) = P S.) = )
R 3. .S <4 )L e+ 4y
=> \pfmfé rA7 & Qjm% /mmwm/)z;frm
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Defining group homomorphism in terms of generators and
relations

Ij( Wiy WS,)  sabch all He reloato R, P R

= Ayt(j L7L<cz¢4\m SJ', §/'1 : %/J =4 n G %r;%w ][r@»m
7”*4 rzzaém /QI,Q’Z... IQL( =>

Tha  P(S;, S50 S;a) = (s,) (s, 5,) < 1,

IES Sa,tz?fﬁcﬁ{ @ He chg;e,g &/74/( W ~
=5 éu/?[ 6 W(/a oﬁfmc/gl’bu/ Amnmw?/mm kl[)-'éj"il/.
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Examples of group homomorphisms

Let Ge=(q|q®=1), G =

(t]tt=1).

Let ¢ : Cg — C4 be a group homomorphism. Ao £ D{L/(m ‘70[ )C&/

= W7> te

Needs 4o Jmlu/é LF[?X Y1) @(7

i &L

o L5 e for all ponibe. Ic swee 486 =24 - 4
sﬂf W (p;% C.f >C¢,

=> Get Y AoMﬁaﬂr/ﬂ}? S

1 gq

Vo k=2 1 T

\PB k:3 i t'ﬁ
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Examples of group homomorphisms

Let Gg=(q|q®=1), G = (t|t*=1).
Let f: G4 — Cg be a group homomorphism.

j/[i>: (]k , He condibron 1o Szuzv‘!]@ Y J(‘&L‘/)__}[[/) :(J[m)‘(

Y

=> )(l\&dlt?gf Lven  => A/meamm/)iusm L= 7

1t 2

for k=0 { 4 4 A

it k=2 L ¢4

for k=4 L g L 4

for k=8 1 ¢4 ¢
Y



Kernel and image of a group homomorphism
Definition

The kernel of a group homomorphism ¢ : G — H is the set of elements
g € G such that ¢(g) =1 € H.

Example: ﬁ ; C[{ - Cg => W{q = {f\ 14?}
\104 - C( - CL, => Léf% = ]fl7l/}
Definition

Let ¢ : G — H be a group homomorphism. Then ¢(G) C H is called the
image of ¢.

Example: ﬂ/ ‘ CL/ - C:? = I ﬁ = f{l 7‘/}

KP:L : C&;% CL/ => Im % = {i%,éz,fs} = CL,
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Properties of the kernel and the image
Proposition

Let ¢ : G — H be a group homomorphism.
Then ker¢p C G is a subgroup in G, and Im¢ C H is a subgroup in H

M (5) PUV-1 = { €k ][(/{G) 1L cad Y(8)- Loy o &
=> Vll) = Pla) Y08) - {41 { >1w$” ohsed vrf /vroa/«cé

(s Q%WW/)
aekeV=0(a) = (V@) "s 4 = a ek
(6) Yty=1, = jHé“IW/'

a6, e )
Tu¥cly
a a, = L/((jljsﬂgl (‘/%) => q,4a, ¢ lwsﬂ
I/a:‘f(@ = oat =

ﬁft’%ég
s
(06)' - ¢) % o e Tnt ’

7
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Normal subgroup
Definition
Let G be a group. A subgroup H C G is a normal subgroup if for any

he H, g € G we have
ghg™teH.

Notation: H < G. normal /)/w%mu/) m G

Proposition
Let ¢ : G — H be a group homomorphism. Then ker¢ < G is a normal
subgroup in G.

Froot: L@{ LéLor 366 /Vao/#odew: 5[\\7‘5/@—%
\9(ng> “F(g () 0 G) - () ‘f@’) \”(33') Y’[f

éhr(//7 U %va/)fwm
= ij“ €l ¥ 7
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