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Plan of the course

1 Integers: 1 lecture

2 Groups: 6 lectures

3 Rings and fields: 5 lectures

4 Review: 1 lecture

Today: Groups: lecture 2

(a) Basic examples of groups

(b) Group homomorphisms and isomorphisms

(c) Presentation of a group in generators and relations

(d) Examples of group homomorphisms

(e) Kernel and image of group homomorphisms
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Recall: two groups modulo n

Additive group modulo n

For any n 2 N, n � 2, the equivalence classes of integers modulo n:
(Z/nZ,+, 0) = {[0], [1], . . . [n � 1]} form an abelian group with respect to
addition. |(Z/nZ,+, 0)| = n.

Multiplicative group modulo n

For any n 2 N, n � 2, define the group
((Z/nZ)⇤, ·, 1) = {x 2 N : 1  x  n, gcd(x , n) = 1}. Then
((Z/nZ, )⇤·, 1) is an abelian group with respect to multiplication and
|((Z/nZ)⇤, ·, 1)| = '(n).

Recall: every element of ((Z/nZ)⇤, ·, 1) has a multiplicative inverse.
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ged(a ,
n) = 1(= =x

, yez = ax+ y = 1

(a) · (x) = (1) modn => (a)" = [x].



Group of the roots of unity

Let n 2 N, n � 2 and consider the group Cn = {1, q, q2, . . . qn�1} where

q = e
2⇡i

n .
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with

Ex 26 Inverses : 9
: g5= 1

51
, 9 , 92, 93 , 94, 95) 92. 94 = 1

93 . 93 = 1

93. 95= q



Intuition: the groups (Z/nZ,+, 0) and Cn are ”the same”

For any n 2 N, n � 2,

(Z/nZ,+, 0) = {[0], [1], . . . [n � 1]} is an abelian group of order n with
respect to addition.

Cn = {1, q, q2, . . . qn�1} where q = e
2⇡i

n is an abelian group of order n
with respect to multiplication.
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1(**,+, 0)) = n ; ((n) = n

+

0 - 1.
1-

e



How can we tell when the two groups are ”the same”?

Example: |G1| = |G2|

G1 = {1, a, b, ab = ba |a2 = b
2 = 1}.

G2 = {1, q, q2, q3 |q4 = 1}.

Conclusion:
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16 , 1 = 4

(ab)(ba) = (ab((ab) = 1 = (ab)" = (ab)
aub = a . ba = 6 ;

= Cy = 31
,

% -1
,

:31621 = 4

gEG2 : q" = 1
,

and 92 1

But in G: a= 1 61 ,
Cab= 1 = (any element) =

1

.

Groups G
,
and G2 have different structure.

1G
.

1 = 1 G2) does t imply that the groups
have the same structure

.



Group homomorphisms

Definition

A map � : G ! H between two groups is a group homomorphism if

�(x · y) = �(x) · �(y) 8x , y 2 G .

Proposition

If � : G ! H is a group homomorphism, then �(1G ) = 1H and

�(x�1) = (�(x))�1
for any x 2 G .
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GH

Proof: Let x
,y G .

=

Y(y)
= Y(xy) . Y(y) = Y(x) x

, y +G

=> Y(xyy) = Y(x) . (Y(y))
- 7

=> Make y = x=
= Y((Y) = 1 =(1)=



Group homomorphisms

Definition

A group homomorphism that is invertible is called an isomorphism:

� : G ! H,  : H ! G : � �  = IdH ,  � � = IdG .

Then G ' H are isomorphic groups.
A group automorphism is an isomorphism of a group to itself � : G ! G .
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= Take X = 1 = > Y(xy+) = Y(y))= (4()" = (()

= Y(y + ) = (4(y))" fy + G. T



Example of a group isomorphism: (Z/nZ,+, 0) ' Cn
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Cn = (19 , 92 ... gn 3

4

:1992q
isadieaa

YY(gigi) = Y (gi +j) = (i +j)

Y(gi) . Y(gi) = (i) + (j]
Y(1) = 4(q) = 4(99 .. 9)=.. (1) = (n) = 10)

=> 4 : Cn + 2/n* is a

group isomorphism
Cn = /I isomorphic groups



Conclusions

1 A group homomorphism is a map between two groups that respects
the multiplication.

2 Two isomorphic groups can have a di↵erent description but they
admit a bijective map (an isomorphism) that sends product to
product and inverse to inverse.
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2/n2
,

n =6
Cn

,

n = G



Presentation of a group in generators and relations

Definition

Generators of a group is a minimal set of elements of G such that any
element of G can be written as a product of the generators and their
inverses.

Example

Cn = {1, q, q2, . . . qn�1} has a generator q.
Can it have any other generators?
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-

Yes ! qn = q

In general, gk is a generator of In E> gcd(kn) = 1
.

If ged(kn) = d = > qk = get = (qk)5= 1 = qk generate
only
agpots=elts.

n = dS

If ged (k ,
n) = 1 =) Ja

,
be: ak + bn = 1 = (qk)= g = itgenerates In.



Generators: example

Let Q⇤
+ denote the set of positive rational numbers. Then Q⇤

+ is a group
with respect to multiplication.

Poll: What are the generators of the group Q⇤
+?

A: All elements of Q⇤
+

B: All positive natural numbers N+

C: All prime numbers

D: All odd positive integers and 2

E: All numbers of the form 1
n
where n 2 N+

Bonus question: what are the generators of the multiplicative group of
nonzero rational numbers Q⇤?
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⑧

n = prp ... pr => get all natural positive numbers

↓
pin , pic ... Fur = get all positive rational numbers.

Sall primes and -13.



Relations in a group

Definition

Any equality satisfied by the products of generators is called a relation in a
group.

Example

In Cn = {1, q, q2, . . . qn�1} we have a generator q that satisfy the relation
q
n = 1.

q
n+3 = q

3 is another relation.

Generators and relations in a group are not unique in general!
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Group defined by generators and relations

Definition

A presentation of G in terms of generators and relations is an expression
hS | Ri, where S is a set of generators and R is a minimal set of relations
in G , such that any other relation in G follows from these.

Example

Cn = hq |qn = 1i.

What are they useful for?
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his is the cyclic group of order n.

ques = 93 if follows from the relation = 1

by multiplication by 93 : q"= 1 = qu +3
= 93 .

Example : The Klein group
: K = (a

,
61 a

=
= 1

,
821

,

ab= ba).



Defining group homomorphism in terms of generators and

relations

Proposition

Let G = hS |R1,R2, . . .Rki be a group defined by generators and relations,

and H another group. Define � : G ! H as follows

(a) Define �(si ) for each generator si 2 S

(b) Set �(x1 · x2) = �(x1) · �(x2) for any x1, x2 2 G

(c) Then � : G ! H is a group homomorphism if any only if all the

relations R1, . . .Rk are satisfied in H for �(Si ).
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Idea :

If Re is not satisfied by 4(si) = Y(S.... (a) = Y(1)
Ru : S, ... Sk = 1 4(S. )Y(S2) : Y(S4) + 14

=> Y fails to be a

group homomorphism



Defining group homomorphism in terms of generators and

relations
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If Y(Si)
..

4 (Sn) satisfy all the relations Ri
.
R

...

Ro

=> Any equation Sj . Sj ... Sjp = 1 in G follows from
the relations R

,,
Rz

...

Ra =

Nhem &[Sj , Sin .. Sip) = 4(Sji)Y(Sj) .. Y(Sjp) = H
is satisfied by the

images of the generators
=> get a well defined group homomorphism 4: G-H.



Examples of group homomorphisms

Let C8 = hq | q8 = 1i, C4 = ht | t4 = 1i.
Let � : C8 ! C4 be a group homomorphism.

1 q q
2

q
3

q
4

q
5

q
6

q
7

k = 1

k = 2

k = 3

k = 0
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Need to define 4(q) EC4
=> Y(q) = th

.

Needs to satisfy : Y (q3) = Y(1) = ((q)8
I

1 "E8k
=> ESK = 1

,
true for allpossible ↓ since tSk = (432k = 12k=

1

.

=> Get 4 homomorphisms Ye
.

Yz
,

Ys
. Dy : Cs + Cy

Ye 1 t t
- t 1t t2 t3

Y 1
1 1 t 1t

Ya 1tt + 1Ett

Yo 11111111



Examples of group homomorphisms

Let C8 = hq | q8 = 1i, C4 = ht | t4 = 1i.
Let f : C4 ! C8 be a group homomorphism.

1 t t
2

t
3

k = 0

k = 2

k = 4

k = 6
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f(t) = q ,
the condition to satisfy is : f(t") = f(l) = (f(t)

=> k has to be even> 4 homomorphisms
1 = "4k

fo : 111-1

f2 : 1929496

fu :

1 atatto :



Kernel and image of a group homomorphism

Definition

The kernel of a group homomorphism � : G ! H is the set of elements
g 2 G such that �(g) = 1 2 H.

Example:

Definition

Let � : G ! H be a group homomorphism. Then �(G ) ⇢ H is called the
image of �.

Example:
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fi : ( + 2 => Verfu = [1
.

+23

Ye : (g + ( = Ver Y,
= 41

, 94]

fu : (y-( = Im fu = (1
, 94)

&: C -> ( => ImY = Get ,
th

,
+3) = Cy



Properties of the kernel and the image

Proposition

Let � : G ! H be a group homomorphism.

Then ker� ⇢ G is a subgroup in G , and Im� ⇢ H is a subgroup in H.
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Proof (a) Y(1) = 1 => 1EkerY ; ifY(al = 1 and 4(8) = 1

=> Y(ab) = Y(a) · 4(8) = 1 . 1 = 1 = Kert is closed notproducts & herroup
acter => Y(a+ ) = (Y(a)" = 1" => a cter Y

(6) &(1) = 14 = 14 ImY ; if a. = Y(g) ,
az = Y(gz)

IfaYAs GEMYCH-G
is a subgroup.

I



Normal subgroup

Definition

Let G be a group. A subgroup H ⇢ G is a normal subgroup if for any
h 2 H, g 2 G we have

ghg
�1 2 H.

Notation: H E G .

Proposition

Let � : G ! H be a group homomorphism. Then ker�E G is a normal

subgroup in G .
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normal subgroup in G.

Proof: Let he her Y
, gEG .

Need to show : ghgther
Y(ghg ) = Y(g)Y(h)Y(gi) = Y(g)Y(g))=(gg)) = Y(1) = 1

- >
hekery" homomorphia

= ghg" Eter Y.

T


