
First part, questions 1 to 8

1. (a) Let F5 be the finite field of 5 elements. Find the greatest common divisor d(X) of the polynomials

f(X) = X
3 +X

2 +X + 1 and g(X) = X
2 � 3X + 2

in the ring F5[X]. (Provide the details of your computation.)

(b) Find r(X), s(X) 2 F5[X] such that f(X)r(X) + g(X)s(X) = d(X).

[5 points]

(a)

(b)

2

Lecture 13 : review.

=
452

↓ monic

Euclidean division :

X= x2+ X +1

adifig) ·
=> ged(fig) = X-2 = X +3 in F5/X]

,
monic (the leading seeff = 1)

186 : Read the Endidean division backwards
:

x - 2=x + 1 - (x+

4)(3x
+ 2) = 1f(x + -X-4g

f(x)
= r(x) = 1S(x) = - x- 4 =

- X + 1



2. Let G be a finite group of order 10.

(a) Let t 2 G, t 6= 1. What can be the order of t?

(b) Let G be abelian. Use the classification theorem for finite abelian groups to describe the structure of G.

(c) Let G be non-abelian. Show that G contains an element of order 5.

(d) If G is non-abelian, show that G is isomorphic to the dihedral group D5 = hr, s | r5 = 1, s2 = 1, srs = r
�1i.

Hint: Use the fact that the equation m
2 = 1 has at most two solutions in a field.

[13 points]
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(a) IG) = 10 => order (t)
,
tEG ? Lagrange's theorem : o (t) divides /G

=> possible orders of elts are : -25, 10.

16) Gabelian ,
161 = 10= 2 : 5 = G = C * Cz = Co only one cyclic
group of order 10 :20prime

3) G is not abelian : Canchys theorem : if prime p divides /Gl , then
there exist of order =p inG .

= ) Janelft oforder SinG.

(d) G
,

16) = 10
,

J t : o(t = 5
,

75 : o(s) = 2

G = [1
,

t
,
th

,
t3

,

+Y
,

S
,
St

,
st2st3

, sti} 10 elts.

if ti = +i - fi -j = 1 = (i -j) = 0(mod5) = i =j
Sti =sti = tij =1 - 1 =

ti = stj = s = ti
-j = S= 1 = t2(i -j) = 1 = 2(i-j) = 0(mod5)

= i = j
= i -j = 0(mod5) = 5 = 1

What can be sts + sti otherwise to = t : => set- impossible as above impossible
= sts = ti > stis = t ; (sts)i = stysts... Sts = st's = t

o(s)= 2

j = 0
,

6
,

2
. 3

,
4

(E) = t
S= /

=> fi = t = j = 1(mods)
j = 1 + j = 1

, j = 2 tj= 4= 2
, j = 3 =)j= 9 =

- 1 ; ye=j= 16 = 1
L

=>2 possibilities : Sts = t (j = 1) => St = ts
,
Gabelian G = Go

Sts = t" (j = 4) => Sts = ++
=> D5

=> if G is not abeliant GFD5
.



3. (a) Let m and n be two integers, n > m � 2, such that m | n. Show that '(m) | '(n), where ' is Euler’s totient
function.

(b) Compute '(15) and '(90).

(c) List all invertible elements (units) in the ring Z/15Z.
(d) Show that for any integer a 2 Z such that gcd(a, 90) = 1, we have a

16 ⌘ 1 (mod 15).

[12 points]

6

er

Y(p) = pk- pk-

(a) n = Mpc ; m = MpP since minlik :
Fi Epil distinct

primes.

Y(n) = M(piF :
-pit)

,

e(m) = M(p-pi)
Ahm : if p is a prime => Y(pH) = pr - pk +

ka 1

Ifki = li (pili-pili)) = (piki-pikit)
Efkizliza = pft(p= 1) (pht(pi -1)

=> Y(m) /Y(n).

If(: = 0 => 1 dividu everything

(6) -(15) = Y(5) . 41) = 4. 2= 8

y (90) = y(34) · 4(2) · Y(5) = (9 -3) - 1 . 4 = 24.

() (2/52)
*

= 91 ,
2

,
4

,
78,
11

,
13

, 1431(252)*) = 4(15).

(d) gid(a ,
90) = 1 => ged(, 15) = 1 = Enteristhm : all

*
= 1(modist

= ab = 1(mod(5) =6
= 1(mod15)



4. (a) How many di↵erent abelian groups are there of order 72? List these groups without repetition. (You can use
the notation Cm to denote the cyclic group of order m.)

(b) For each group provide its elementary divisors and invariant factors.

(c) List all abelian groups of order 72 that contain an element of order 9.

[9 points]

8

16) = z2 = 23 . 32 partitions : (3)
.

(2 . 1
,
(11.

1) and (2) (1 .
1

&
=> G different abelian groups
(6) Elementary divisors :

19
, 3) ., (94 . 2) ,

(9
,

2
, 2 ,
2) (3,

3
,
8)

.

(3
,
3

,
4

,
2) (3 .

3
,
2

,
3

, 2)

Invariant factors :

(72) (36, 2) (18 ,
2

, 2) (24 , 3) (12 ,
6) (6,

6
, 2)

(c) An elf of order I can belong to a cyclicgp of order divisible by 9 :

C72
,
CaoxCa

,
CgXCXC



5. Let F3 be the field of 3 elements. Let I and J be two ideals in the ring F3[X], generated by the following polynomials

I = hX3 +X � 2i J = hX3 +X
2 � 1i.

Let A = F3[X]/I and B = F3[X]/J .

(a) Show that the ring A is not a field.

(b) Is the ring B a field? Justify your answer.

(c) Show that the class [X + 1]J invertible in B and find its inverse.

(d) Find the characteristic of the rings A and B.

[12 points]
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Ihm :

Fo(X(/f(x) is a field
f(x) irreducible inFs(x]

(a) <= X3 + X-2 not irreducible in Fy(x] X = 1 is a roof> not irreductile.

= X + x - 2 = (x- 1(x2+ x + 2) = A = 13(x())x3+ x -2) is noted
X3 + X- - 1 =g(x) is irreducible(6) Fox / f(x) isafield(x)

↑

degg = 3 = irreducible no roofin Es.

g(0) = - 1
, g(b) = 1

, g(1) = - 1 = no roof => g(x) is irreducible

and B = Esy is a field.
(c) Bis a field (x + 1]y + 10]y since deg (X+1) < deg (x* +x2-1).

=> (X + 1]y is invertible in B.

Need
toSond h(x) : h(x) . (x + 1) = k(x)(x3 +x2- 2) + 1 (Euclidean

X(X+ 1) = (x3 +x - 1) + 1 = h(x) = (x2)
division ingeneral

= (x +

]j(x - 1]y = (1]
-

=> ((x+1)" = (x -

]y

(d) "Thm
: char(/k(x]) = char1

=> char (1k(*(f) = char((K(x]/g) = char ((K)
since deg f(x = 3 deg g(x) = 3

=> char A = char B = charit = 3.



6. (a) Show that the system of congruences 8
><

>:

x ⌘ 3 (mod 5)

x ⌘ 0 (mod 3)

x ⌘ 2 (mod 14).

has infinitely many solutions in Z.
(b) Find the smallest positive integer that solves the system in (a).

[6 points]
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(a) By CRI since god (5,
3) = 1

, ged(5,
14) = / god(3,

14) =1

=> Fa solution for the system given by
-

a + (3 .5 .14)2 = a + 210 = infinitelymayis

(8)
x = 3 (mod5) = X = 3

; (XE3(modsSX = 0 (mod3)

(4t + 2 = 15 +3
- 1 = 155 - 14t = S = 1

,

t = - 2 works.

In general : Euclidean division since 14
,

15
coprime

= X = +5+3 = - 12.

=> X == 1) is a solution

=> all solutions are 4-12 + 210n3nez

=> - 12 + 210 = 198 is the smallest positive solution.



7. Let S7 denote the symmetric group of permutations of 7 elements, and Ck the cyclic group or order k for any
integer k � 1.

(a) Let a = (12)(123) 2 S7, and b = (135)(246) 2 S7. Find the order of a and the order of b.

(b) Show that there exists a subgroup isomorphic to C12 in S7 and provide an element in S7 that generates it.

(c) Show that the elements s = (135) and t = (246) together generate an abelian subgroup of order 9 in S7.

(d) Is there a subgroup isomorphic to C9 in S7? If so, provide a generator in the cycle notation. If not, explain
why.

[13 points]
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(a) a = (12[(123) = (1)(23) = (23)
,
6 = (135)(246)

disjoint
o(a) = 2

,
0(6) = 3 (disjoint 3-cycles) .

16) C < Sz
.

Need to find an elf of order 12 in S7

hm : XESn
,
X = C

,
C

.. Cr disjoint cycles => 0(x) = Ccm(0(
, ) o(c).. o (n)

xm= 1=c
..( =1()c= 1 , = 1...M= 1

I

because disjoint cycles act on separate orbits ; ifCr==== 1

.

=> o(ci) Im Fi
,

m the smallest => o(x) = lcm(0(4) . . o((k)
.

=> kcm(n ,
m) = 12

,
nem27

= n = 3
,

m = 4 works.

X = (123)(4567) = o(x) = 12. = (x) = 22(Sz.

(c) S = (135) t = (246) generate H = (S
,
t : S= 1

,

t= 1
,

st = ts]

=> H = 21
,

s
,
S2

,
t

,
th St

,

st
,
S+, 5+23 = /H=9

any
elt int) : smfk mz2

,
k1

SMfk= Eksm

In fact: He C * (3
st

(d) (g < St ? yeS7 : oly=

lcm (G
.2 ..

(a) = 9 , C ++ ..

+ Cn 17

no solutions => no elt of order D in S7.



8. Recall that if a polynomial p(X) = anX
n + an�1X

n�1 + . . .+ a0 2 Z[X] has a root r
s 2 Q with gcd(r, s) = 1, then

s | an and r | a0.

(a) Show that the polynomial f(X) = 3X3 � 2X2 + 1 is irreducible in Q[X].

(b) Is the polynomial g(X) = 2X3 + 3X2 + 2X � 2 irreducible in Q[X]? Justify your answer.

[6 points]
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(a) degf = 3 => f(x) is irreducible no roofs in Q.

If < = 5 is a root of f(x) in Q = > >13 and r(1 =#, #5)

We have : f(i = 2
, f() = -4

, f(t) = y - 5 + 1 +0
, f(s) =

-g + 1 + 0.

=> f(x) is irreducible.

16) alegg = 3 => g(x) is irreducible overQ> no roof in Q.

If d = - is a root of g(x) inQ = S12
, r)2FEF2FE)

We have : g(El) +0 . g(2) > 0
, g(2) < 0.

g(z) =
-Y + Y - 1 -240

, g(t) = 4 + y + 1-2 =0
. g(x) = (x- z)p(x)

=> g(x) is not irreducible in Q(X].



Second part, questions 9 to 12.

The following questions do not require any justification. Only your answer will be evaluated: +1 point for a correct
answer, -1 for a wrong answer and 0 for no answer.

9. (True/False) Let H ⇢ G be a subgroup of index 2. Then H is normal in G.

10. (True/False) The ring Z/8Z is a field.

11. (True/False) The polynomial X7 + 15X6 � 12X3 � 6X + 6 is irreducible in Q[X].

12. (True/False) Let I = (10), J = (12) be two ideals in the ring Z. Then I · J = I \ J .

[4 points]
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O

O

O

O S

↑ 9 . (6 : H] = 2 => G = HUkH
,

KEH "hm : HCG index 2 is normal
inG

.

Wheh
, EgeG : ghgeH . G = HUH

,

keH. [PS5]
.

hinhitH ; khih(h)" =

= khinhik he hinhik" = he = k = hihthiha
=> k= hi hinhi EH

·

contradiction
= ghgte H FgeG .

=> His normal .

F10
. 2/82 2 . 4 = 0 (mods) contrivial zero divisors = not a field.

char / = 8 ; charfield) #40 or a prince ?

↑ 11
.

x7 + 15X0 - 12X3 - 6X+ 6 = irreducible over Q by Eisenstein.
34313)313

9 X
F 12

. I= (10)
,
J = (1) : In] = (ecm (10, 12) = (60).
I :] = (10 . 12) *


