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Plan of the course

© Integers: 1 lecture
© Groups: 6 lectures
© Rings and fields: 5 lectures

© Review: 1 lecture

Today: Rings: lecture 5

(a) When is A/I a field?

(b) Irreducible elements in polynomial rings
(c) Finite fields
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Recall: Maximal ideals and irreducible elements

@ Maximal ideal: | C A is maximal if there is no ideal J C A such that
/ < J < A.

@ Let Abe a PID. Then p € A is irreducible if and only if p # 0 and
(p) C A is maximal.

A. Lachowska Algebra Lecture 12 December 8, 2024 3/21



When is A/ a field?

Theorem

Let A be a Euclidean domain. Then
I C A is maximal <= A/l is a field
<= | = (d), d € A is irreducible.
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When is A/ a field?
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Corollary
Let F be a field. Then
F[x]/(f(x)) is a field <= f(x) € F[x] is irreducible.
=] = - = = a
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Conclusions: Properties of polynomial rings over a field F

Q F|[x] is a Euclidean domain = it is a PID = any ideal | C F[x] is
generated by a single element, | = (f(x)).

@ F[x]/(f(x)) is a field <= f(x) € F[x] is irreducible <= f(x) is not
a product of two polynomials of degrees > 1.

© CRT for F[x]: can solve systems of congruences modulo pairwise
coprime polynomials.

Q (7(x)) + (g(x)) = (ged(f(x), g(x));
(F(x)) N (g(x)) = (lem(f(x), g(x)).
The gcd and lem of two polynomials are defined up to a
multiplication by a unit. There exists a unique monic ged(f(x), g(x)).
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When is a polynomial f(x) € F[x] irreducible?

Theorem
@ Any polynomial of degree 1 is irreducible in F|x].
@ A polynomial of degree 23s irreducible <= it has no roots in F.
Q Let f(x) = anx" + an_1x"" 1 + ...+ a1x + ap € Z[x| considered over
Q[x]. Suppose that o = £ € Q is a root of f(x). Then s divides a,
and r divides agp.

(1 f(k):j(kJL(X) /Ljf ”{’?jf‘sz = a8 boat me 0/ hsg, 76

= fJCZMMCMr/

i + U
D f(9-= () h(x) deg f = deg q+ [ <saf bot ore ,% hd (y/g/pé -
( ¢j][2,,, j j _ l:\Z'V\jﬁmM[j j[x}rg)(:#g; oSQ&*% f[ J 0
) r divid
N e or——————————— .
{(£>'S = anl +C(;.-,f’y5+v_, -(—C?/V'Sh(_(-aoghzo => rﬁ&v@a”
S duido 8 divides a,,

I puchadu, ro0h " of i /7,9%&@ ith inlgar coff] e gers
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When is a polynomial f(x) € F[x] irreducible?

Theorem

(The Eisenstein criterion).

Let f(x) = anx" + a,_1x" 1 + ... + a;x + ap € Z[x] such that
ged(ao, - .- an) = 1. Suppose that p is a prime such that p divides a;
V0<i<n-—1,p does not divide a, and p?> does not divide ag. Then
f(x) is irreducible in Q[x].

Sa rong S F&(f 74' af;mo/[

Remark: Sometimes it helps to make a change of variables x — y = x+ a
in the polynomial and then apply thg EisenstNein criterion. If
f(x) = g(x)h(x), then f(y) = g(y)h(y). If f(y) is irreducible, so is f(x).
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Examples of irreducible polynomials
Q g(x) =2x>+4x2 +11x+1 € Q[x].
If < amm[ =~ dividy ’lfa,,/ s diids 2=an => e ;fﬁ,Squﬂ,Q}

= fefed e} < Che 5(10#0/ j(ffj#(), dig 3 =3
=> Z% 133 Myﬂa’/{

@ f(x)=7x5+12x* +18x> — 9x + 15 € Q[x].

30 a3 -,
Y4 3l by E>By/éwméw rlﬂrz,é@a'g{,

Q@ h(x)=x"-peQlx. 4 rie
P/}/i /B”)/PLJ(P iW’{ﬁ(ch{g é ‘éTWSLVl/ Vé;{

Commdlor X?k_PJ- - (Xk—[)yka‘ lb> s VLO% aredyct]
Pz(Pl N E;Lmﬂét\f‘ s m% &/A/cha/g
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Quotients of polynomial rings

Proposition

Q Iff(x) € F[x], F a field, is irreducible of degree n, then any element
of K = F[x]/(f(x)) is of the form

a0+ aiX+ ... +ap_1x" L
where aj € F, X' = {x' 4 f(x)g(x)}g(x)cF|x] is a representative of a
congruence class modulo f(x).
@ If F is a finite field with |F| = q and f(x) is irreducible in F[x] of
degree n, then the field K = F[x]/(f(x)) has q" elements.

oo ad= £ 7(>< ) + ()

€(&) deg 1< ﬂ&jf
p%jrg n-1
7) MWJ Tfrm (4]
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Quotients of polynomial rings: examples

(1) Let F =Ty = Z/27 and f(x) = x3 + x> + 1 € F,[x].

Consider K = F2[x]/(f(x)). is o ]C,’l,&( Nt ! jcgszg:f:;:j
= K= 2°=% wo rook, dig=3 =>
Diments 0{ Y 747*“" ax*+8x +¢c  abcel f{x\IZg rgwplacf(f
{O,i,Y,YQ, >_<'+1,Y2+1/72+Y )72+)?+i; . nonsers eloments
Toverse O][ c o k=? ore inverhll on K
ged (x, x>+ 0y =4 => Th6)g6) < x40+ (ex™e4)-h) = ¢

(X)) 4 (3exiet) =4 ewr o =791]
= (7t = (%) € K
M el
(2) Let F =R, f(x) = x>+ 1, consider R[x]/(f(x)). f(x/méf % g R
SCHQXLKHR and X X?+4 =0 >IP(/ 77
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Finite fields - easy facts

Q If a field K is finite, then char(K) = p, a prime.

T Z—>K TA=A, T-m1 0 thell = K ofinike
=> TP)=0 for p aprime
@ If K is a finite field of characteristic p, then K contains a subfield
isomorphic to F, = Z/pZ.

T - K = T(/DJTO = %Z ’i‘ /(/MJCC&/( => T(Zgz)C/(
@ If K is a field with |K| = p, then K ~F,.= 7,
Zy < K o= Kl=p = Zf5 <K

Q If K is a finite field of characteristic p, then |K| = p” for some

n €Ny char K=p.
Sm@ /\/ < « Vzcé’r 7.%((1 ver Z%Z/ ID
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Units in a finite field

Proposition
The group of units of a finite field is cyclic. J
PrOOf: J K*I = h ; I<$:5 &fyhla @M@“ﬁa = k—“‘,.—_acp(l xC‘{; X . X Cé{;
7
gpof ks

d 14, |4,
Plan t<dy is he max ockr of an b o K*  invanaad fecks

0m(ero/m(}/7£ 2 order of K* = m<n
We howe t"=1 Vier* - th p@/fo///*a/rcmé/m
0% t"-1=0 o/&éjm m. A/M{%Wa/ 07[04(7//4144 hes af wost
morook oo Ll (Lpldean dviciomr £ A = (L)W 1

of is @ root  d=m deg={ red

)
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> PR

=/ j:h-l

=2 n<4im

= h=m => }{)f‘ﬁC&/s:Cm 7
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Units in a commutative ring

Remark: The Proposition fails in general for commutative rings. In

particular, a polynomial of degree m with coefficients in a commutative
ring can have more than m roots.

Lx XA 20 s Yerh 1,2 3,57
%g/z g Jajfu:Q
\TAL (7'/; p/@mfg [Z/((Z)¥ % m#fyaéc :7; 1 7 5/S7 :/Zéz)igxg

0.0 0 8) Gul), 68 = G,
4 3 o9 7

gt =4
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Units in a finite field: example
Let f(x) = x>+ x2 + 1 € Fa[x] and K = Fa[x]/(f(x)).
K 5 ey, (K= = [KTM=8-1-F = K'eC
gm@ + o oa pive = cmjmwa%/ //( zSQW«é‘r
of Co= K" a s j"’“ﬁ

C)(M/?( e K" Wvér

(7,77, K54, Xuked, Xad, 75K 1] = K
S 7S S SR

*

K2l ool (324K 4 1)
+X

3 = XL mod (Cex®)
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Visualization of finite fields K IK[=¢

AD{&Z//\'BM 0&»\ JfZAJ( Z\MA, / ﬁ:{ .
nlcatma cervy € =I5 K]

VVIM/Z”[‘/) j j 2 Xz .F /{ 2 %XB+XZ+{>

__'_X,'

Exercse: B/ poond L
/’(//0/4/54/‘%044 , clar (L)<2
L=90 1% xed?
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Classification of finite fields
Theorem

Let p be a prime, n € N*. Then there exists a field K with |K| = p", and
an irreducible polynomial f(x) € Fp[x] such that F,[x]/(f(x)) ~ K.

If g(x) is another irreducible polynomial of degree n over IF,, then

K ~TFp[x]/(f(x)) =~ Fplx]/(g(x))-
See f[ij./M/][

Example: f(x) = x3+x2+1 € Fa[x] and g(x) = x3 + x + 1 € Fy[x].

—  Fl/(F(x) 2 Fax/(g(x)).  [PS12]
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Irreducible polynomials over I,

Corollary J

Over F, there exist an irreducible polynomial of any degree n € N*.

This fails for fields of characteristic 0.

v R ]/’l\g mﬂy ['W(dfu&/{ plynerials ave 0 Kee Lo 7
over ([ fhe ﬁw% imeductl ;:ghmaﬁ aure 0/ c[é;sz

Definition
A field where the only irreducible polynomials are of degree 1 is called
algebraically closed.

L € v alpbuedly docd &l -7
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Poll: lrreducible polynomials
Which of the following polynomials is NOT irreducible? /, - /0/{/,1]:()0/4’9}
A: x3 4+ x2 — 1 over I3 éjﬂ, o rooh n I => reductl
x4 —x2+ 1 over Fy nol weducstl: (x> 4)(x44) = ¢ Dxef =x= x4
= 3{)/;5 +24!X4 _26/X2 e _21/04?/” Qireductt é Etvensle
D: x> 4+ x — 1 over F3 gﬁj =3, horoots M B = ireeduc

E: x3+2x+7 over Q o&j:S, ;/ ol :426 ”np roof = slt rlz= feff(fz;
FEN#O L(27) #0 - irrechuci 4
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Conclusions: finite fields

@ For any prime p, any n € N* there exist a unique finite field [F,» of p”
elements, with char(F,») = p.

@ For n =1, this finite field is isomorphic to F, ~ Z/pZ.

© For n > 1, this unique field can be constructed as a quotient

Fpn = Fp[x]/((x)),

where f(x) € Fp[x] is an irreducible polynomial of degree n.
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Remark on finite fields

A. Lachowska

Algebra Lecture 12

]Fpn i Z/an

“”3 W/A

Stb=n

PLI-I9 5 2,

h>19

vlf ors




