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Plan of the course

1 Integers: 1 lecture

2 Groups: 6 lectures

3 Rings and fields: 5 lectures

4 Review: 1 lecture

Today: Rings: lecture 5

(a) When is A/I a field?

(b) Irreducible elements in polynomial rings

(c) Finite fields
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Recall: Maximal ideals and irreducible elements

1 Maximal ideal: I ⇢ A is maximal if there is no ideal J ⇢ A such that

I ⇢ J ⇢ A.

2 Let A be a PID. Then p 2 A is irreducible if and only if p 6= 0 and

(p) ⇢ A is maximal.
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When is A/I a field?

Theorem

Let A be a Euclidean domain. Then

I ⇢ A is maximal () A/I is a field

() I = (d), d 2 A is irreducible.

Proof:
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E) If I= (0) = All-A is a field =>
any 60 is a unit

=> (b) = A = (0) A is maximal
.

If I= (a)
,

a + 0 If (a) is notmaximal -> (a) (b) A =

a = 6t
,

6 and t are non-unit

If 6 is a unit => (8) = A X

If t is a unit = (b) = (a) X

6 ka otherwise bc(a) =(b) = (a) -

X

t + Sa otherwise a = bt = ba = a(l- bs) = p

a + 0 =1- 65 = 0 = b
,
save units X

=>167c(t]cal = (Ob(a) => A/(a) is not a field
Xo *0 nontrivial zero divisors



When is A/I a field?

Corollary

Let F be a field. Then

F [x ]/(f (x)) is a field () f (x) 2 F [x ] is irreducible.
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( =) Suppose 183
,

is not invertible in A/ca) = (6) generates
an ideal in A/I ,

which is proper , 18] + 0 => 6 (a)

=> (a)(b)[A = (a) is not maximal in A

#I



Conclusions: Properties of polynomial rings over a field F

1 F [x ] is a Euclidean domain =) it is a PID =) any ideal I ⇢ F [x ] is

generated by a single element, I = (f (x)).

2 F [x ]/(f (x)) is a field () f (x) 2 F [x ] is irreducible () f (x) is not

a product of two polynomials of degrees � 1.

3 CRT for F [x ]: can solve systems of congruences modulo pairwise

coprime polynomials.

4 (f (x)) + (g(x)) = (gcd(f (x), g(x));
(f (x)) \ (g(x)) = (lcm(f (x), g(x)).
The gcd and lcm of two polynomials are defined up to a

multiplication by a unit. There exists a unique monic gcd(f (x), g(x)).
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When is a polynomial f (x) 2 F [x ] irreducible?

Theorem

1 Any polynomial of degree 1 is irreducible in F [x ].

2 A polynomial of degree 2 is irreducible () it has no roots in F .

3 Let f (x) = anx
n
+ an�1x

n�1
+ . . .+ a1x + a0 2 Z[x ] considered over

Q[x ]. Suppose that ↵ =
r
s 2 Q is a root of f (x). Then s divides an

and r divides a0.
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2,3

(1) f(x) = g(x)h(x) deff = degggdigh at least one ofh
is a nonzero const.

deg = 1

(2) f(x) = g(x)h(x) degdeggdugthtonofd
,

adig = 2or3
a + 0

(3) r divics
- ~ divides aflag:anth St....

+ arg" + aoS" = 0 =

s divides ans divides

In particular,
inPote ofmont polynomials with integer coeff are integers



When is a polynomial f (x) 2 F [x ] irreducible?

Theorem

(The Eisenstein criterion).

Let f (x) = anx
n
+ an�1x

n�1
+ . . .+ a1x + a0 2 Z[x ] such that

gcd(a0, . . . an) = 1. Suppose that p is a prime such that p divides ai

8 0  i  n � 1, p does not divide an and p
2
does not divide a0. Then

f (x) is irreducible in Q[x ].

Remark: Sometimes it helps to make a change of variables x ! y = x + a

in the polynomial and then apply the Eisenstein criterion. If

f (x) = g(x)h(x), then f̃ (y) = g̃(y)h̃(y). If f̃ (y) is irreducible, so is f (x).
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See rings . pdf for a proof.



Examples of irreducible polynomials

1 g(x) = 2x
3
+ 4x

2
+ 11x + 1 2 Q[x ].

2 f (x) = 7x
5
+ 12x

4
+ 18x

3 � 9x + 15 2 Q[x ].

3 h(x) = x
k � p 2 Q[x ].
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If is a roof => ~ divides 1 = do, divides 2 = an => Ne 3113
,

Se[11
, #2)

= 548t
,

= 13 = Check g(1) + 0
, g(=t) + 0

. degg =3

= it is irreducife

3X 31 31 313 By Eisenstein inreducible

p a prime
PX1Plp , P2Xp irreducible by Eisenstein Fka1

Consider X3k-pt = (x*
- p)(X*+ p) is not irreducible

pap2 => Eisenstein is not applicable



Quotients of polynomial rings

Proposition

1 If f (x) 2 F [x ], F a field, is irreducible of degree n, then any element

of K = F [x ]/(f (x)) is of the form

a0 + a1x + . . .+ an�1x
n�1,

where ai 2 F , x
i
= {x i + f (x)g(x)}g(x)2F [x] is a representative of a

congruence class modulo f (x).

2 If F is a finite field with |F | = q and f (x) is irreducible in F [x ] of

degree n, then the field K = F [x ]/(f (x)) has qn elements.
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Faha : a(x=+Nsdgf
degr = n -1

(2) follows from (1)



Quotients of polynomial rings: examples

(1) Let F = F2 = Z/2Z and f (x) = x
3
+ x

2
+ 1 2 F2[x ].

Consider K = F2[x ]/(f (x)).

(2) Let F = R, f (x) = x
2
+ 1, consider R[x ]/(f (x)).
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is a field is it irreducible ? f(0) = 0 + 0 + 1 = 1

f(1) = 1 + 1 + 1 = 1

=> (k) = 23 = 8
no roofs

, deg = 3 =

elements of the form a + &X + c
,

a
,
6

,
CEE f(x) is irreducible.

50 ,
1

,
5

,
X2,+ 1 ,

*
+ 1

,
+X, **+ *+ 1) all nonzero elements

are invertible in K.
Inverse of * in K = ?

gcd(x ,
x3 + x+ 1) = 1 = 5h(x)

, g(x) : X-g(x) + (x3+ x2 + 1) - h(x) = 1

X . (x*+ X) + (x3+ x
+
+ 1) = 1 over F2 = 90,

1)

= (x)
7

= (X2 + x) = K

= M is a field
f(x) irreducible over IR

no roofs
, deg = 2

(a + bx3a,6 +R and : x* + 1 = 0 = R(Y(x 1)
= C.



Finite fields - easy facts

1 If a field K is finite, then char(K ) = p, a prime.

2 If K is a finite field of characteristic p, then K contains a subfield

isomorphic to Fp = Z/pZ.

3 If K is a field with |K | = p, then K ' Fp.

4 If K is a finite field of characteristic p, then |K | = p
n
for some

n 2 N+.
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T:+ 1) T(1) = 1
,

[(m) = m . 1 + 0 EmeN => Kis infinite
=> T(p) = 0 for p a prime

: x - 1 = +(p) = 0 = 2/2EKinjective = -(2) < K

=p

22(k = (k) =

p = 2/pz = K

chark = p.
Since K is a restor

space over E/pI



Units in a finite field

Proposition

The group of units of a finite field is cyclic.

Proof:
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IK* ) = n
,
KP is a finite abeliangp => K

*

ECd
,
"Cdx ...

x Ed,

gpot units

Then m = d
, is the max order of an elf in K

* did da
order of an elt 1 order of K*

We have tm = 1 VEEK*
= the els of K* are solutions

of ER-1 = 0 of degree m. .

A polynomial of degreem has at most

m roofs in a field (Enclidean division : th- 1 = (t-2) h * +

(f) + r

d is a root degim deg =1 degr1

= (tm- x = (t -2)hm +(t) am- 1 = 0 = (-)-2)hm-(t).

=> reconst

deg = m deg = 1 deg = m -

=> n = m => n = m =) k* Cd = Cm I



Units in a commutative ring

Remark: The Proposition fails in general for commutative rings. In

particular, a polynomial of degree m with coe�cients in a commutative

ring can have more than m roots.
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Ex
. 1/2 : X- 1 = 0 has brook : 91 , 7

,
3

,
53

degree = 2

"The
gp of units (E/SE)" is not cyclic = & 2

.

7
.

3
, 57 =(48 =2x2

&(1 , 1) (l.t) (g . 1)
, (it)] = G +C

1357

q2= t= 1
.



Units in a finite field: example

Let f (x) = x
3
+ x

2
+ 1 2 F2[x ] and K = F2[x ]/(f (x)).
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#
*

3 Cyclic ,
111 = 8 = 1k* = S- 1 = 7 => k *

= Cz

Since 7 is a prime
=>

any nonverself of K is a generator
of C = K *

as a

group.

for example,
*EK*

is a generator

EX, =

X3 = (2+ 1 mod(x3 + x+ 1)

X3+ x = X+ x + 1 mod(x +x= 1)



Visualization of finite fields
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1
,
1kl = 8 chark=2.

Addition along straight lines
,

multiplication along curry lines k= (Ez(y(x*+y+ 1)y

#+11 X

↓·
i

Exercise : (F2(x]/(x+x+ 1 =

fieldof 4 elements
,

char (H) = 2

↳ = 50,
1

,

7
,
5+ 13

/



Classification of finite fields

Theorem

Let p be a prime, n 2 N⇤
. Then there exists a field K with |K | = p

n
, and

an irreducible polynomial f (x) 2 Fp[x ] such that Fp[x ]/(f (x)) ' K .

If g(x) is another irreducible polynomial of degree n over Fp, then

K ' Fp[x ]/(f (x)) ' Fp[x ]/(g(x)).

Example: f (x) = x
3
+ x

2
+ 1 2 F2[x ] and g(x) = x

3
+ x + 1 2 F2[x ].

=) F2[x ]/(f (x)) ' F2[x ]/(g(x)).
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see rings .pof

[PS13]



Irreducible polynomials over Fp

Corollary

Over Fp there exist an irreducible polynomial of any degree n 2 N⇤
.

This fails for fields of characteristic 0.

Definition

A field where the only irreducible polynomials are of degree 1 is called

algebraically closed.
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over . the only irreduciblpolynomialareofdegreo
a

Ex ·

K is algebraically closed
,

but Fp=& is not



Poll: Irreducible polynomials

Which of the following polynomials is NOT irreducible?

A: x
3
+ x

2 � 1 over F3

B: x
4 � x

2
+ 1 over F3

C: 3x
5
+ 4x

4 � 6x
2
+ 8x � 10 over Q

D: x
2
+ x � 1 over F3

E: x
3
+ 2x + 7 over Q
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#3 = 40
,
1

,

- 13 = 40,
1

. 23

dig = 3
,

no roofs in 13 = irreducible

O not irreducible : (x2+ 1)(x2+ 1) = y+ 2x + 1 =xx + 1

2/21 2/ 212147
irreducible by Eisenstein

dy = 3
, no roofs in 13 => irreducible

dry = 3
, if <=Da root= S11

,

W17 = Jeff
, +7)

f(=1) + 0
,
f(= 7) +0 = irreducible



Conclusions: finite fields

1 For any prime p, any n 2 N⇤
there exist a unique finite field Fpn of p

n

elements, with char(Fpn) = p.

2 For n = 1, this finite field is isomorphic to Fp ' Z/pZ.

3 For n > 1, this unique field can be constructed as a quotient

Fpn ' Fp[x ]/(f (x)),

where f (x) 2 Fp[x ] is an irreducible polynomial of degree n.
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Remark on finite fields

Fp ' Z/pZ but Fpn 6' Z/pnZ.

A. Lachowska Algebra Lecture 12 December 8, 2024 21 / 21

472

- ↑
n = 1 unique field · ring

with
zero divisors

ofprelts
(ps] · (pt) = 10) in 44

Stt = 1

The end.


