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Plan of the course

1 Integers: 1 lecture

2 Groups: 6 lectures

3 Rings and fields: 5 lectures

4 Review: 1 lecture

Today: Rings: lecture 4

(a) gcd and lcm in integral domains.

(b) Properties of a Euclidean domain.

(c) CRT in Euclidean domains and polynomial rings.

(d) Congruences in polynomials rings.

(e) Maximal ideals in PID.
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Recall: Euclidean domains

Definition

E is an integral domain such that the Euclidean division works in E :
There exist a function ⌫ : E \ {0} ! N such that for any a, b 2 E , b 6= 0,
there exist q, r 2 E such that a = qb + r and either r = 0 or ⌫(r) < ⌫(b).

Properties:

1 Euclidean domain is a PID.

2 If F is a field, then F [x ] is a Euclidean domain.

Today: The Chinese remainder theorem for Euclidean domains.
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Divisibility in commutative rings

Definition

1 Let A be a commutative ring. We say that a divides b for a, b 2 A if
there exist c 2 A such that b = ac .

2 We say that d = gcd(a, b) if d |a, d |b, and if c |a, c |b, this implies
that c |d .

3 We say that k = lcm(a, b) if a |e, b |e, and if a |f , b |f , this implies
that e |f .

In general gcd(a, b) and lcm(a, b) are not unique.
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Proposition

Let A be an integral domain, a, b 2 A nonzero elements. If d1, d2 are
greatest common divisors of a and b, then d1 = xd2, where x 2 A⇤ is a
unit. If e1, e2 are least common multiples of a and b, then e1 = ye2, where
y 2 A⇤ is a unit.

Proof:

Definition

Let A be an integral domain. Elements a, b 2 A are associates if there
exists a unit u 2 A⇤ such that b = au (equivalently, there exist a unit
v 2 A⇤ such that a = vb).
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d, =gcd(a,
6)

,

dr =gcd(a
,

b) = dixd2 ; da = zd
,

=

d, = xdi = xzd
,

= d
, (1- xz) = 0

- = (1-xz) = 0 = xz = 1
* integral domain

=> both x and z are units in A.

The case of km(a, 6) is similar E



Associates in an integral domain

Proposition

Associates generate the same ideal in a PID.

Examples.
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If guf = gc(f) = (g) If

Sxg = xuf((f)(x A
. = (g) = (f)

f =rg = fc(g) = (f)c(g) =)
g

andf
are associates

A= = unit 9113 n
,

m are associate> n = 1 m in I

(m) = (m)c

A = F(x] = units F
*

= /F-50] = f(x) ,g(x) are associates 1)

X

field f(x) =2g(x) ,
de #

*

(f(x)) = (df(x) <IF(x]



Properties of a Euclidean domain

Let E be a Euclidean domain and a, b 2 E nonzero elements.

1 gcd(a, b) can be found by the Euclidean division.

2 (a) + (b) = (gcd(a, b)) .

3 (a) \ (b) = (lcm(a, b)).

4 If gcd(a, b) = 1 and gcd(a, c) = 1 , then gcd(a, bc) = 1.

5 If gcd(a, b) = 1, then lcm(a, b) = ab.
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See rings .pdf

a = 9,
6+ r

,

6 = 925, + r

Bezoat's theorem holds. F

/



Chinese remainder theorem for a Euclidean domain

Theorem

Let E be a Euclidean domain, m1, . . .mr 2 E such that gcd(mi ,mj) = 1
for i 6= j . Then

f : E/(m1 . . .mr ) ! E/(m1)⇥ E/(m2)⇥ . . .⇥ E/(mr )

is a ring isomorphism given by

[x ](m1...mr ) ! ([x ](m1), [x ](m2), . . . [x ](mr )).

Idea:
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pairwise coprime

-

(1) homomorphism of rings by construction

(2) Surjectivity by induction :

CRP for 2 factors : JaztE : a = 9
, (modmi) (mi) + (m) = E

912 = A2 (modm2)

gid (mg
,

m
. m2) = 1 = CRTfor 2factors = (mg) + (m, ma) = E

= 79rztE :



Chinese remainder theorem for a Euclidean domain

Corollary

Let F be a field, {f1(x), . . . fr (x)} polynomials in F [x ] satisfying
gcd(fi (x), fj(x)) = 1 for all i 6= j . Then

F [x ]/(f1(x) . . . fr (x)) ' F [x ]/(f1(x))⇥ F [x ]/(f2(x))⇥ . . .⇥ F [x ]/(fr (x)).
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JaztE: 9123 = Air (mod mima) = Arsa, (modmi)
9123 = C2 (mod mul

C1zz = Cy (mod my)

=> continue until all
congruences are solved.

(3) Injectivity : if a = A: (modmi) and b= a: (modmi) Fi =

a -b(mi) = a - be (lem(m... . . mr)) = (mime .... mr)
.

gca(mi, mj) = 1
I

#(x] is a Euclidean domain.



Monic gcd of two polynomials

Remark: gcd(f (x), g(x)) is determined up to a unit in F [x ], which is a
nonzero constant in F . Therefore there exist a unique gcd(f (x), g(x))
with the leading coe�cient equal to 1.

Definition

A polynomial f (x) 2 F [x ] is monic if its leading coe�cient is 1.

For any nonzero f (x) and g(x) there exist a unique monic gcd(f (x), g(x)).
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"coefficient of the highest degree in f(x)



Example: monic gcd of two polynomials

Find the monic gcd(f (x), g(x)).
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f(x) = x
*

-x3+ 3x2+ 2x - 5

g(x) = x- 2x + 1 in1R(x]
x" - x3 +3x2+ 2x -

5/4

# -
->

r
.

= 9x -9 =g(d(f(x),g(x)
r

,
(x)

degr = 1 deg g = 2 The monic ged (f(x),g(x) = X - 1

leading"efficient
is

1

.



Application of CRT to systems of congruences in F [x ]
Example: Let F3 = {0, 1, 2} = Z/3Z. Find all solutions of the system of
congruences in F3[x ]:

8
<

:

f (x) ⌘ x + 1 (mod(x2 + 1))
f (x) ⌘ 1 (mod(x))
f (x) ⌘ �x (mod(x2 � 1))
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Check that (xg
are pairwise coprime
(show that god = 1 for eachpair)
or find a(x

, b(x) = IF(x]
(x2+ 1) - 1 + X - (x) = 1

a(xg, (x) + b(x)gz(x) = 1

(x +
+ 1) - 2 + (x = 1) . 1 = 1 <= ) g(d(g, (x)

,gz(x)) = 1
.E

(x- 1) . 2 + X . X = 1
=> the polynomials g. (x)

, gz(x) , gg(x)
are pairwise coprime.

=> by CR for Enclidean domains

7 solutions ofthe form a (x) + ((x 2
+ 1) ·x .(x- 1)

>

How to find a (x) ?



Example: How to solve a system of congruences? -I
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Start with any
2

congruences :SFX+1 (mod
Try to find h(x

, g(x) .n+ x+ 1 = xg(x) + 1 En(x)
(x2+ 1)h(x) - xg(x) = - X

Have : (x+ 1) . 1 + x . (x) = 1 => (x) + 1) . (- x) + x - (x) = - X

=> f(x) = (X*+ 1) - (x) + x+ 1 = - x3+ 1(med(x3+ x)) = X + 1(mod(x3+x)

=> Now we have [f(x) = X+ 1 (mod(x3+x)
f(x) =

-X (mod(x-1)

h
,
(x) . (x3+ x) + x + 1 = g ,

(x) . (x2- x - X X(x3+ x) + (-x2+ 1)(x2- 1) = -1 =

h(x)(x3+ x) -

g ,
(x)(x- 1) = x - 1 X(- x+ 1)(x3+x)+ (x=

-
h(x)

= f(x) = X(-X+ 1)(x3+ x) + x + 1 = X5+x"-x3 + x2+ x + 1(mod(x5-x)

=> f(x) = X* -x* + x+ 1 (mod(x5-x)) = Xi+2x+x+ 1(mod(x5-x))
.



Example: How to solve a system of congruences? -II

Let g1(x), g2(x) 2 F [x ] polynomials such that gcd(g1, g2) = 1.

⇢
f (x) ⌘ h1(x) (mod(g1(x)))
f (x) ⌘ h2(x) (mod(g2(x)))

Since gcd(g1, g2) = 1, we have t1(x), t2(x) 2 F [x ] such that

t1(x)g1(x) + t2(x)g2(x) = 1.

Therefore a solution can be written in the form

f (x) = h1(x)t2(x)g2(x) + h2(x)t1(x)g1(x).
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xt(x) ,

t(x) can be

foundbyrunnyagorithm
backwards

.

f(x) = h
, (x)(1- t

, (x)g, (x)) + hu(x)t(xy , (x) = h
,
(x) (mod(g , (x))

.

-

f(x) = h
. (x)ta(x)gz(x) + hz(x)(1 - tu(xgz(x)) = ha(x) (mod(gz(x)) .



Solving congruences: general method

Let g1(x), g2(x), . . . gr (x) 2 F [x ] pairwise coprime polynomials. Consider
the system of congruences

8
>><

>>:

f (x) ⌘ h1(x) (mod(g1(x)))
f (x) ⌘ h2(x) (mod(g2(x)))
... ... ....
f (x) ⌘ hr (x) (mod(gr (x)))

Example: r = 3.
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gcd(gi(x+gj(x)) = 1 Vi =j

G = g, (x) ...gr(x) ,
Gi(x) =Cgi(x)

=>gid (Gi(x)
,gi(x)) = 1 Vi

Fi
= Jti(x)

,
Si(x) : ti(x)Gi(x) + Si(x)gi(x) = 1

=> f(x) =[hi()(i(x)ti(x)
yg,

(x) yg, (x)

f(x) = h
.
(x)G

,
(x)t

,
(x) + hz(x) + he(Gha(x) = h.(x) (modg

- -

(1-g , (x)S, (x) (1-gz(x)Sz(x)) = hz(x) (modgz(x)
= hy(x) (modgy(x)



Example: How to solve a system of congruences? - III

8
<

:

f (x) ⌘ x + 1 (mod(x2 + 1))
f (x) ⌘ 1 (mod(x))
f (x) ⌘ �x (mod(x2 � 1))
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g. (x G
,
(x) = x(xy+) Gz(x) =(x2+ 1)(x2- 1)

ge(x) Gg(x) = X(x2 + 1)
93(x) =gcd(Gi(x) ,gi(x) =1i

(xT + 1)(x2+ 1) -X. (x3 -

x)II IX? - X - 1(x*
- 1)

(x2- 1)(x2- 1) -X(x3 + x) = 1

ti(x) Gi(x)

=> f(x) = [hi(xti(x)Gi(x) = (x+ 1)(x)(x3 -x) + 1 -(1) -(xx-2) +[ -x) . ( x)(x3+x) =

= X
*

+ 2x3 + X2+ 1 is a solution mod (x(x+ 1)(x2- 1)
x"+ 2x3+ 12 +1#

XY+ 2x+ x+ 1 = 1(modx)

+ + 1
= f(x) =x"+ 2x3+x+ 1

is a solution.

[22
+ 1 = x + 1 = h

,
(x)

in 1Fz(x] in Fy(X]



When is E/I a field?

We will consider in detail the rings of the form F [x ]/(f (x)) where F is a
field and f (x) 2 F [x ] a polynomial. Since F [x ] is a PID, any ideal in F [x ]
is generated by a single polynomial.
We want to know in which case F [x ]/(f (x)) is a field.

Definition

Let A be an integral domain. An element c 2 A is irreducible if c 6= 0, c is
not a unit and if c = ab, then either a or b is a unit.

Example. A = Z.
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Frreducible elements ?

6 = 2 - 3 is not irreducible since 2, 3 are both non-units

c = = p = p = (1) . (-p) = 1 .

p
T - p = ( 1) -

p = 1 . (p)
where p is a prime

are
the only irreducible elfs in I



Maximal ideals and irreducible elements

Definition

We say that an ideal I ⇢ A is maximal if there is no ideal J ⇢ A such that
I ⇢ J ⇢ A.

Theorem

Let A be a PID. Then p 2 A is irreducible if and only if p 6= 0 and (p) ⇢ A
is maximal.

Proof:
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+ T

(=) pis irreducible Suppose JJCA : (pIJIA .

Since A is a PID = J= (d) =

p = dt
,
pej= (d)

Primoa impossible
=> (p) <A is maximal

.



Maximal ideals and irreducible elements
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<() p + 0 and (p)CA is maximal
.

Show that p
is irreducible

Suppose p = Yz , y and z are both non-units.

=> p< (y))A (since y is not a unit)
Show that (p)[(y) ·

Otherwise ye(p) => y =p
. t

, p
= y z =

p
.t

=> p(l-tz) = 0 = [Pimpossiblit
,

contradiction.
= (p)[(y)] A contradict (p) 2 A is maximal

=> pis irreducible. ⑭



Poll: Associates in a polynomial ring

Let A = Z/5Z [x ]. Then

A: (2x � 1) and (4x + 2) are associates in A

B: (x � 2) and (4x � 2) are associates in A

C: (2x � 1) and (3x + 1) are associates in A

D: (4x + 2) and (3x � 4) are associates in A

E: (2x + 1) and (x � 3) are associates in A
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associatesassociates

= 3x +1

O



When is E/I a field?

Theorem

Let A be a Euclidean domain. Then
I ⇢ A is maximal () A/I is a field

() I = (d), d 2 A is irreducible.

A. Lachowska Algebra Lecture 11 December 1, 2024 21 / 22

--- proof next time !



When is E/I a field?

Corollary

Let F be a field. Then
F [x ]/(f (x)) is a field () f (x) 2 F [x ] is irreducible.
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