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Plan of the course

© Integers: 1 lecture
® Groups: 6 lectures
© Rings and fields: 5 lectures

@ Review: 1 lecture

Today: Rings: lecture 4

(a) ged and lem in integral domains.
(b) Properties of a Euclidean domain.

(c) CRT in Euclidean domains and polynomial rings.
(d) Congruences in polynomials rings.

(e) Maximal ideals in PID.
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Recall: Euclidean domains

Definition
E is an integral domain such that the Euclidean division works in E:

There exist a function v : E \ {0} — N such that for any a,b € E, b # 0,
there exist g, r € E such that a = gb + r and either r = 0 or v(r) < v(b).

;//j)(\ — o 7£/L 54V€c
Properties: Y /] 7o) v 0//%/%?@%'4/

@ Euclidean domain is a PID.
@ If F is a field, then F[x] is a Euclidean domain.

Today: The Chinese remainder theorem for Euclidean domains.
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Divisibility in commutative rings

Definition
© Let A be a commutative ring. We say that a divides b for a, b € A if
there exist ¢ € A such that b = ac.
@ We say that d = ged(a, b) if d |a, d |b, and if ¢ |a, ¢ |b, this implies
that ¢ |d.
© We say that kK = lcm(a, b) if a|e, b |e, and if a |f, b |f, this implies
that e |f.

In general ged(a, b) and lem(a, b) are not unique.
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Proposition

Let A be an integral domain, a, b € A nonzero elements. If dyi, d» are
greatest common divisors of a and b, then di = xd», where x € A* is a
unit. If e1, e are least common multiples of a and b, then e; = ye», where
y € A* is a unit.

Proof: 6[, :j(ﬂ{/qlé)’ d;:jco//o,@ = o, - xd, P 5[2220/, =>
d,=xdv=x2d = d (1-x2)=0 =2 (1-x2)=(0) => xz =4

A f\'lé a/a&»ma/
s bk and 3 ity 4
(—//Z/{ Caye 0/ gcm(@,fj 39 Jr\’m'ét/’ Z(

Definition

Let A be an integral domain. Elements a, b € A are associates if there
exists a unit u € A* such that b = au (equivalently, there exist a unit
v € A* such that a = vb).
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Associates in an integral domain

Proposition
Associates generate the same ideal in a PID. J

A Tuf = C/)=>()C(}
7[ {mf% 7 ][ jszxju[j[éé() Vxe A =>/jJ=(f/

foig > fely) >0 = gl f

Qre aMocia 144

Examples. /,\ - Z => qm;lg ‘fsz n,mare moa'a/é: =>p=tmin 2

(m)=(-m)c Z
A : /FM - (umm[s F'= /FfO] =5 )[(’(),J[X)”é 4550&@@ =S
{lbﬁ f[x};ogj(x)/o(éfq

//(x)) < /A/{x)) < Flx)
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Properties of a Euclidean domain

gz@ st,/m//

Let E be a Euclidean domain and a, b € E nonzero elements.

D

O gcd(a, b) can be found by the Euclidean division. 2 =76+,
801 er;

@ (a) + (b) = (ged(a, b)) . Beaod's Heorem Jolds. :

@ (a) N (b) = (lem(a, b))

Q If ged(a, b) =1 and ged(a, ¢) =1, then ged(a, be) =1

@ If ged(a, b) =1, then lem(a, b) = ab
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Chinese remainder theorem for a Euclidean domain

Theorem periruite. coprime
Let E be a Euclidean domain, my,...m, € E such that gcd(mj, m;) =1
for i # j. Then

foE/(my...m;) = E/(m1) x E/(m2) x...x E/(m,)

is a ring isomorphism given by

X(my...mpy = (X](ma) X)) s < - - IX)(mr))-

dea: (/) AOVMOYY\,G}ZJA[SM o;f rongs @ corsdrie oom
(2> Swjamévlﬁ % r\'\o{aa[m:

CRT frr 2 fachrs - Ja, e E: Gn 2, (mod 1) (m)t(m)=E
Q/L = Q; [WOO(”'Q.)

3[0( (ms mimy) = { =>C/e<r/w 2 fochrs =5 (ms) +(mm) =
= Ja, el
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Chinese remainder theorem for a Euclidean domain
=) 0/256[7 @y = gy [moo( M,M;) =y Ay E a, [mop(m,)
Q/Z} = C{ﬁ (M&{ /}13> alz’b = U, /Wo&{ /411.)
=5 COHAM ’szlzg Al con ruenes are Jﬁ/(/c(/
() Tnjechvity - if @ =a; (od o) ond €= a: fred me) e =>
Cz‘g € O[””i) = a-4 é/Zcm(m,,. ./74/)>= [”W,’Mz---m,—)_

ol (m: p:) = f
JeAm ) =4 7

Corollary F T s oo Ewclichan domain

Let F be a field, {fi(x),...f(x)} polynomials in F[x] satisfying
ged(fi(x), fi(x)) =1 for all i # j. Then

FIX/((x) .. fr(x)) = F[x]/(f(x)) x FIx]/(f2(x)) > ... x F[x]/(£(x))-
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Monic gcd of two polynomials

Remark: ged(f(x),g(x)) is determined up to a unit in F[x], which is a
nonzero constant in F. Therefore there exist a unique ged(f(x), g(x))
with the leading coefficient equal to 1.

\\&;%cza«/ 0/7/4 AAJZMZZ 5%%4 m //xj

Definition

A polynomial f(x) € F[x] is monic if its leading coefficient is 1. J

For any nonzero f(x) and g(x) there exist a unique monic ged(f(x), g(x)).
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Example: monic gcd of two polynomials

Find the monic ged(f(x), g(x)). /[(x) < K- 3P x-S

()= X*2x+4 R[]

)(L(—)(3+3x2+ Ox -5 [ %21

T -0 4k X+ x Y x*2xed | 9% 9
X2+ 94 -5 K- x Ly L
CX® -0 +x —x+1 9
hxPex-b —x+4
4 x* -8y +Yy 0
%-/9 r,=9x-9 :jc&//f[x},j(ﬁ)
(%) 7
d'bjr’ =L 9[,;(70@:2 /XL Ynonic jCJ[f[x),j(x))/;{x_ﬁ
/ZacéVj m{]//g”,z[
oA
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Application of CRT to systems of congruences in F[x]

Example: Let F3 = {0,1,2} = Z/3Z. Find all solutions of the system of
congruences in F3[x]:

JW at) 9169
x + 1 (mod(x? + 1)) Check Hat ST [X’-()

f(x) =
flx) = 1 (mod(x)) Gre pedywite  Coprme
{ f(x) = —x (mod(x?—1)) (S/wu/j Lot j‘”{: { ;éfwclpm‘r)

or f)w/ ald) d&) e /F—/*]

alx ,(X)-ﬁg()()jzfx) =1
()2 v Gt -1 gl G p ) =4
i => ‘/l@/)oémrmﬂ& j,[x))jx,()d)j'b(y)

e Pairwile co/;rrw )

=5 % C/\DT %-,» En%@n dornmm
A So&/vm o/% %}’m a&ﬂ((ﬁ/)x (xt/))
/
How /‘D](\’M( & (%) ?
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1+ Xbx) =41
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Example: How to solve a system of congruences? -I
Salan[ widh w\j QCofcjmwc//s : /(x) = xed (mod (x*1))
- £0) = 4 (mad (x))
Try fo frd b, 569 (s ihhiwy < xed = x g0 4 (= f5)
(x%4() h o) - Xj(k) --X I
MHave. (X414 4 x-(x)= 4 = (C+)-(x) £ x-(4*) = - X
= f(x) = ()0t xtL = =xPe 4 (mod (3+)) = Xt (nad 6200)
=> Mow we hawe gf(x) = x+{ (mod (Xx))
69 = —x (wad ()
h09-(Ce x ) + x4 = QB0 -x  xCCa AN <L

h 6 (k) =g(0x) (x™=1) = x-1 X Cxe)0Cex )+ (K4 (3 D)= k-1
R T _pr

=> o - X (x40 X) t x4 = XS x> 4 x4 e 4 (ood (=)
= fl) = 5+ d (wadd () = K34 3PP { (ool (x5x))
Do et 5 [ 22




Example: How to solve a system of congruences? -lI
Let g1(x), g2(x) € F[x] polynomials such that gcd(g1, g2) = 1.

{ f(x) hi(x)  (mod(g1(x)))
f(x) ha(x)  (mod(ga(x)))

Since ged(g1, 82) = 1, we have t1(x), ta(x) € F[x] such that
il, 660 Can b2

t1(x)g1(x) + t2(x)g2(x) = 1. ‘/éw/ﬁmm
. . o Eolidics <ymiflo
Therefore a solution can be written in the form gacéwﬂg

f(x) = hi(x)t2(x)g2(x) + ha(x)t1(x)g1(x).
f(x> = Lo (/—%,/x)j,(xj + ho () w) =}, (x) (mo{g,(y))_
(X): , X) 1[X) L(X)(' 1[)() - tal¥) Q(XJ = 1()(} Mo z[’d) .
%(éj%(fj>%(0/g)
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Solving congruences: general method

Let g1(x), g&2(x),...gr(x) € F[x] pairwise coprime polynomials. Consider
the system of congruences j (‘/(7¢[X’jj("nf { ¥ f/

&b
) = mx) (mod(g(x) ©=J0) g, ot /j/f)
,f_FX) = '/?(x) (mod(g2(x))) = jzo/(@;(xjj,.m)rr e,

f(x) = h(x) (mod(g(x))) => 4409, Six): f;(x)&'(w)ﬂtg-(xgja(x):f

=> F(x) = [LL ) Gc— (x) f; (%)

Example: r = 3. /j/(xJ 74
£100= hito G0 b9 + b0 G0 Lo +Ag@@) = .69 o)

//W> (-561509) (kg058) — | 4 (vl 18
= hy(¥) [st&Q
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Example: How to solve a system of congruences? - Ill
Ji Gy (9 = x (=) (00 =(x™1)(x™1)

f(x) = x+1(mod(x2+1)) - L
{ f(x) f 1 (mod()é)@l&j . Gj{;;& .Q)-—I /.
f(x) = —x (mod(x2Z1)) gech(Gi 0, 5e (d
() | —x(x2=x) | = 1
X X A1) | =4
(1) (x*-1) K(xPex) | = 4
£:69 64

= f10= 2 ht0Gi60 = (el x)Ex)+ 1-(-1)-(0-1) #lx) () (k) =
L DI S 406/:74514 ool (x (<1 Y1)

Y4 3 2 2 X"Qx X% 4,05 A ol
X+ *X X"+2x ’—Z)P—Je?x’d

90 +4 —oy* _x = )((x) Xty

lkom.

QXB +2x Sizfzx_fgf oo g
—Qx+l=X:f=/\,(X) 2x:—X='L3(X)
%] n Fy[x]
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When is E /I a field?

We will consider in detail the rings of the form F[x]/(f(x)) where F is a
field and f(x) € F[x] a polynomial. Since F[x] is a PID, any ideal in F[x]
is generated by a single polynomial.

We want to know in which case F[x]/(f(x)) is a field.

Let A be an integral domain. An element c € A is irreducible if ¢ # 0, c is
not a unit and if ¢ = ab, then either a or b is a unit.

Definition J

Example. A= Z. Lrrecell. &éﬂwé /
6 =23 s me[ yeduc: bl dhee 2 are KN[ZM,M'A

C=#p = />f¢/)/~pjrz/a
7

~pP=CUp =1 p)
\,JL\UC 1S a Prime. [ / /
’ /) are Y m\@ eyl &ZA n &
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Maximal ideals and irreducible elements

Definition

We say that an ideal | C A is maximal if there is no ideal J C A such that

IgJ;A

4
Theorem

Let A be a PID. Then p € A is irreducible if and only if p # 0 and (p) C A
is maximal.

Proof: (=) p s ivecue: 8 Su/a/w&c S JCA: /PJ < TJ&A
Sve Awa PID = J=(d) = p=dt | peJ-(d
pe At = [ disa wmid = ddi=1 T T=A wpaitll
irreductl, toic o amit =5 P and A ore omsocials = [p/}:{/o) impossidll.
=> (p) c A i masimal.

v
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Maximal ideals and irreducible elements
((;) P £0 and [P)C A max,W:«j. Show %AQ/P &5 dedue 68
Sbf/nosfa /;»:/VZ’ y >/ and 2 are 4/[ m-m‘g.
=>p < [ng/_\ (Sihce yis nmlqwj/)
Show thed (p) Sl . OHervige v €(p) => y:/J-f/ /D:/-2=P-7f-z

= p(l-t2)=0 = [ p=0 mpowtl, p+0
/D /{Z=(f :)fz s Q’Lmh[l Co}ﬂéaaé‘w(\m_

=> (/A) Fl)s A conhaolits //A) c A maxmad
= pis inedscidl]. 7
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Poll: Associates in a polynomial ring L ’
aMota, CHotig,
J /

Let A=7Z/5Z [x]. Then

A: (2x —1) and (4x + 2) are associates in A
( ) ( ) 3x-1 BX‘[/:B)HL
B: (x —2) and (4x — 2) are associates in A U+ | Hx-2
@(2x — 1) and (3x + 1) are associates in A
D: (4x +2) and (3x — 4) are associates in A

E: (2x + 1) and (x — 3) are associates in A
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When is E/I a field?

Theorem

Let A be a Euclidean domain. Then
I C A is maximal <= A/l is a field

<= | =(d), d € A is irreducible.

o /Dma/ MM/ 74% ./

o & DA
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When is E/I a field?

Corollary
Let F be a field. Then

F[x]/(f(x)) is a field <= f(x) € F[x] is irreducible.

o = = £ DA
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