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Plan of the course

© Integers: 1 lecture
® Groups: 6 lectures
© Rings and fields: 5 lectures

@ Review: 1 lecture

Today: Rings: lecture 3

(a) Chinese remainder theorem.

(b) CRT for integers.

(c) Degree of a polynomial.

(d) Euclidean division for polynomials.
)

(e) Euclidean domains.
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Recall: ring homomorphism and the direct product of rings
Definition
A map f : A— B is a ring homomorphism if

o f(a+ b)="f(a)+ f(b),

e f(a-b)="f(a)-f(b),

o f(la) =1p.

A bijective ring homomorphism is a ring isomorphism.
Definition
A direct product of two rings A, B is defined as the set of pairs

Ax B={(ab), ac A bec B}

with component-wise operations and the neutral elements (04,05),
(1a,1p).
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Today: the Chinese remainder theorem Suni; Smnj'xwg

If a collection of balls are arranged in rows of 3, 3f—C
there is one ball left over el =S4 @mé?

Q9999999999999 000 CE
PP9999999999999000 o
2999990999299 90000

If arranged in rows of 5, there are two balls left over

If arranged in rows of 7, there are three balls left over

\/L/L\M' (s H\A h'\iﬂz'!m[ V‘fwméf o[ ga/% ? See #ézé//m
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Chinese remainder theorem
Theorem

Let A be a commutative ring, |, J C A two ideals such that | + J = A.
Then there is a ring isomorphism

FA/(INJ)~ A/l x AlJ
F(Xlingy) = (X1 [x]0)-
Proof: o f 1 a g /WW Soam
7 ‘= (P, [x3,)

Cmc/ % ring o erm(“ms
1 — [M}I, (ijj) e /:esjec/jéa/_
0 — (lo1z, To)5) 4
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Chinese remainder theorem

(2) Swfccfm%_ Show Had Va e A da eA s /af/»afmw(j—),aeo)ﬁud])

Shee T+J=A = ar- Qz:"+J 15@+L-QZ+J-a(A
\__/
EA €1 T = a=za,(ulI) azalmed])

=> f X = ”X]I, ijj) g ,Ca//'ec%ve.

(3)_/_@&{\,,& SA/;/;M@ bed . €= C///huﬁ/l) £ = Qs (ol 7)

J
=> g—0+L/”’C‘(2TJ0 =>Cb—g:d=J—J

:> Q—gé I/)j N

f, %/J] — A/f x /A/j (s /MJ‘CC%!/@.

= ]f A/I-ﬂ] — A/_/—x A/j o oa r/fj IS oo 9/;m7
2
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The case A = Z.

Corollary

Let n,m € Z be coprime: gcd(n, m) = 1. Then for any numbers ay, a, € Z
there exist a € 7Z such that

{ a = a; (mod n)

a = ap (mod m)

The set of solutions of this pair of congruences is {a+ (nm)Z}.

Proof: jw/(“,r*ﬂ):i => Jx,yéz . xm+)/m=j:>ﬂ4)+/m)=z

_ ™ Z - 7 2 - hZ mz
- ‘Bf e /(mmz) Wz Tz ”“Q?f“'r?mﬁd:z))
&, Mo m

“,Z’Lug exi/r[! Q€ ez QEQ,/M@&{VI}/ a= 4’;/””00(”"), & I %mz7%&
wp 7L(J 7LL iclecl (hZ)/)(M?):@W)Z

\7(0/[h,m)=_{
=> He soludims we  JarnmZ @
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Generalizationton > 2 for A= 7

Theorem

Let di,do,...d, € Z be pairwise coprime, i.e. gcd(d;, d;) =1 for any
i # j. Then for any numbers a1, as, . ..a, € Z there exist a € Z such that

a = a; (mod dq)
a = ap (mod db)

a = a, (mod d,)

The number a € 7 is unique up to the ideal (dids...d,) C Z. The set of
solutions is given by {a+ (did> . ..d,)Z}.

Proof: by induction on r.

Sze r/rﬁs./a//
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Example.

ﬂa,ﬁﬁyf¢/
Find a € Z such that %m m/iw; //m
a=1 (mod 3) I, ,
a =2 (mod 5) Sotve 3ysfems o/
a=3(mod7) Congriuence

@ Explain why there is a solution. Bj CRT smee 3,5 F are paivwite Qprivne
@ Describe the set of all integer solutions.

© Find the smallest positive solution.

aw=3k+1=5t+2 ) fzrrzxan«/&{ a=+

Faz?(md I5) a=[Sm+¥=Fnt3 =>a=52

e =3 (wd7) Tn-1Sm=Y4  m=3n-7
49-4ys =Y

(524 1052) st (052367

+l, cmallaf /)egr/vw_ dotudom = 52
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Application: multiplicativity of the totient function ¢(n)

Definition

Let A be a commutative ring. Then its invertible elements with respect to
the multiplication form a group that is called the group of units and
denoted A*.

Example: A=7Z. —> Z*:/i@

Remark: If A ~ B are isomorphic rings, then their groups of units are
also isomorphic: A* ~ B*.
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Application: multiplicativity of the totient function ¢(n)

Theorem
Let n,m € Z such that ged(n, m) = 1. Then p(nm) = o(n)p(m). J

Proof: B CRT

/z Z/Z ?z =
Z/ (72 (%) gamfﬁm@//

{ﬂ Q(Vl,,

[ G2 ) | (2100, ()] oy
=> Plwn) = KF(M ¥lm) 7

Pr/.m /u%m;a%m: {f/D,'?ma dij/é'nc//mm@

This can be used to compute go(pl1 32. ) o(pt) - .. p(pl). =

= (PPN P p P
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Converse to the Chinese remainder theorem

Theorem

Z/(nm)Z ~7/nZ x Z] mZ < ged(n, m) = 1. J
PrOOf: j(ﬂ/ﬁ” h‘) = { => ﬁ C/Q? Z/WZ ~ Z/ZX Z/Z
f/ ;M/MZ(V W7 X / => L(Ahz)—tw =>nm= &m(ww)

hm — Z””(”V”J = w//ww
%
Examples:
ged(S,/6) -1 50d (69)=3 gedl (3.27)<4
7/80Z « ZJ16Z x Z./5Z 7)67 x 7.]9Z %< 7)27 X L]2TZ = /‘/Z
7./807Z % 7.)87 x Z.J10Z Z)67 X 1L.)97 =~ 7./27 x ZL]37 x 7./97Z
qed(810)=2 ﬁa//z 3=1

A. Lachowska Algebra Lecture 10 November 24, 2024 12 / 22



Poll:

Let n,m €N, n,m > 2 and p is a prime such that ged(n, m) =1,
ged(n, p) =1 and ged(m, p) = 1. Then

A: o(p?nm) = o(pn)e(pm)
p(p?nm) > ¢(pn)p(pm

)
C: p(p?nm) < p(pn)p(pm)
o(

D: The relation between
numbers n, m, p.

P (o) = ) ) M) =P LI, > (o) o) <151 8) ) V) -
- )" ),

p?nm) and ¢(pn)e(pm) depends on the

P{P:F{F"J > (F”)

A. Lachowska Algebra Lecture 10 November 24, 2024 13 /22



Conclusions:

o If Ais a commutative ring and /, J C A two ideals such that
| +J = A, then
A/l x A/d~A/(InJ).

e Z/(nm)Z ~7/nZ X 7/ mZ <= gcd(n, m) = 1.

® o(nm) = p(n)p(m) <= ged(n, m) = 1.
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Next goal: CRT for polynomial rings
Definition
Let A be a commutative ring. Then

Alx] = {ao + a1x + ... + anx"}nen, a0, a1,... € A

is the ring of polynomials with coefficients in A with respect to the usual
addition and multiplication of polynomials. We have 0 € A[x] and
1 € A[x] same as in A.

Definition
If f(x) € A[x] is nonzero, define the degree of

f(x)=ap+aix+...+ apx"

as the largest n € N such that a, # 0. Notation: deg(f) = n.
If f(x) =0, we set deg(f) = —oo. If f(x) = ap # 0, then deg(f) = 0.
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Polynomials with coefficients in an integral domain

Proposition
Let A be an integral domain. Then we have
Q deg(f + g) < max (deg(f), deg(g)).
@ deg(f - g) = deg(f) + deg(g).
Proof:
(1) o[c(j(][n‘(j):max (o&j{, alfjj)wméﬂ a(y/:féjj aad @, -- 4.
Eci (BTt e 3u— 1)+ (2365 - Foh 2 260-2) = =7 %235 - 3

G[,,Jfg ﬂﬁj =5 plcj =4
(2) f(x\-j(y) - (0(0+ 4x <. @X“)(&f Bk« + é«xm) = @mef Lovwer ferms
Xp Y] Lo A i an c)n/c(jm/
0&9714@(}1

N o&j(f-j)= v(j/wz%; Tf 920 = ol f = —eo
]V/j()d f[x)j(x)—‘(? = dej ][? = —oo+m=-o0
“g
oo S BT



Polynomials with coefficients in an integral domain
Proposition

Let A be an integral domain. Then

Q@ A[x] is an integral domain.
@ The units (invertible elements) of A[x] are the units of A.
Proof:

() fo1 §(=0 <= djlfglemco < dpfs dgg /M -
<->fé<) Oorj/k) 0(7
(4) f&)j(x)—i (=> dg (f)=0 - 0@/ dg > dyf=dg 90
-> j[[*) ., j[x] b 2] Q. é,=1c A
- C'{gé 2722 'L(MA l/[A.

L7/ZI

Examples: /@[X] Q] , Z[x7] \jmfg[ommf/- ZéZ (x] isnot: Ix-3x=0
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Euclidean division for polynomials in F[x]
Theorem

Let F be a field. Let f(x),d(

x) € F[x] such that deg(¢) > 1. Then there
exist polynomials d(x)

,r(x) € F[x] such that

f(x) = a(x)d(x) + r(x),
and either r(x) = 0, or deg(r) < deg(d).

Proof: 7/ ﬂafuzué o> f06= 0 doy« £69 = 6=
T dﬁ/> g&j = f/x)*% et X" )= ot X"

=> ]C{x) O{[x WM_P/X dfj/),<j][
/f&&j /D >&{(j0( fc/)mll =2 /(x p/(x)d'” X" Molxa:"x’”“’ _

(LUJ’»K ole f-d(X) [y) 444 => {(x)= 0/{% O)trix)
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Euclidean division for polynomials in F[x]

TL, o&jm a 5‘4‘(;3[9 %craamy = Fhe process */umhqé_

7
Example: f(x) =3x%> +x3 —2x2+1, d(x)=x?-2¢€R[x].
3ysex>-2x2¢ 4 | x*-2
o3 -6 3x3+Fx -2
?XS—ZXZ‘#{ _ _ 3 _
" 743 iy <> c/(k)—BX tFx-2
— 25+ Y+ { rix) =(Yx-3
"_jSiﬂ__ {= dec ¢ dec o =2
1H%=3 J J
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Euclidean domains

Definition
A commutative ring A is a Euclidean domain if
@ A is an integral domain,

@ There exist a function v : A\ {0} — N such that for all a, b € A,
b # 0, there exist g, r € A such that a = gb + r and either r = 0, or
v(r) < v(b).

Examples:

@ Z with v(n) = |n| € N. a:g7+r Il < (g
@ Any field with v : F\ {0} — N any function « = K7+0 =0
© F[x], F a field with v(F(x)) = deg(f). /141 A0 ts), f;’ﬁj(f[{jgj

Q" Z[i] = {a+ bi}apez with v(a + ib) = & + b2. (ot o part of Ho course)
Gm‘m m [tgﬂx
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Euclidean domains

Proposition
A Euclidean domain is a PID (principal ideal domain). J
Proof: It E 4 = Euliian  domenn ) 7 clE oom iclect
If T={0)  Huw I=(0), done.
Tf T+ 0o} ttdel, d+044 VW) is He minimm on T
\Su»os,e ae = Fa :76g+/‘=>f‘éI=> l)/f)il)/al)
! ARG

r=0.

I ¥[
(r)(\][”/) 75"’“/’0555% GIJma 1)[01) s momval. L
= a =7a[ Veel -
=> —/-2(6{> s /JHM«'/MK = Fis e PID.

(E & on inkeared doman
by sl of Evdidin domecr) DD

=> =0
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Conclusions

Let F be a field. Then the ring F[x] is a PID, meaning that any ideal in
F[x] is generated by a single element.

Vm}gﬁéét admif sucdidies diyisom {éfz@}iuﬁ ho nanbeiviad 2ero Abisgrs ’““’&L’/’ZC‘“’Z”” o [0’“""""/‘”4'/«
Fields C Euclidean domains C PID C Integral domains C Comm. rings

RC z, Rix] Z IR by z
%z ppme VAESZY °
PID) rot Eucliclian
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