Exercise Sheet 13
Introduction to Partial Differential Equations (W. S. 2024 /25)
EPFL, Mathematics section, Dr. Nicola De Nitti

e The exercise series are published every Tuesday morning at 8am on the moodle page of the course. The

exercises can be handed in until the following Tuesday at 8am via email.

Exercise 1. Let & C R" be a smooth bounded domain. Given u,v € [H 1(Q)]”, define the linear

strain tensor (or symmetrized gradient)
nxn 1 T . 1
R™" 5 e(u) = 3 (Vu + (V) ) fe (e(w)ij = 5 (Orj + Oey)

and the bilinear form

owm) = [ ze = [ 3 vy

7,7=1
(i) Prove that a is continuous on [H}(Q)]" x [HE(Q)]".

(i) Show (a special case of) Korn’s inequality:! there exists x > 0 (independent of u ) such that

ka(u,u) > [|[Vu|lplfaq —for all ue [Hy(9)]"

1/2
where ||A||r = (A: A)Y? = (sz_l A%) denotes the Frobenius norm of A € R"*".2

Hint: Approximate u by smooth functions in order to integrate by parts.

(iii) Let f € ([H&(Q)]n)/ Show that the equation

n

a(u,v) = (f,v) forallve [HS(Q)]

is well posed, where (-,-) denotes the pairing between [H{(2)]" and ([H&(Q)]n),

Solution:

(i) We endow the space [H{(€2)]" with the [H'(Q2)]" Sobolev semi-norm

s oy = Mgz e = 11V el

! Named after Arthur Korn [Kor08, Kor09)].
2 Named after Ferdinand Georg Frobenius.



which can be shown to be a norm by applying (component-wise) the Poincaré inequality.

Let u,v € [H& (Q)]n Since, by the triangular inequality, we have

le)lle =5 [ov + 0T <5 (19vle + (997 ) = 19wl

F

it suffices to apply the triangular, Cauchy—Schwarz, and Hoélder inequalities, to obtain
()l < [ I9ulleIVvle < IV lellz 119 Il = ol g Ivl o
(ii) Let ¢ C [CE(Q)]™ C [HF(2)]". We have

ao.0) = [ [vor o = [ (196t + |ovor[ + 290+ vo)

4
_1/ Ivol +1/ Zn:aa o= 2ol . En:/a ;0n, b1
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Since ¢ is smooth and vanishes at the boundary 0f2, we can integrate by parts (twice) the

terms in the sum:

Q Q Q

so that
> [ onsio,0= [ (Zaziqsi) 0.0, ] = [(v-0*=0
ij=1"% 2 \i=1 j=1 Q
In summary, 2a(¢, ¢) > ||¢||? » for all ¢ C [C5°()]". Let u € [H}(2)]", and consider

[H§ ()]
a sequence (¢m),,~; C C5°(§2) C [HY(Q)]", converging in [H'(2)]" to u. We remark that
the [H'(Q)]" norm is equivalent to the [H{(€2)]" one, so ¢,,, converges to u in [H}(Q)]" as

well. Since, as shown in Part (i), a is continuous in [H}(Q)]", we obtain the desired result:

The coercivity of a follows, with coercivity constant 1/2.

(iii) In view of the Lax—Milgram’s theorem, the statement is a consequence of Parts (i) and (ii).

Exercise 2. Let 2 be a bounded open subset of R", with n < 3, with smooth boundary. Consider

the nonlinear partial differential equation

—Au+ud=f inQ,
u =0, on 0§,

where f € L(Q).



(i)

(i)

Derive the weak formulation

Find u € H}(Q) such that

a(u,v) = / Vu- Vo + udo / fo=1(v) forallve HLQ),
Q Q

and show that a : H}(Q) x H}(2) — R is well-defined, coercive and continuous.

Consider the subspaces V™ := span (w;)l, C H(f2), where {w;}32, is an Hilbert basis. For
every n, consider the map F™ : V™ — V™ which associates to every w € V", the unique element
F™(w) such that

(Fn(w),v)Hé(Q) = a(w,v) —I(v) forallve V™.

Show that F"™ is continuous as a map from V" to V™.

Show that the problem

Find u" € V" such that
a(u",v)=1(w) forallveV"

admits a solution u™ which satisfies ||u”HH(%(Q) < | g1

Hint: Use the following corollary to Browder’s fixed point theorem:® Let (V,]| - ||) be a finite-
dimensional normed vector space and let f : V' — V' be a continuous mapping with the following

property: There exists 7 > 0 such that
(f(v),v) >0 for all v € V such that ||v|| = .

Then there exists vg € V' such that ||vg|| < r and f (vg) = 0.

Show that the sequence {u"}, .y admits a subsequence which converges weakly to u which is

solution of the weak formulation above, and further ||ul| g1 (q) < [lll[g-1(q)-

Solution:

(i) The form a(-,-) is clearly coercive.

We next focus on the continuity, that is we want to show that if «” — u and v — v in

H(Q) as n — oo, then |a (u™,v™) — a(u,v)| — 0. First, we remark that

la (u",0™) — a(u,v)| < la (u",v") —a (W, v)|+ |a (u",v) — a(u,v)].

On the one hand,

thus continuous with respect to the second argument. On the other hand,

a (u", vk) —a(u™, v)‘ — 0 asn — o0, since a (u", -) is linear and bounded,

]a(u,v)—a(un,v)\</Q|V(u”—u)Vv]—l—/g)’((u”)g—uS)v’.

3 Named after Felix Browder [Bro65]



(iii)

Only the second term is troublesome. However, we have

/Q ‘((u”)3 - u3) v) < /Q ‘(u” —u) ((u”)2 +u? + u"u) v‘ .

We then show the details for a single term, the others being similar:

1 =] < e =l 2] s ol

which tends to zero using the continuous embedding of H}(€2) into L*(Q). It will be useful
for the last point to remark that u™ — u in L*(Q) is sufficient to have the continuity of the

nonlinear term.

Fixed a w € V™, we have

lw(v)] := la(w,v) = 1(v)] < ( Cillwll g o) + 02”w||?}13(9)> 1ol 2 @) + [ f 1@ llv 2 (0
< C(w, vl g1

hence l,,(+) is a linear functional over V", thus the existance and uniqueness of F"(w) follows
from Riesz’s representation theorem. We show that [,, is continuous with respect to w. Let
{wr} ey € Va be a sequence such that wy — w in V™ for some w € V", then, thanks to the
continuity of a(-,-) (with respect the first argument), l,,, — I, in (V™)". This means that
lw, — lw||(vn)/ — 0. Now consider the Riesz’ map J : (V)" — V™ that is, a linear map
such that

(A1, A2), = (JA1, JA2) ) for all Ay, Az € (V)

The continuity of F™ : V™ — F™ follows by direct computation

0 ¢ (s, — 1 L, — 1), = N — Ul = (7 (o = 1), (. — D) gy
= (F" (wp) = F*(w), F" (wi) = F"(w)) g ()
= [IF" (wy) = F™(w) 771 )

This shows that, since [, is continuous with respect to w, we have that F" is continuous as

well.

It is sufficient to apply the corollary with f := F™. Indeed F™ is continuous from Part (ii),

and further

(F™(w), ) a0y = a(w,w) = U(w) = [ullfn q) = 11 ()llull my o) = 0
0 () 0

if [ullmy) = [[fllz-1(q)- Consequently, there exists u™ such that [|u"| ) < [lllz-1(9),
and further F™ (u") = 0 which implies a (u",v) = I(v), for every v € V™.

The sequence {u"}>° | is bounded in norm H}(£2), hence it admits a weakly convergent sub-
sequence, that is u™ — wu, which satisfies ||“”H3(Q) < liminfy o ||u”k||H6(Q) < N flla-10)-

Furthermore using the compact embedding of HE () in L*(Q2), we can extract a subsequence




of u™ which converges strongly in L*(Q) to u. To conclude, given any element v € H} ()

take v € V" s.t. [[o" — 'UHH(/)(Q) — 0, and remark

0= lim a(u"™,0") —=1(v") = a(u,v) —(v)
k—o0

which follows from part (i) and shows that u satisfies the weak formulation.
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