Exercise Sheet 7
Introduction to Partial Differential Equations (W. S. 2024 /25)
EPFL, Mathematics section, Dr. Nicola De Nitti

e The exercise series are published every Tuesday morning at 8am on the moodle page of the course. The

exercises can be handed in until the following Tuesday at 8am via email.

Exercise 1. Let us start by recalling the classic Ascoli-Arzela theorem.!

Let X be a compact metric space. If a sequence {f,}>2, in the space? C(X) is bounded?
and equi-continuous?, then it has a uniformly convergent subsequence. Moreover, if every
subsequence of {f,}>2, itself has a uniformly convergent subsequence, then {f,}>2, is

uniformly bounded and equi-continuous.

Keeping Ascoli—Arzela’s theorem in mind, prove the following result.

Ascoli-Arzela-type theorem for harmonic functions. If {un,},._; is a sequence of harmonic
functions on €2 that is uniformly bounded on each compact subset of €2, then some subse-

quence of {uy,}o_; converges uniformly on each compact subset of Q.

Exercise 2. Consider the Neumann problem for the Laplace equation on the half space Q := {z =
(z1,...,2,) € R : z, > 0}:

—Au=0, z€Q,

Ou=nh, xe€cod,

with h € CZ(052). Let N(z,y) := ®(x —y) + @ (z — y*), where y* := (Y1, ..., Yn—1, —Yn)-

! Proven first by Giulio Ascoli [Asc84] (who established the sufficient condition for compactness) and then by Cesare
Arzeld [Arz95] (who established also the necessary condition). The generalization to real-valued continuous functions
with domain a compact metric space is due to Maurice Fréchet [Fré06].

2 Qur setting is a compact metric space X which you can, if you wish, take to be a compact subset of R™. Let C(X)
denote the space of all continuous functions on X with values in R. In C'(X) we always regard the distance between
functions f and g in C(X) to be

dist(f, 9) = max{|f(z) - g(x)| : @ € X}.
It is easy to check that dist, so defined, is a metric (the maz-metric) on C(X), in which a sequence is convergent iff
it converges uniformly on X. Similarly, a sequence in C(X) is Cauchy iff it is Cauchy uniformly on X. Thus the
max-metric, which from now on we always assume to be part of the definition of C'(X), makes that space complete

3 A family F C C(X) being bounded means that there exists a positive constant M < oo such that |f(z)| < M for
each x € X and each f € F

4 The family F C C(X) being equi-continuous means that for every e > 0 there exists § > 0 (which depends only on
¢) such that, for z,y € X,

d(z,y) <d=|f(z)— fly)| <e forall f € F

where d is the metric on X.



(i) Prove that u(y) = [5q N(z,y)h(z)dz is well-defined for all y € ©, and satisfies —Au = 0 in Q2
and d,u = h on 0f).

(ii) Prove that for n > 3 we have lim)y|_,o u(y) = 0.

Exercise 3. Let n > 2 and f € C2 (R"). Given ® the fundamental solution of the Laplace equation

in R™, consider

w(o) = [ @ -1,

(i) Use the change of variable y = x 4 z to rewrite this quantity as w(z) = [, ®(2)f(z + 2)dz.
Show that w € C2 (R™) and aix]_w(x) = Jgn ®(2)0p;0; f(z + 2) dz.

(ii) Prove that —Aw = f in R"™.

(iii) Show that lim|y_,o w(z) = 0if n > 3.

Exercise 4. Let 2 be a bounded domain and f € C%(Q2). Then, the Newtonian potential
wiy) = [ Ba-pf@ds,  yer”

of f satisfies w € C? (R") and —Aw = f in Q.
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