Exercise Sheet 13
Introduction to Partial Differential Equations (W. S. 2024 /25)
EPFL, Mathematics section, Dr. Nicola De Nitti

e The exercise series are published every Tuesday morning at 8am on the moodle page of the course. The

exercises can be handed in until the following Tuesday at 8am via email.

Exercise 1. Let  C R" be a smooth bounded domain. Given u,v € [H'()]", define the linear

strain tensor (or symmetrized gradient)
1
R™" 5 e(u) = o (Vu+ (Vu)T) ie.  (e(w)y = 5 (Onu; + Oyui)

and the bilinear form

o) = [[etwze) = [ 3 vy

(i) Prove that a is continuous on [H&(Q)]n x [Hg (Q)]n
(i) Show (a special case of) Korn’s inequality:! there exists x > 0 (independent of u ) such that

n

ra(uw,w) 2 |Vl for all ue [Hy(Q)]

1/2
where ||A||r = (A: A)YV2 = <sz_1 A%) denotes the Frobenius norm of A € R"*".2

Hint: Approximate u by smooth functions in order to integrate by parts.

(iii) Let f € ([H&(Q)]n), Show that the equation
a(u,v) = (f,v) forallve [Hé(Q)]n

is well posed, where (-,-) denotes the pairing between [H{(€2)]" and ([H&(Q)]n),

Exercise 2. Let Q be a bounded open subset of R", with n < 3, with smooth boundary. Consider

the nonlinear partial differential equation

—Au+ud=f inQ,
u =0, on 0f2,

! Named after Arthur Korn [Kor08, Kor09)].
2 Named after Ferdinand Georg Frobenius.



where f € L%(Q).

(i)

(i)

(iii)

Derive the weak formulation

Find u € H} () such that

a(u,v) /vu Vv—i—uv—/fv—l ) for all v € HY(R),

and show that a : H}(Q) x H}(2) — R is well-defined, coercive and continuous.

Consider the subspaces V" := span (w;)_; C H} (), where {w;};2; is an Hilbert basis. For
every n, consider the map F™ : V™ — V™ which associates to every w € V", the unique element
F™(w) such that

(F*(w), U)H(}(Q) =a(w,v) —l(v) forallve V"

Show that F™ is continuous as a map from V" to V™.

Show that the problem

Find «™ € V™ such that
a(u",v)=1(v) forallveV"

admits a solution u" which satisfies ||u”||H5(Q) < M llg-1(0)-

Hint: Use the following corollary to Browder’s fixed point theorem:® Let (V|| - ||) be a finite-

dimensional normed vector space and let f : V' — V' be a continuous mapping with the following

property: There exists » > 0 such that
(f(v),v) >0 for all v €V such that ||v]| = .

Then there exists vg € V such that |[vg|| < r and f (vg) = 0.

Show that the sequence {u"}, .y admits a subsequence which converges weakly to u which is

solution of the weak formulation above, and further ||u||H&(Q) < U1 (0
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