Exercise Sheet 10
Introduction to Partial Differential Equations (W. S. 2024 /25)
EPFL, Mathematics section, Dr. Nicola De Nitti

e The exercise series are published every Tuesday morning at 8am on the moodle page of the course. The

exercises can be handed in until the following Tuesday at 8am via email.

Exercise 1. Let {z},y be a sequence in a Banach space X. Show
(i) zx — « in X implies xp — z in X.

(ii) Prove that there exist sequences that converge weakly to the zero function even though all their

terms belong to the unit sphere. Conclude that zy — x in X does not imply =y — x in X.

Hint: Consider the space X = L?(0,27) and as a sequence a well-known complete basis.

Exercise 2. Let Q be a bounded open subset of R™ with smooth boundary. Let (um,),,cy be a bounded
sequence in H'(2). Show that there exists a subsequence (um, )ken and an element u € H'(Q) such
that, as kK — oo,

U, — v in L3(Q),
—u in HY(Q).

Umy,,

Hint: Recall (without proof) the following result: Let X be a Hilbert space. Suppose that the
sequence (Up),,cy C X is bounded. Then, there exists a subsequence (um,, ) cx Of (Um),, ey and u € X
such that

Exercise 3. Let Q@ = By C R", n > 1, and define Qp = {z € Q: 21 <0},Qp = {x € Q: z1 > 0},
and Qo = {x € Q: 2; = 0}. Consider uy € C* (QL) and up € C* (QR), such that u;, = ug on Q.
Show that u = uylg, +uglg, € WHP(Q) for all 1 < p < cc.

Exercise 4. Given W*P(Q), with £ > 0 and 1 < p < oo, we define the set Wéc’p(Q) C WFP(Q) as the
closure of C§°(Q2) in the W*P(Q)-topology, i.e. u € Wg’p(Q) iff there exists a sequence (¢m),,>; C
C5°(€2) such that

Jim 9m = ulwesg) = Jim > 1D% (@n = 0)ll o) =0
jal<k



Let us define the zero-extension (linear) operator ¢ : L¥(Q) — LY (R") as

u in Q
C:ur Cu=
0 in R™\Q

We have the following property (proof omitted): Given u € LP(Q), if Cu € W*P (R"), then u €
WEP(Q).
Let  C R™ be an open domain and 1 < p < oo, and consider the zero-extension operator ¢ defined
above.
(i) Show that ¢ (WO’“’(Q)) C WEP (R?), i.e. that, for all u € W P(Q), we have Cu € W (R™).
Hint: show that D{u = {(Du). a.e. in R™.

(ii) Let © be smooth, such that R™\Q # 0. For which values of k do we have ¢ (W"P(2)) C
Wk (R?)?

Exercise 5. Let 2 = [~1,1] and 1 < p < co. Show that W (Q) C (WQJ’(Q) N Wol’p(ﬂ)>.
Hint: You may use the following result (without proof): u € VVO1 P([-1,1]) if and only if the

zero-extension (u of u to R satisfies (u € WHP(R) for 1 < p < oc.

Exercise 6. In this exercise, we wish to show that C°°(Q) is not always dense in W'?(Q): we need
to be very careful about the regularity of the domain.

Let R?2 D Q = B1\{(z,0),x > 0}, and consider u(z, y) = u(p,#) = 0 in polar coordinates (0 < p < 1
and 0 < 0 < 2m).

(i) Show that u € WH(Q), but u ¢ WhHi (By).

(ii) Show that, for a smooth ¢ € C* (By), the natural norms in the spaces W'(Q) and Wh! (B;)

coincide.

(iii) Conclude that is not possible that there exists ¢, € C* (B1) such that ¢m|q — u in WHH(Q).



