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Problem 1. Give an example of each of the following.

(a) A topological space (X, τ) such that every subset A ⊂ X is both open and closed.

(b) A topological space (X, τ) and a subset A ⊂ X which is neither open nor closed.

(c) An open map f : (X, τX) → (Y, τY ), which is not continuous.

(d) A continuous bijection between two topological spaces, which is not a homeomorphism.

(e) A simply connected topological space (X, τ) and connected subsets U, V ∈ τ such that U ∪ V is
connected but not U ∩ V .

(f) A complete metric space (M,d) which is not compact (w.r.t. the metric topology).

(g) A metric space (M,d) and a subset A ⊂ M which is both dense and meagre.

(h) A topological space (X, τ) which is not metrizable.

(i) A metric space (M,d) which is not a Baire space.

Problem 2. Let X be a set with at least two elements and endow it with the indiscrete topology
Pick two distinct points p, q ∈ X and consider a sequence (xn) in X given by xn = p if n is even,
and xn = q otherwise Does this sequence converge?

Problem 3. True or false?

(a) If (X, τ) is a topological space which is connected, then we can always find a proper subset
∅ ≠ A ⊊ X with an empty boundary.

(b) Let (X, τ) be a topological space, A ⊂ X and denote by τA the corresponding subspace topology.
Then there exists U ⊂ A such that U ∈ τ but U /∈ τA.

(c) If (X, τ) is path connected, then every continuous function f : (X, τ) → ({0, 1}, τdisc) is con-
stant.

(d) Any set endowed with the discrete metric is complete.

(e) Any set endowed with the cofinite topology is compact.

(f) If (M,d) and (N, d′) are two metric space such that (M, τ d) and (M, τ d
′
) are homeomorphic,

then M is complete if and only if N is complete.

(g) If (M,d) is a metric space and ∅ ≠ A ⊂ M is nowhere dense, then A /∈ τ d.
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Problem 4. Define the following concepts.

(a) Metric topology.

(b) Product topology.

(c) Connected topological space.

(d) Compact topological space.

(e) Hausdorff topological space.

(f) Normal topological space.

(g) First-countable topological space.

(h) The fundamental group of a path-connected topological space.

2


