A %uu\'ol( mcaP of lcétu.rc # 3

(Y,‘C3 o.Pa)rla—mnnecTe:L Top. space , pe X

. ﬂs(X)Pv:z% 'f:f%ﬂﬁx;’“”l“f’@‘y
N

& is oo 8VOu.P &'mde.}x.hcfcn+ OQ?

® (X,'C'B IS S'\mFld-wmed'ch = TYA<X)=‘?6({

> The circle is not simF\J— conne cled,

(5 = Z R
(63 v dg (4)= ¥@)-F(o) Ik

‘=" # of dimes we
”WmP“ around. the

circle



Math 220 - |eclure # 8

N ovember 5, 2024

Todaa : Ct)vni:a»::'i"ncss

Deliniion (‘Dc_f 3-ﬁ> A “'oFOloa{co.l Space (X,TA
is colled COMPACT £ o.n-a open Cover of X

admits o -P‘w{\'fe, sub cover . A Su.LSe')' KCX
is Com]:a.d‘ lp-P it is Cc:mpo.c‘l' wirth, the Su)osPac_c

""O FO\Oaa .

@ \Ke wln use “’16 ro“ouuins fods.

® Given (X,T) and Ke X, Kis
Compact 2= exery Cover of K by opens of X
admits & finde subcover .

@ Tn partilar, ¥ T=T® it subfices fo
looK ot covers by s of B,



EXamP/IS—a

ANNANN

@ A“‘a set X w‘dk ﬂ\c 'lndl'scrc'l'c ']'oFo\o&a
T-1x 41 .

@ A*na inidc 56!’ X widh ‘H’\c discrc,"(c
“'oFo‘oaa T’?(X).

@ Ané] closed. intervel [-0“;1”] e |R (U-SWL‘ +°P°\°(jj)
(c.p. ’Pro‘,, 3.2)
wede [able( JUs | U e IR o .
tel
Led V=1 e 2], logl adnts o
finde Subcover ot ‘{uix } .
\We wont to show dhat S:= SuFY 6\/ X s=b

(Y\o+e —lko:l' o€ Y = Y#= C}S = SUfchis*S )
e Su.P Vb as b is an Uﬂx.r-—looumi,



Note that  (os o.\rcoda\.) observed) o can ke
oovcred L{j o slnalc open u £ 3 some €20 s.i.
(a-€ , GHE ) J (bccmse u is oFen) Tl'w.s Sy a,

(o, Od-E) cW; o oig/zeV”

Since. se fob] , 3 U; such that Se Y
Morcover, because U; is open, 3 8> suchhod
(S—S) St %7 < ua

Now, 5-3 is nof on upper bound for 4he sei?.
Thus, up to toKimy o smoller 6, we moy

Suther assume dnd @ < 5-502 (sa ) ard b
s-%2 € 7. Duk then 3 Ui,
Covering [2,S-8/2 )  and

(e b) N (-8, 008) € U U, U-UWy, *
So, 5 €Y ond it must be the case thot s<b.

I 5<5 then ¥ shows that 548 € VY for some
$< S . 'bu.’r this is el FossJo\c as S=SupY.

@ AY\S set X# 95 with,
'C—‘-{ACX; xd A or X\A Q‘v:'d&}
W‘ncf& xXE x is G.V\d -Pixch Fo'm’t .

"n

22}

J



Wede X=\U Wi with Ui €T
el

Then 3 J€ 1 st X\ud is fimte
and. X € U'd.

Then éthe X= /u“ ond. we ore done - or
we Con wite X-= ud J {7‘1)---/ 'xn?

for some ne N, Bud 4hen Lor each K'—'-{,---,V‘-
JUk with ke Uk and

/PrOPOéltén (rProF. 3. 6) -I‘P (X, tx) 15 (/W
CmeQC"' 'I’oFologfca.l Space and (X, 'tx) — (X Ty)
is COV\";V\AM)L&S) J(‘r\e,n. 'P(X) C Y s Cc)mPc-.c"‘-

'PrOO‘p COnSidcr U U, 2 ‘V(Xs) wirth uiércy.

Lel
let V:= -v-‘(UL) . Sine +is oov\‘l\'mwus)

Vie Tx. NOW, x = U \/(, and. since X is
tel



ompack 3 T'e T Finde such tha X (Ve

Bud dhen F(x) e | wi . “
(el
(No‘h:i 4‘(U Vc) = L‘(U £ (u;)) - f (:"(U u;)>
c U'Uv;, ) z

Coro“ar‘j If (X"Cxx ond. (\/,T-)Y> ore lmomcomor,:l\\'c,
foen (%) is wmpact 4 (V,Ty) is compact

Ex OmrsF\es o how To QFP\fj This ( wual 3&9,9.560;«0)

@ IR is ot oomeac:l' = IR is mot L\om&omorpkic
“ N to [Q,bj
Tko Cover % ‘H’to oFc.ns
unz ("V\”\) -[-\0,- n e N

dozs not adwit o -Pin\\'c

Subcover .

@ Aha o]xvs 'm"crval (%B)C\R 1S ho‘\‘

C»mPac+ Since (0-,5> k’;:wIR .



Tn fact, in Aralysis you len thal o (IR" Tisual)

o Ke R" is Covn}aad‘ = Kis closed and
boumded

w‘l\&n (X,f) IS a Com[)o-c‘l +oi> SFC'-CC)
the 'lmP\\'ccjnbn Ke X closed = KeX
OmnFoLc.‘l'
[\ s alwaystrue . HOWEVER, e
rfeverse one —?o[t|s in acm:ra' -

For cxmmPlc., X 'm?’m't\'c, U white & KeXinfinde .

/PPOFOS'("-\EM (?raP 3. B\) I‘? ( X ,Z:B is Oomrac_‘l’
ank Ke X is dosed | then K is Oompar.+.
Proop Wnte Kc U U wth Ui e T.

tel
Since K is c.(osed.) XA\K is open ond.
<X\K> U (U ui) 1S on open Cover of X.

el

Ba X is Gom[)oc'\') so 3 r'ci fnke st



X = Q(\KB U <U U

el

and hence K | Ju: |

Le'I‘
T\/\e, Converse 1Is 'l'ruo ﬂ} we asSSume _Hna‘}

(X,'C\ i Hausdorff

Recall (\XlorKchc‘f #4> (X)'C’» is Housdarff i£P
givcn 7,367( ('xi;j}’ 3 ux,uaet éﬁdﬂy—\j
such 4had %€ U and 0 e Uy .

ua (a' o A ux

/Propos'\'tl'on. (r\)roP. 3-Kl> 1! ()(,t\) IS Housdmﬂ:
'Hne,n evcrﬂ OOmFac+ S(}.losc'/' of X is C[OSe(L.



Froo{-’ Pick Ke X Compac\'. We want to
Shows —\L\od om‘j X € X\K is Gn 'm‘\'crior

]de'\ (O‘P X\ K ,}-e. X\X is oPe_h> .

5«0, Pix z€ X\K . Since Xis Ha\u.sdorpmo)
%f\le,n Ow\(j 'dé K we C6n -Pmo[.: d&s{)o'm‘l ochxs

uxﬁﬁ C.\.Y\d. u:j \Xll‘H\. X E u‘)(,s & Ué (U,d
Ncw) KC UU":] and. Since K is comPo.d'

LS n
3\64,...)3,1 e K st KCU%SL )
t=A
n

Bud then Ux: = ﬂ uz,m s open.
(=4

and. ) lod Cons'h‘uc_’ho“) xe Ux € X\K .
77



EXamFle. Eva(«) mefric space {s Hausdorf!.
Thus, on o Compact mdne space (M, d)

KeM wmpact <2 KeM isclosed
One example is 8\'ven loJ any Pinde set M
with the discrete metfric .

A C,r'\)(c.riovs -Por CDMFQC+CWCSS X Gm‘for\s thm

L6MMCL ( Lemme 3-\\) A 'l'OP SPaCG (X)'tB is
(»OmPo.c.‘l' iF and. Onl\u} l"P 83V€..r\. Cma collection

%Cd %Jei! of clOSch Su.\oseTs \X/lHﬂ. ch = ;ZS)
we wn Pid J'eT Pimfe such Hhed

(1C = ¢ .
jed’
Proof of = Tf (X,’C> ond. '{Cdi are as

a‘oow;) +hen
X-x\é = x\N(Ng) =1 (2 ¢)
0ed JE€T

ET



Dot then ) becouse ()(I'z:\ s pr\Pa.c"—)
3 J—'CJ_ Linde  such 4 hot

X = U (x:¢

Je?.\"
Bak dhen X2 () O009) = (¢
& je3’ jed!

()
COrol\o.r‘j (Ctm'l?:v) A This is Gor. 312
1f (X,'CB is wmpact and 2)Cw‘lnem is a
Se%uemc.e Op C,[oSCCL mn-Cmﬁ\'ﬂ Su\ose*s \x}\‘H,\

c,2¢C,2>C - ¥n

2 /

asSsume ﬂ/\&+ ﬂCn =q6

newN

PI‘OO-F Ba OOH—I'Y‘QJ iction

/

'\;‘Aen) lon the Pr‘ev(ows lemme., 3 APUPPRI Y S.+.

)

(\ C"L = ¢ . B(L“ 'ﬂs&n (u)p'fa r‘e./a.AC[fnj) Wwe may

035 wme thadt Ng <Ny K ... < Nk ond.



b:j aSSuﬂnFTnbn we have thet
Coy@ Gy, 2D Gy

hence

K
$ = Dan=CnK)

WL\icL\ Covs+mdic:{5 ‘Hﬁo 'paC'l' {-\Mc{ an4 yS .
(eacla. CJ 15 mon—cmlo‘fj> 2]

Alternafive proof dhat (o,bd is compact:

By confradiction, ossume fhed AU sk
lobd e UU | WieR open  but & fiide
subtver . Divide the inferval 1n half:
[ab6):(a, atb-efz’) U (atb-ofy b1
Then ot least one of dhe halves cannat be
Covered, bU fin\\'c\d many of dhe Ui s . Divide

Ihis iviterval v half and Procce-d. this \x/oa ,
'lnchkc,"\'w,\s) "'o cohs'l?ud @ the n-th 5“1’,]:



& cosed iderval To of lengh /2"
thad adints no Binite Sub-cover of UL
and.  Such thot
Lo>2I,>--D 1,
Wrihns T = [an,'on] , ondl ch'mca
Azsupan ond B =inf bu, it follows
Yoad ﬂ T, = {ze:R-, AsocSB} * ¢,

T‘N\.\S) let pe ﬂIﬂ .  Since P€(:a,b],

BUJ S"}- Fefud and. Since UJ is ol‘bcn.
3%% st (p-s,pt8) c Uy . But dhen,

)0'6 ""QK'\Y\S n \o.rsﬁ e\rvoualn. ) I, < (P-Es)‘l)-)&}
ond _Xh < ud ) \)UL\I.C.‘/\ [ C,ovd\ro\d(c:\'{on.
2



