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Todoai More on Connected.ness
+
inTro o SimFle— tonnedted ness
Delinition (et (X,Tﬁ be q,'l'o\:oloa'tco.l Space .
We Sat)““'\a.'} X IS locdl‘j Pa‘l‘k-oonnccj-cd,
i£f 8\vcm zeX and VeT with xev}
we con find UET such that xeU UV

omd. ‘UL 1S Po.‘\L\.-Connec'I-ecL .

EXOm\P\eS
@ (\Rn, ’C uSun.\) becouse all open La.“S are
Convex , in Par'h'cula.r ) Pa‘\'k— Conmecled..

® EVcra open subset of QIOCa.ua F":H\—‘(Dwvxccjcd
Space.



(X, ¥) Jocally path.- connecled
A< X open. , Ta = Subspace Topolegy
xe A  VeTa with xeV
V=ANY for some VeT.
We veed to show 4hat I U € Ta
path- comnecfed with xe U< V.
Since A is open in X} VeT.
Since. X 15 [ocally F&T\L\-CovxnccTCCL 3
UeT F‘“‘rl:\-covmaci’cd, s} zel < V.
Bt W= WUnA (sincc, Ve A>

and we con toke U=Th € Ta .

‘Q[QPoéTtiovx Lc"' (XI'C) be o lom“J Poi]n—(,onnecj&(
+0Fo[081cal SPQLC. Then X 15 wnncded, P X is
Fa:w\ - connecled .



Gol‘onara (chorcm 2:\'Z> G{vcw Ac IRn open
we have thal A is connected ity A is Fodk-

Connecled. ( b:j € +@> .
Pronrp of Pro,x:rhfnbm
(<= ) alWa\/s true ( Lecture. #5)

(=) Assume dhat Xis conmecfed and
write oy 4> Jo polle (in %) from xto y.
Choose xR and let A= { ye 7<) fj""xj‘.
Since X is focally poth-comnedled , both A

ond X\A are open . Since A-’FQS as xeAj
(4> Ais closed)

avd. X is connedled we must have tha
X\A=¢ and A=X. .
Why ove A gl X\A open®

Pick ae A we ywont 4o show Y ac int (A).



Since X is locally path-connecled, and Xe,
3 UeT path-comecled with ae .

But then beWU = bra and sice anx
we have that b~z Thet is, be A and

ccUc A ( = a€ nt (A)) .

Sim'llarlj / ]-F X\A = QS ) -I'\r\en P'\chvS
C £ X\A) I Ve ’C PQ‘H'\—CDVW\ccTed, with ceV.
Butthen deV 3 dveca d A

Since C AL

=S d e X\A.
T ot is, ¢ e Ve X\A .

QLO 5ﬂﬁmdu.d's & losure

¢TO\30$\TI’0V\ L&"" (X,f3 'oe, o "h:),:olog\wl SPaLc.
Consider a -po.vvills {AA(I of Connecled subsels of X,
I0 (VAr # 6 dhen Yoz (JAs is comeded .



proof

By wilradidlion, assume that Y {qu) nY
with W,V €T such that UaY#¢, VaV#4
and UNVAY = .

let = ¢ mAk. Then éither
» ze UNY but 2 VaY or
« xe VnY but x¢é UnY.

W.L.0.G  assume that the first holds.
Since x € UNY | VA we have thod UNAx£P

MOV‘COV&T') \7’ {\ we Ccon ;U_Yﬂt:_/ dis'jot'n"*

Ar=(unAr) U (vnA
A (’L;r; A) ( N A) x
Now, because V' NY = U (vnan) + ¢,

4+ hhere exists some Ao Such that VnAa £4.
But then * dells ws that Aae is not

Conne('j'CCL -
7Z)



Cov‘ouo.r:) A ‘l’oPoloa'ICa.\ space (X,t) is
Connected, ifP Ay two Fd\n'\'s P.q€ X
l)e\oné to some cowrecled SubsPaco yFﬂ <X.

PV‘OO‘P
(=> 3 %Nen P,a S X) Simf'l\vj +a.Ke y’;a =X

(4"'—) Fix PGX . Then we con write

X={J Yy . Simee pte () Vpq,
geX
it follows Fhad X (s Connecled. .

(ProPos'\hc'm Let (X,—Cx) and. (\/, Ty) be tixo
'\'opo\oa\‘ca.\ Spaces. T hen (Xx 7/ T,‘:w‘ocl.) is
Connecled i PF (X)'tx) ond. (Y, Tr) are
@ conne.cled. .



Pt

(=) 18 (%Y, Toral) is comected | Phen
loo)(svﬁ ot the onfinuous and Suchcthuna’r.bns
! XxY = X and Tly: XuY =Y
we deduce thed both X and Y are comedcled. .

((_—-) y %’Lix?l
q: ® (1,3)
Yo @ --- o Xx { 3“%
o 1):(10,30) (\
! —— ('ztﬂo)
é X
%

Pick p= (ge) € XxY . Given (iy)e XY,
we bove Hhal A= (Xadgt) U407 ) € X
is Connected. ’

e Xx3Yo U s comecledl Since “homeo X

. ‘176‘()(\)’ /1 Since ’V\.\moy

. (X x)\gok) N (%xh\/> = {(7.39“



Morcovcr) Pé, Aq_ \/ 9(6 Xx\/ and_

XY = (JPq . Thus, XV is connedted
le*‘/
)ad Hhe Prev{ows F\ropoéfhdn <F°3°<')
22!

Proposifion  Let (X, T) be o topological
Space.. If AcX is conmecled , then <l () is
also comected. .
proof
By confradiclion, assume thad 3 F:cl (A)—1q1§
Covilrmuow s .
Since A is connected and. A< c\(M} £la
must be tongfant. W.1.0-G, assume tha fl=1.
Sine ! (M= AU 2A ond Fis surjective, we
can peK X € A sudhihd f(=x)=o0.



[\]ow) Synce £ is covﬂ(mms) 3 U open W

cl (R with x €W such that £(u) < {of.

Wete WU=Vacl(A) wth VeT.
Since X E ?A)(ﬂce U —é)xe\/ imPh‘es Fhad
VnA £ 95 But VnA=UNA and
Jrlf\is Oon'h‘adic:‘ls "H')c -pcuc_'l' 'n\a?} 'p]ﬁ"ﬁ ond_
-C\ =0 .
w
A

Secf\"mw 2.2 <S\'mPfe, - wnneé'teclncss>

rl):—pn-hﬂ'\‘on (2~24> Z_e;l- (X,t) L;C a-+°)°°|°8fc“l
SFaLc ) 7(,367( , and. To)lrsl I:O,'i-B —> X

Two ]xc\ks Lrom % Yo Y - \/e S0y {hat

X, ond Ta are Pc'll«,- \'\owwfo‘:l'c , and. wrile Yo & 4,
I£f we ean ‘pind, H'-[O,\lx[_-o,l] —> X

(5,)  +> H(st)
Cophnmous  Such +hat



(i) H(5,°)= Yo (5> and. H(S,i)z Y1 () Vse[olil
(1) Hlot)= x = ¥u(o): (o) ¥ te(od] and
(i) H(st) SRR AOE Y.(a) V¥ teloa]

Ho= 'XO J

Herc IS o
Pic’\urc, .

‘ Hi=1%4
%

o In other words, we can thinK of H as o

collection of ]bo.‘l‘l/\s Hy:[o,4] — X

s — H(st)

from = Yo Y thal “move” with t “Stadling
<a+’c=°> from H.= %o and "cnd.;\j“ (oﬁ {;:43

Wit Hi= s,

> H <OY‘ '{Ht((> is callecl o P&\k—kom»o‘)'opj
Leom ¥ 4o Y1 .



EX mele

Consider (X,2) = (IR", Tusual) . Then any
Two paths with fhe same erdpoints are
Iaadk— l’bomo""oPic .
To Bk,

H, (8)= (1-1) 1.(s) + ¢ 4. (9)

C)C‘pincs a Pot}k—"wmo""opj ‘prom To "‘o /YA B



